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Part -1: Mathematics 

1.1 Linear Algebra 


1.1.1 Matrix 

Definition: A system of "m n" numbers arranged along m rows and n columns. 

Conventionally, single capital letter is used to denote a matrix. 

Thus, 



a n 

a 12 

a: 

1 

1 

a ln 

A = 

a 21 

a 22 — — 

1 

1 

oT , 
03 

a 2n 




a ij- - 

a in 


a ml 

a m2 — — 

— — — 

a mn 


ajj -> i th row, j th column 


1.1.1.1 Types of Matrices 

1.1.1.2 Row and Column Matrices 

• Row Matrix -* [ 2, 7, 8, 9] 




Column Matrix -» 


- 5 - 
10 
13 
1 


-> single row ( or row vector) 
single column (or column vector) 


1.1.1.3 Square Matrix 


• Same number of rows and columns. 

• Order of Square matrix -> no. of rows or columns 

• Principle Diagonal (or Main diagonal or Leading diagonal): The diagonal of a square 
matrix (from the top left to the bottom right) is called as principal diagonal. 

• Trace of the Matrix: The sum of the diagonal elements of a square matrix, 
tr (X A) = A tr(A) [ A is scalar] 

- tr ( A+B) = tr (A) + tr (B) 

- tr (AB) = tr (BA) 

1.1.1.4 Rectangular Matrix 

Number of rows ^ Number of columns 

1.1.1.5 Diagonal Matrix 

A Square matrix in which all the elements except those in leading diagonal are zero. 



-4 

0 

O' 

e.g. 

0 

6 

0 


. 0 

0 

8. 
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1.1.1.6 Unit Matrix (or Identity Matrix) 

A Diagonal matrix in which all the leading diagonal elements are '1'. 



1 

0 

O' 

e-g. I 3 = 

0 

1 

0 


.0 

0 

1 . 


1.1.1.7 Null Matrix (or Zero Matrix) 


A matrix is said to be Null Matrix if all the elements are zero. 
0 0 0 
0 0 0 



1.1.1.8 Symmetric and Skew Symmetric Matrices: 

* Symmetric, when a^ = +a^ for all i and j. In other words A T =A 

* Skew symmetric, when ajj = -ajj In other words A T =-A 


Note: All the diagonal elements of skew symmetric matrix must be zero. 


a 

h 

g l 


r 0 

-h 

g l 

h 

b 

f 


h 

0 

-f 

U 

f 

c. 


l.-g 

f 

0 J 


Symmetric Matrix A T = A 


Skew Symmetric Matrix A T = - A 


1.1.1.9 Triangular Matrix 

• A matrix is said to be "upper triangular" if all the elements below its principal diagonal 
are zeros. 

• A matrix is said to be "lower triangular" if all the elements above its principal diagonal 
are zeros. 


a 

h 

g' 


a 

0 

O' 

0 

b 

f 


g 

b 

0 

.0 

0 

C- 


.f 

h 

c. 


Upper Triangular Matrix Lower Triangular Matrix 


1.1.1.10 Orthogonal Matrix: If A. A T = I, then matrix A is said to be Orthogonal matrix. 

1.1.1.11 Singular Matrix: If | A| = 0, then A is called a singular matrix. 

1.1.1.12 Unitary Matrix: If we define, A e = (A) T = transpose of a conjugate of matrix A 
Then the matrix is unitary if A e .A = I 
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1.1.1.13 Hermitian Matrix: It is a square matrix with complex entries which is equal to its own 
conjugate transpose. 

A e = A or ajj = ajj 

1.1.1.14 Note: In Hermitian matrix, diagonal elements —> always real 


1.1.1.15 Skew Hermitian matrix: 

It is a square matrix with complex entries which is equal to the negative of conjugate 
transpose. 

A 8 = —A or ajj = — aj7 

Note: In Skew-Hermitian matrix, diagonal elements -» either zero or Pure Imaginary 

1.1.1.16 Idempotent Matrix 


If A 2 = A, then the matrix A is called idempotent matrix. 

1.1.1.17 Multiplication of Matrix by a Scalar: 

Every element of the matrix gets multiplied by that scalar. 

Multiplication of Matrices: 

Two matrices can be multiplied only when number of columns of the first matrix is equal to the 
number of rows of the second matrix. Multiplication of (m x n) 

and (n x p) matrices results in matrix of (m x p)dimension [ ] mxn x [ ] nxp = [ ] mxp . 

1.1.1.18 Determinant: 

An n th order determinant is an expression associated with n x n square matrix. 

If A = [ajj], Element a^ with i th row, j th column. 

Forn = 2, D = detA = 


a ll a 12 
a 21 a 22 


a ll a 22 " a 12 a 21 


Determinant of “order n” 


D = |A| = det A = 


a ll 

a 12 a 13 

a ln 

a 21 

— — 

— — a 2n 

a nl 

a n2 — 

— — a nn 
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1.1.1.19 Minors & Co-Factors: 

• The minor of an element in a determinant is the determinant obtained by deleting the 
row and the column which intersect that element. 

• Cofactor is the minor with "proper sign”. The sign is given by (-l) 1+ i (where the element 
belongs to i th row, j th column). 

1.1.1.20 Properties of Determinants: 

1. A determinant remains unaltered by changing its rows into columns and columns into 
rows. 

2. If two parallel lines of a determinant are inter-changed, the determinant retains its 
numerical values but changes its sign. (In a general manner, a row or a column is 
referred as line). 

3. Determinant vanishes if two parallel lines are identical. 

4. If each element of a line be multiplied by the same factor, the whole determinant is 
multiplied by that factor. [Note the difference with matrix], 

5. If each element of a line consists of the m terms, then determinant can be expressed as 
sum of the m determinants. 

6. If each element of a line be added equi-multiple of the corresponding elements of one or 
more parallel lines, determinant is unaffected. 

e.g. by the operation, R 2 -» R 2 + pRx+qRg, determinant is unaffected. 

7. Determinant of an upper triangular/ lower triangular/diagonal/scalar matrix is equal to 
the product of the leading diagonal elements of the matrix. 

8. If A & B are square matrix ofthe same order, then |AB| = |BA| = |A||B|. 

9. If A is non singular matrix, then |A _1 |=—(as a result of previous). 

|A| 

10. Determinant of a skew symmetric matrix (i.e. A T =-A) of odd order is zero. 

11. If A is a unitary matrix or orthogonal matrix (i.e. A T = A -1 ) then |A|= +1. 

12. If A is a square matrix of order n, then |k A| = k n |A|. 

13. |I n | = 1 ( I n is the identity matrix of order n). 

1.1.1.21 Inverse of a Matrix 


. A” 1 = 

|A| 

• | A| must be non-zero (i.e. A must be non-singular). 

• Inverse of a matrix, if exists, is always unique. 

• If it is a 2x2 matrix [ a ^1, its inverse will be J 1 , [ ^ ^1 

Lc dJ ad-bc L— c a J 

Important Points: 

1. IA = AI = A, (Here A is square matrix of the same order as that of I) 

2. 0 A = A 0 = 0, (Here 0 is null matrix) 

3. If AB = 0, then it is not necessarily that A or B is null matrix. Also it doesn’t mean BA = 0. 

4. If the product of two non-zero square matrices A & B is a zero matrix, then A & B are 

singular matrices. 

5. If A is non-singular matrix and A.B=0, then B is null matrix. 

6. AB ^ BA (in general) -» Commutative property does not hold 

7. A(BC) = (AB)C -»Associative property holds 

8. A(B+C) = AB + AC -> Distributive property holds 
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9. AC = AD, doesn't imply C = D [even when A A 0], 

10. If A, C, D be n x n matrix, and if rank (A)= n & AC=AD, then C=D. 

11. (A+B) T = A t + B t 

12. (AB)t = B t . A t 

13. (AB)-i = B _1 . A -1 

14. A A -1 = A _1 A = I 

15. (kA) T = k.A T (k is scalar, A is vector) 

16. (kA)- 1 = k _1 . A -1 (k is scalar, A is vector) 

17. (A^) t = (A t ) -1 

18. (A T ) = (A) t (Conjugate of a transpose of matrix= Transpose of conjugate of matrix) 

19. If a non-singular matrix A is symmetric, then A -1 is also symmetric. 

20. If A is a orthogonal matrix, then A T and A -1 are also orthogonal. 

21. If A is a square matrix of order n then (i) |adj A| = |A| n_1 

(ii) |adj (adj A)| = |A| (n_1)2 

(iii) adj (adj A) = |A| n—2 A 

1.1.1.22 Elementary Transformation of a Matrix: 

1. Interchange of any 2 lines 

2. Multiplication of a line by a constant (e.g. k R ; ) 

3. Addition of constant multiplication of any line to the another line (e. g. R ; + p Rj) 

Note: 

S Elementary transformations don't change the rank of the matrix. 

S However it changes the Eigen value of the matrix. 

1.1.1.23 Rank of Matrix 

If we select any r rows and r columns from any matrix A,deleting all other rows and columns, 
then the determinant formed by these rxr elements is called minor of A of order r. 

Definition: A matrix is said to be of rank r when, 

i) It has at least one non-zero minor of order r. 

ii) Every minor of order higher than r vanishes. 

Other definition: The rank is also defined as maximum number of linearly independent row 
vectors. 

Special case: Rank of Square matrix 

Rank = Number of non-zero row in upper triangular matrix using elementary transformation. 

Note: 

1. r(A.B) < min { r(A), r (B)} 

2. r(A+B) < r(A) + r (B) 

3. r(A-B) > r(A) - r (B) 

4. The rank of a diagonal matrix is simply the number of non-zero elements in principal 
diagonal. 

5. A system of homogeneous equations such that the number of unknown variable exceeds 
the number of equations, necessarily has non-zero solutions. 
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6. If A is a non-singular matrix, then all the row/column vectors are independent. 

7. If A is a singular matrix, then vectors of A are linearly dependent. 

8. r(A)=0 iff (if and only if) A is a null matrix. 

9. If two matrices A and B have the same size and the same rank then A, B are equivalent 
matrices. 

10. Every non-singular matrix is row matrix and it is equivalent to identity matrix. 

1.1.1.24 Solution of linear System of Equations: 

For the following system of equations A X = B 



* a ll a 12 a ln 


-Xr 


‘ kr 


a 2i — _ _ _ a2n 


*2 


k 2 

Where, A = 

- _____ 

x = 

- 

B = 

- 


- a ml a m 2 — — — a mn . 


-X„- 


- k m - 


A= Coefficient Matrix, C = (A, B) = Augmented Matrix 

r = rank (A), r' = rank (C), n = Number of unknown variables (x-l , x 2 ,-x n ) 

Consistency of a System of Equations: 

For Non-Homogenous Equations (A X = B) 

i) If r =£ r' , the equations are inconsistent i.e. there is no solution. 

ii) If r = r' = n, the equations are consistent and there is a unique solution. 

iii) If r = r' < n, the equations are consistent and there are infinite number of solutions. 

For Homogenous Equations (A X = 0) 

i) If r = n, the equations have only a trivial zero solution (i.e. x-l = x 2 =-x n = 0). 

ii) If r < n, then (n-r) linearly independent solution (i.e. infinite non-trivial solutions). 

Note: 

Consistent means: -» one or more solution (i.e. unique or infinite solution) 

Inconsistent means: -» No solution 

Cramer's Rule 

Let the following two equations be there 

a n x i+ a 12 x 2 = bi.(i) 

a 2 i X-L+ a 22 x 2 = b 2 .(ii) 

p _ a ll a 12 

t>2i b 22 
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Di = 


bi 

t>2 


a 12 

a 22 


D 2 


a n bi 
a 2i b 2 


Solution using Cramer's rule: 

x 1 = — and x 2 = — 

1 d ^ D 


In the above method, it is assumed that 

1. No of equations = No of unknowns 

2. D=£ 0 


In general, for Non-Homogenous Equations 

D=£ 0 -> single solution (non trivial) 
D = 0 -»infinite solution 


For Homogenous Equations 

0 -»trivial solutions ( x x = x 2 =.x n = 0) 

D = 0 -> non- trivial solution (or infinite solution) 

Eigen Values & Eigen Vectors 

1.1.1.25 Characteristic Equation and Eigen Values: 

Characteristic equation: | A — AI |= 0, The roots of this equation are called the characteristic 
roots /latent roots / Eigen values of the matrix A. 

Eigen vectors: [A — AI ] X = 0 

For each Eigen value A, solving for X gives the corresponding Eigen vector. 

Note: For a given Eigen value, there can be different Eigen vectors, but for same Eigen vector, 
there can’t be different Eigen values. 

Properties of Eigen values 

1. The sum of the Eigen values of a matrix is equal to the sum of its principal diagonal. 

2. The product of the Eigen values of a matrix is equal to its determinant. 

3. The largest Eigen values of a matrix is always greater than or equal to any of the 
diagonal elements of the matrix. 

4. If X is an Eigen value of orthogonal matrix, then 1/ A is also its Eigen value. 

5. If A is real, then its Eigen value is real or complex conjugate pair. 

6. Matrix A and its transpose A T has same characteristic root (Eigen values). 

7. The Eigen values of triangular matrix are just the diagonal elements of the matrix. 

8. Zero is the Eigen value of the matrix if and only if the matrix is singular. 

9. Eigen values of a unitary matrix or orthogonal matrix has absolute value T. 

10. Eigen values of Hermitian or symmetric matrix are purely real. 

11. Eigen values of skew Hermitian or skew symmetric matrix is zero or pure imaginary. 

|A| 

12. —is an Eigen value of adj A (because adj A = |A|.A 1 ). 
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13. If A is an Eigen value of the matrix then, 

i) Eigen value of A -1 is 1/A 

ii) Eigen value of A m is A m 

iii) Eigen value of kA are kA (k is scalar) 

iv) Eigen value of A + k I are A + k 

v) Eigen value of (A — k I) 2 are (A—k) 2 

Properties of Eigen Vectors 

1) Eigen vector X of matrix A is not unique. 

Let Xj is Eigen vector, then CXj is also Eigen vector (C = scalar constant). 

2) If A 1( A 2 , A 3 .A n are distinct, then X 1( X 2 .X n are linearly independent. 

3) If two or more Eigen values are equal, it may or may not be possible to get linearly 
independent Eigen vectors corresponding to equal roots. 

4) Two Eigen vectors are called orthogonal vectors ifX 1 T - X 2 = 0. 

(X 1( X 2 are column vector) 

(Note: For a single vector to be orthogonal, A T = A -1 or, A. A T = A. A -1 = I) 

5) Eigen vectors of a symmetric matrix corresponding to different Eigen values are 
orthogonal. 

Cayley Hamilton Theorem: Every square matrix satisfies its own characteristic equation. 

1.1.1.26 Vector: 

Any quantity having n components is called a vector of order n. 

Linear Dependence of Vectors 

• If one vector can be written as linear combination of others, the vector is linearly 
dependent. 

Linearly Independent Vectors 

• If no vectors can be written as a linear combination of others, then they are linearly 
independent. 

Suppose the vectors are x 4 x 2 x 3 x 4 

Its linear combination is AjX-l + A 2 x 2 + A 3 x 3 + A 4 x 4 = 0 

• If A 1( A 2 , A 3 , A 4 are not "all zero" —> they are linearly dependent. 

• If all "A" are zero —> they are linearly independent. 
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1.2 Probability and Distribution 


1.2.1 Probability 

Event: Outcome of an experiment is called event. 

Mutually Exclusive Events (Disjoint Events): Two events are called mutually exclusive, if the 
occurrence of one excludes the occurrence of others i.e. both can't occur simultaneously. 

A 0 B =(p, P(A 0 B) =0 

Equally Likely Events: If one of the events cannot happen in preference to other, then such events 
are said to be equally likely. 

Odds in Favour of an Event = — 

n 

Where m-> no. of ways favourable to A 
n-> no. of ways not favourable to A 

Odds Against the Event = 


n 

m 


i i .f. twax m No. of favourable ways 

Probability: P(A)= - = ——:---— 

J n Total no. of ways 


P(A)+ P(A')=1 


Important points: 

• P(AuB)-> Probability of happening of "at least one” event of A & B 

• P(AnB) )-> Probability of happening of "both" events of A & B 

• If the events are certain to happen, then the probability is unity. 

• If the events are impossible to happen, then the probability is zero. 

Addition Law of Probability: 

a. For every events A, B and C not mutually exclusive 

P(AuBuC)= P(A)+ P(B)+ P(C)- P(AnB)- P(BnC)- P(CnA)+ P(AnBfiC) 

b. For the event A, B and C which are mutually exclusive 
P(AuBuC)= P(A)+ P(B)+ P(C) 

Independent Events: Two events are said to be independent, if the occurrence of one does not 
affect the occurrence of the other. 


If P(AnB)= P(A) P(B) «-»Independent events A & B 

Conditional Probability: If A and B are dependent events, then p(£) denotes the probability of 
occurrence of B when A has already occurred. This is known as conditional probability. 


P(B/A)= 


P(AnB) 

P(A) 
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For independent events A & B -> P(B/A) = P(B) 

Theorem of Combined Probability: If the probability of an event A happening as a result of trial is 
P(A). Probability of an event B happening as a result of trial after A has happened is P(B/A) then 
the probability of both the events A and B happening is 

P(AnB)= P(A). P(B/A), [P(A)^0] 

= P(B). P(A/B), [P(B)*0] 

This is also known as Multiplication Theorem. 

For independent events A&B -> P(B/A) = P(B), P(A/B )= P(A) 

Hence P(AnB) = P(A) P(B) 

Important Points: 

If P x & P 2 are probabilities of two independent events then 

1. Pi(l-P 2 ) -» probability of first event happens and second fails (i.e only first happens) 

2. (1-P 1 )(1-P 2 ) -» probability of both event fails 

3. 1-(1-P 1 )(1-P 2 ) -» probability of at least one event occur 

4. P X P 2 -> probability of both event occurs 

Baye's theorem: 

An event A corresponds to a number of exhaustive events B x , B 2 ,.., B n . 

If P(Bj) and P(A/Bi) are given then, 

pfgiY P(Bi) ' P( ^ 

VA/ ZP(Bi).P(^) 

This is also known as theorem of Inverse Probability. 

Random variable: Real variable associated with the outcome of a random experiment is called a 
random variable. 

1.2.2 Distribution 

Probability Density Function (PDF) or Probability Mass Function: 

The set of values Xi with their probabilities Pj constitute a probability distribution or probability 
density function of the variable X. If f(x) is the PDF, then f(x k ) = P(X = x k ) , 

PDF has the following properties: 

• Probability density function is always positive i.e. f(x) > 0 

• J_r f( x )dx = 1 (Continuous) 

• Hr=i f( x i) = 1 (Discrete) 
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Discrete Cumulative Distribution Function (CDF) or Distribution Function 

The Cumulative Distribution Function F(x) of the discrete variable x is defined by, 
F x (x) = F(x) = P(X<x) = Zf=i P( Xi ) = Zx i£ xf(Xi) 


Continuous Cumulative Distribution function (CDF) or Distribution Function: 

If F x (x) = P(X<x) =/* f(x)dx, then F(x) is defined as the cumulative distribution function or 
simply the distribution function of the continuous variable. 


CDF has the following properties: 

0 ^^ = F x '(x)=f(x)>0 

ii) 1> F x (x) >0 

iii) Ifx 2 > x-l then F x (x 2 ) > F x (x x ) , i.e. CDF is monotone (non-decreasing function) 

iv) F x (—oo) = 0 

v) F x (oo) = 1 

vi) P(a< x <b) = J a b f(x)dx = f(x)dx - f(x)dx = F x (b) - F x (a) 

Expectation [E(x)]: 

1. E(X) = 2f=i x i f(Xj) (Discrete case) 

2. E(X) = J^Xj f(xj)dx (Continuous case) 

Properties of Expectation 

1. E (constant) = constant 

2. E(CX) = C . E(X) [C is constant] 

3. E(AX+BY) = A E(X)+B E(Y) [A& B are constants] 

4. E(XY)= E(X) E(Y/X)= E(Y) E(X/Y) 

E(XY)* E(X) E(Y) in general 
But E(XY) = E(X) E(Y) , ifX & Y are independent 
Variance (Var(X)) 

Var (X) =E[(x - pp x ) 2 ] 

Var (X)=X(XjX — pg) 2 f(xxj) (Discrete case) 

yi 00 •J 

Var (X)=J_ 00 (xx — gp) f(x)dx (Continuous case) 

Var (X) =E(XX 2 )-[E(x)] 2 

Properties of Variance 

1. Var (constant) = 0 

2. Var(Cx) = C 2 Var(x)-Variance is non-linear [here C is constant] 
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3. Var(Cx±D) = C 2 Var(x)-Variance is translational invariant [C & D are constants] 

4. Var(x-k) = Var(x) [k is constant] 

5. Var(ax+by) = a 2 Var(x) + b 2 Var(y) ± 2ab cov(x,y) (if not independent) [A & B are 

constants] 

= a 2 Var(x) + b 2 Var(y) (if independent) 


Covariance 

Cov (x,y)=E(xy)-E(x) E(y) 

If independent => covariance=0, E(xy) = E(x) . E(y) 

(if covariance = 0, then the events are not necessarily independent) 

Properties of Covariance 

1. Cov(x,y) = Cov(y,x) (i.e. symmetric) 

2. Cov(x,x) = Var(x) 

3. |Cov(x,y)| < g x G y 

Standard Distribution Function (Discrete r.v. case): 

1. Binomial Distribution : P(r) = n C r p r q n_r 

Mean = np, Variance = npq, S.D. =^/npq 

2. Poisson Distribution: Probability of k success is P (k) = — 

k->no. of success trials , n->no. of trials , P->success case probability 
X -> mean of the distribution 

For Poisson distribution: Mean = X, variance =X, and A.=np 

Standard Distribution Function (Continuous r.v. case): 

1 (x-p ) 2 

1. Normal Distribution (Gaussian Distribution): f(x) = — e 2 a 2 

Where p and a are the mean and standard deviation respectively 

• P(p — a<x<p + o) = 68% 

• P(p — 2a < x < p + 2a) = 95 . 5 % 

• P(p — 3a < x < p + 3a) = 99 . 7 % 

• Total area under the curve is is unity i.e. f(x)dx = 1 

x 1 ( X ~P) 2 

• P(xi < x<X 2 ) = J x z -^=e 2 ct 2 dx = Area under the curve from xi to X 2 

2. Exponential distribution : f(x) = Xe~ Xx , x>0 , here A > 0 

= 0, x < 0 

3. Uniform distribution: f(x)= , b>f(x)>a 

= 0, otherwise 

4. Cauchy distribution : f(x)= - + 

-X 2 

5 . Rayleigh distribution function : f(x) = — e 2 r 2 , x > 0 
Mean: 

• For a set of n values of a variant X=( x 1( x 2) ., x n ) 
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The arithmetic mean, X= — 


n 


• For a grouped data if x 1( x 2 ,., x n are mid values of the class intervals having frequencies 



• If is mean for n x data; X 2 is mean for n 2 data; then combined mean of n x +n 2 data is 


_ n 1 +n 2 

• If X t , g-l be mean and SD of a sample size n x and m 2 , o 2 be those for a sample of size n 2 then 
SD of combined sample of size n 1 +n 2 is given by, 


(% + n 2 )o 2 = n 1 a 1 2 +n 2 G 2 2 +n 1 D 1 2 +n 2 D 2 2 


Dj= mj-m (m, a = mean, SD of combined sample) 
Q] n i) a i 2 = S(n i o i 2 )+S(n i D i 2 ) 


Median: When the values in a data sample are arranged in descending order or ascending order 
of magnitude the median is the middle term if the no. of sample is odd and is the mean of two 
middle terms if the number is even. 

Mode: It is defined as the value in the sampled data that occurs most frequently. 

Important Points: 

S Mean is best measurement ( v all observations taken into consideration). 

S Mode is worst measurement (v only maximum frequency is taken). 

S In median, 50 % observation is taken. 

S Sum of the deviation about "mean" is zero. 

S Sum of the absolute deviations about "median" is minimum. 

S Sum of the square of the deviations about "mean" is minimum. 

Co-efficient of variation = = x 100 

X 

Correlation coefficient = p(x,y) = Cov( ' x ’ y ' ) 

* CT X °y 

• -1 < p(x, y) <1 

• p(x,y) = p(y<x) 

• |p(x,y)| = 1 when P(x=0) = l; or P(x=ay)=l [ for some a] 

• If the correlation coefficient is -ve, then two events are negatively correlated. 

• If the correlation coefficient is zero, then two events are uncorrelated. 

• If the correlation coefficient is +ve, then two events are positively correlated. 

Line of Regression: 

The equation of the line of regression of y on x is y — y = p = (x — x) 

Oy 

The equation of the line of Regression of x on y is (x — x) = p = (y — y) 


p zz is called the regression coefficient of y on x and is denoted by b yx . 
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p zz is called the regression coefficient of x on y and is denoted by b xy . 

tr y 

Joint Probability Distribution: If X & Y are two random variables then Joint distribution is defined 
as, Fxy(x,y) = P(X < x; Y < y) 

Properties of Joint Distribution Function/ Cumulative Distribution Function: 

1- F xy (—oo, —oo) = 0 

2. F xy (oo, oo) = 1 

3. F X y ( — °°, oo) = o { F X y(— 00 , oo) = P(X < —oo ;Y<y) = 0x1 = 0} 

4. F xy (x,oo) = P(X < x; Y < oo) = F x (x) . 1 = F x (x) 

5- F xy (oo,y) = F y (y) 

Joint Probability Density Function: 

Defined as f(x,y) = ^^F(x,y) 

Property: f(x, y) dx dy = 1 

Note: X and Y are said to be independent random variable 
If fxy(x,y) = f x (x) . f y (y) 
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1.3 Numerical Methods 

1.3.1 Solution of Algebraic and Transcendental Equation / Root Finding: 

Consider an equation f(x) = 0 


1. Bisection method 

This method finds the root between points "a" and "b". 

If f(x) is continuous between a and b and f (a) and f (b) are of opposite sign then there is a 
root between a & b (Intermediate Value Theorem). 

3 “hb 

First approximation to the root is xi = -y . 

If f(xi) = 0, then xi is the root of f(x) = 0, otherwise root lies between a and xi or xi and 

b. 


Similarly X 2 and X 3 .are determined. 

S Simplest iterative method 

S Bisection method always converge, but often slowly. 

S This method can't be used for finding the complex roots. 
S Rate of convergence is linear 


2. Newton Raphson Method (or Successive Substitution Method or Tangent Method) 


■S This method is commonly used for its simplicity and greater speed. 

S Here f(x) is assumed to have continuous derivative f (x). 

■S This method fails if f (x) = 0. 

S It has second order of convergence or quadratic convergence, i.e. the subsequent error at 
each step is proportional to the square of the error at previous step. 

S Sensitive to starting value, i.e. The Newton's method converges provided the initial 
approximation is chosen sufficiently close to the root. 

S Rate of convergence is quadratic. 


3. Secant Method 


X n +1 = *n 


x n x n-l 

f(x n ) -f(x„-i) 


f(Xn) 


■S Convergence is not guaranteed. 

S If converges, convergence super linear (more rapid than linear, almost quadratic like 
Newton Raphson, around 1.62). 


4. Regula Falsi Method or (Method of False Position) 

S Regula falsi method always converges. 

S However, it converges slowly. 

S If converges, order of convergence is between 1 & 2 (closer to 1). 
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•S It is superior to Bisection method. 

Given f(x) = 0 

Select Xo and xi such that f(xo) f(xi) < 0 (i.e. opposite sign) 

v - v X 1 ~ x 0 c , a _ Xp f( Xl ) -x 1 f(x 0 ) 

2 0 ‘ f( Xl )-f(x 0 )'^ o) f(Xi)-f(x 0 ) 

Check if f(xo) f(x 2 ) < 0 or f(xi) f(x 2 ) < 0 
Compute x 3 . 

which is an approximation to the root. 


Mathematics 


1.3.2 Solution of Linear System of Equations 

1. Gauss Elimination Method 

Here equations are converted into "upper triangular matrix” form, then solved by "back 

substitution” method. 

Consider aix + bix + ciz = di 

a 2 x + b 2 x + c 2 z = d 2 
a 3 x + b 3 x + c 3 z = d 3 

Step 1: To eliminate x from second and third equation (we do this by subtracting suitable 

multiple of first equation from second and third equation) 

aix + biy + Ciz = dr (pivotal equation, ai pivot point.) 
b 2 y + c 2 ’ z = d 2 ’ 
b 3 y + c 3 ' z = d 3 ' 

Step 2: Eliminate y from third equation 

aix + biy + ciz = dr 

b 2 y + C 2 Z = d 2 ' (pivotal equation, b 2 ' is pivot point.) 

c 3 ”Z = d 3 » 

Step 3: The value of x, y and z can be found by back substitution. 

n 3 

Note: Number of operations: N = — In 2 -- 

r 3 3 


2. Gauss Jordon Method 

S Used to find inverse of the matrix and solving linear equations. 

S Here back substitution is avoided by additional computations that reduce the matrix to 
"diagonal from”, instead to triangular form in Gauss elimination method. 

S Number of operations is more than Gauss elimination as the effort of back substitution 
is saved at the cost of additional computation. 

Step 1: Eliminate x from 2 nd and 3 rd 
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Step 2: Eliminate y from 1 st and 3 rd 
Step 3: Eliminate z from 1 st and 2 nd 

3. LU Decomposition 

S It is modification of the Gauss eliminiation method. 
S Also Used for finding the inverse of the matrix. 

[A] nxn = [L]nxn [U] n x n 


'an 

a i2 

a i3 > 


fl 

0 

0 " 


"Un 

Ul 2 

Ul3 > 

a 2i 

b 22 

c 23 

= 

L21 

1 

0 


0 

u 22 

u 23 

v 31 

b 32 

c 33 ^ 


J-*31 

l 32 

1 J 


Lo 

0 

U 3 1 J 


Ax = LUX = b can be written as 
a)LY=b and b) UX=Y 


Solve for Y from a) then solve for X from b). This method is known as Doolittle's method. 
S Similar methods are Crout's method and Cholesky methods. 

4. Iterative Method 

(i) Jacobi Iteration Method 

aix + biy + ciz = di 
a 2 x + b 2 y + c 2 z = d 2 
a 3 x + b 3 y + c 3 z = d 3 


If ai, b 2 , c 3 are large compared to other coefficients, then solving these for x, y, z 
respectively 

x = ki - by - miz 
y = k 2 - l 2 x - m 2 z 
z = k 3 - l 3 x - m 3 y 

Let us start with initial approximation xo , yo, zo 
xi= ki - Ly 0 - miZo 
yi= k 2 - l 2 y 0 - m 2 z 0 
zi= k 3 - l 3 y 0 - m 3 z 0 


Note: No component of x® is used in computation unless yW and z® are computed. 

The process is repeated till the difference between two consecutive approximations is 
negligible. 

In generalized form: 

x ( k +i) = ki - liy( k ) - miz® 
y(k+l) = k 2 -1 2 x(*0 - m 2 z® 
z(k+i) = k 3 - l 3 xW - m 3 y( k ) 


(ii) Gauss-Siedel Iteration Method 

Modification of the Jacobi's Iteration Method 

Start with (xo, yo, zo) = (0, 0, 0) or anything [No specific condition] 
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In first equation, put y = yo z = zo which will give xi 
In second equation, put x = Xi and z = zo which will give yi 
In third equation, put x = xi and y = yi which will give Zi 

Note: To compute any variable, use the latest available value. 
In generalized form: 

x(k+i) = ki - liyW - miz® 
y(k+l) = k2 - l 2 X( k+1 ) - rmzOO 

z ( k +i) = _ i 3X ( k +i) - m3y^ k+1 ) 


1.3.3 Numerical Integration 


b-a 


Trapezoidal Formula: Step size h = — 


/•Xo+nh ^ 

I f(x)dx = — {( first term + last term) + 2 (remaining terms)} 

Jv. ^ 


-x 0 +nh 

'Xo 

Error = Exact - approximate 

The error in approximating an integral using Trapezoidal rule is bounded by 
-^(b-a) max |f"(0| 

12 ?e[a,bj 

Simpson’s One Third Rule (Simpson's Rule): 


rx 0 

■'*0 


x 0 +nh ^ 

f(x)dx = — {( first term + last term) + 4 (all odd terms) + 2 (all even terms)} 


The error in approximating an integral using Simpson's one third rule is 
h 4 

— —— (b —a) max |f^(Q| 

180 v ?e[a,b]' VVI 

Simpson’s Three Eighth Rule: 

f x ° + nh _ 3hr( first term + last term) + 2 (all multiple of 3 terms)l 

J Xq v x ) x 8 ( +3 (all remaining terms) j 

The error in approximating an integral using Simpson's 3/8 rule is 
(b — a) 5 


max 


6480 ?e[a,b] 


|f (4) «)l 


1.3.4 Solving Differential Equations 

(i) Euler method (for first order differential equation ) 

Given equation is y' = f(x, y); y(xo) = yo 
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Solution is given by, Y n +i = y n + h f(x n ,y n ) 

(ii) Runge Kutta Method 

Used for finding the y at a particular x without solving the 1 st order differential equation 
£ = 

Ki = h f(x 0 , yo) 

K 2 = h f(xo + -, yo + y) 

K 3 = h f(xo +-, yo + y) 

K 4 = h f(x 0 +h, y Q + k 3 ) 

K = -(ki + 2k 2 + 2k 3 + k 4 ) 

Y(xo+h) = y 0 + k 
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1.4 Calculus 

1.4.1 Limit of a Function 

Let y = f(x) 

Then lim x ^ a f(x)=T i.e, " f(x)->T as x->a" implies for any e(>0), 5(>0) such that whenever 
0< |x — a|<5, |f(x) — T|<e 

Some Standard Expansions 

„ , ,n , , , n(n-l) , , n(n - l)(n - 2) 

(1 + x) n = 1 + nx + 2! x 2 H-—-x J +.x n 

x n — a n 

-= x 11-1 + x n_2 a + x n-3 a 2 +.a 11-1 

x — a 

2 3 

e x = l + x + — + —. 

2! 3! 

y 2 y3 

l0g(l + x)=X-y + -. 

10g(l-x) = -X-y-j. 

v 3 y 5 y 7 

p ■ A. A. A 

Sin x = x... 

3! 5! 7! 

y 2 y 4 y 6 

Cos x = 1—— + — - -. 

2! 4! 6! 

3^7 

c- u . X^ 5 x 7 

Sinh x = x-\ - —. 

3! 5! 7! 

y 2 y 4 y 6 

Cosh x=lH -1-1.. 

2! 4! 6! 

Some Important Limits 

sinx 

lim-= 0 

X—*oo X 

lim(l+-'j = e 

x->oo \ x / 

1 

lim(l + x)x = e 

x->0 

a x — 1 

lim-= logp a 

x-*0 X 

e x — 1 

lim- = 1 

x-^O X 
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log(l + x) 
hm- 

x->0 X 

x n — a n 

lim- 

■ x — a 


= 1 

n a 11-1 


limlog|x| = — oo 

x->0 


L - Hospital's Rule 

• When function is of jj or £ form, differentiate numerator & denominator and then apply 
limit. 


Existence of Limits and Continuity: 

1. f(x) is defined at a, i.e, f(a) exists. 

2. If lim f(x) = lim_f(x) = L ,then the lim f(x) exists and equal to L. 

x-»a + x-»a x-»a 

3. If lim x ^ a+ f(x) = lim x _, a _ f(x)= f(a) then the function f(x) is said to be continuous. 

Properties of Continuity 

If f and g are two continuous functions at a; then 

a. (f+g), (f.g), (f-g) are continuous at a 

b. ^ is continuous at a, provided g(a) #£ 0 

c. |f| or |g| is continuous at a 

Rolle's theorem 

If (i) f(x) is continuous in closed interval [a,b] 

(ii) f (x) exists for every value of x in open interval (a,b) 

(iii) f(a) = f(b) 

Then there exists at least one point c between (a, b) such that /'(c) = 0 

Geometrically: There exists at least one point c between (a, b) such that tangent at c is parallel to 
x axis 
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Lagrange’s Mean Value Theorem 

If (i) f(x) is continuous in the closed interval [a,b] and 
(ii) f (x) exists in the open interval (a,b), then atleast one value c of x exist in (a,b) such that 

f(b)-f(a) _ f , 
b-a ^ 

Geometrically, it means that at point c, tangent is parallel to the chord line. 



Cauchy's Mean Value Theorem 

If (i) f(x) is continuous in the closed interval [a,a+h] and 

(ii) f’ (x) exists in the open interval (a,a+h), then there is at least one number 0 (O<0<1) 
such that 


f(a+h) = f(a) + h f(a+0h) 

Let fi and f 2 be two functions: 

i) fi,fz both are continuous in [a,b] 

ii) fi, f 2 both are differentiable in (a,b) 

iii) f 2 ( ^ 0 in (a,b) 

then, for a < (3 < b 

fi(b)-fi(a) _ fj(P) 
f 2 (b)-f z (a) f^O) 

1.4.2 Derivative: 


fix') = lim h ^ 0 


f(x+h)-f(h) 


Provided the limit exists f\x) is called the rate of change of f at x. 


Algebra of derivative:- 

i. (f+g)' = f + g' 

ii. (f-g)' = f'-g' 

iii. (f.g)' = f'.g + f.g' 


iv. (f/g)' = 


g f'-f- g' 
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Homogenous Function 

Any function f(x, y) which can be expressed in from x n 4> 0 is called homogenous function of 
order n in x and y. (Every term is of n th degree.) 

f(x,y) = aox n + aixn-iy + a 2 X n ' 2 y 2 +.+ a n y n 

f(x,y) = x 1 ' c|) 0 


Euler's Theorem on Homogenous Function 


If u be a homogenous function of order n in x and y then, 

du du 

• X — +y — = nu 

dx dy 


• X 


2 d 2 u d 2 u 2 d 2 u f 

+ 2x ^ + yV =n(n " 1)u 


dx 2 


1.4.3 Total Derivative 


If u=f(x,y) ,x=<p(t), y =l F(t) 


du _ du dx du dy 
dt dx" dt dy ‘ dt 


. du . , du . 

Au = — Ax + — Ay 

dx dy 


Monotonicity of a Function f(x) 

1. f(x) is increasing function if fora > (3, f(a) > f((3) 

Necessary and sufficient condition, f (x) > 0 

2. f(x) is decreasing function if for a > p,, f(a) < f(|3) 

Necessary and sufficient condition, f'(x) < 0 

Note: If f is a monotonic function on a domain 'D' then f is one-one on D. 


Maxima-Minima 

a) Global b) Local 

Rule for finding maxima & minima: 

• If maximum or minimum value of f(x) is to be found, let y = f(x) 

• Find dy/dx and equate it to zero and from this find the values of x, say x is a, (3, ...(called the 
critical points). 

• Find at x = a, 

dx 2 

d 2 y 

If —- > 0, y has a minimum value 

dx 2 J 

d 2 y 

If —r < 0,y has a maximum value 

dx 2 
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d 2 y 

If — = 0, proceed further and find at x = a. 

d 3 y 

If —■ 0, y has neither maximum nor minimum value at x = a 

dx 3 

d 3 y d 4 y 

But If —- = 0, proceed further and find —■ at x = a. 

dx 3 r dx 4 

d 4 y 

If —■ > 0, y has minimum value 

dx 4 J 

d 4 y 

If —■ < 0, y has maximum value 

dx 4 ' y 

d 4 y 

If — = 0, proceed further 


Note: Greatest / least value exists either at critical point or at the end point of interval. 
Point of Inflexion 

If at a point, the following conditions are met, then such point is called point of inflexion 



i) 


dy 


dx 

d 2 y 


= o, 


^ = 0 ’ 


iii) 


d 3 y 

dx 3 


=£ 0-> Neither minima nor maxima exists 


Taylor Series: 

f(a + h)=f(a) + h P(a)+^ f’(a) + 


Maclaurian Series: 

f(x) = f(0) + x f(0) +£f"(0)+£f"(0) 

Maxima & Minima (Two variables) 

_ d 2 f _ d 2 f a 2 / 

dx 2 ' S dxdy dy 2 

1. = 0, ^ = 0 -» solve these equations. Let the solution be (a, b), (c, d)... 

2. (i) if rt— s 2 > 0 and r < 0 -» maximum at (a, b) 

(ii) if rt— s 2 > 0 and r > 0 -» minimum at (a, b) 

(iii) if rt— s 2 < 0 at (a, b), f(a,b) is not an extreme value i.e, f(a, b) is saddle point. 

(iv) if rt— s 2 > 0 at (a, b), It is doubtful, need further investigation. 
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1.4.4 Standard Integral Results 

v-n+i 

1. f x n dx =-, n =£ — 1 

2. J^dx = logx 

3. J e x dx = e x 

4. f a x dx = -- (prove it) 

J log X 

5. J cosxdx = sinx 

6. J sinx dx =—cos x 

7. J sec 2 x dx = tanx 

8. J cosec 2 xdx =—cot x 

9. J secxtanx dx = secx 

10. J cosec x cotx dx = —cosec x 

1L J'v^ dx= si 


sin 




“I X 

sec 1 - 

a a 


13. f — dx = sec 1 x 

14. J cosh xdx = sinhx 

15. J sinhx dx = coshx 

16. J sech 2 x dx = tanhx 

17. J cosech 2 x dx = —cothx 

18. Jsechxtanhx dx = —sechx 

19. J cosec h x cot h x dx = —cosech x 

20. J tanx dx = log sec x 

21. J cot x dx = log sin x 

22. J sec x dx = log( sec x + tan x) = log tan^/^ + x / 2 ) 

23. J cosec xdx = log(cosecx — cotx) = log tan | 

24. J 1 dx = log(x + Vx 2 — a 2 ) = cosh -1 (-) 

J vx 2 -a 2 DV y 

25. J 7 1 dx = log(x + Vx 2 + a 2 ) = sinh _1 (-) 

J Va 2 +x 2 DV _ v a y 

- 1 .x , xVa 2 -x 2 


a^ — x 2 dx = — sin 1 - + : 

2 a 2 

2 


26. 

27. J Va 2 + x 2 dx = |Vx 2 + a 2 + ylog(x + Vx 2 + a 2 ) 

28. J Vx 2 — a 2 dx = |Vx 2 — a 2 — ylog(x + Vx 2 — a 2 ) 

29. f 1 dx = -tan -1 - 

J a^+x^ a a 

30. f - 1 dx = — log ( — ) where x <a 

J a 2 -x 2 2a & v a-x y 

31. f _ 1 . dx = — log ( —- ) where x > a 

J x 2 -a 2 2a b v x+a J 

32. fsin 2 xdx = - —-sin2x 

J 2 4 

33. f cos 2 x dx = - + -sin2x 

J 2 4 

34. J tan 2 x dx = tanx — x 

35. J cot 2 xdx= — cotx —x 

36. J In x dx = x In x — x 

e ax 

37. |e ax sinbxdx= - - - (asinbx — b cosbx) 

J a 2 +b 2 v J 

e ax 

38. |e ax cosbxdx= _ , _ (acosbx + bsinbx) 

J a 2 +b 2 v J 
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39. J e x [f(x) + f'(x)]dx = e x f(x) 

Integration by parts: J uv dx = u. Jvdx — /( — Jvdx)dx 


Selection ofJJ&V 


Inverse circular 
,-l 


(e.g. tan i x) 



I L A T E 



Exponential 
Logarithmic Algebraic Trigonometric 

Note: Take that function as “u ” which conies first in “ILATE” 


1.4.5 Rules for Definite Integral 

1. J a b f(x)dx=J a C f(x)dx+J c b f(x)dx a<c<b 

2. J b f(x)dx = J b f(a + b — x)dx -» J Q a f(x)dx =J a f(a - x)dx 

3. J a f(x)dx = J a/2 f(x)dx+J a/2 f(a - x)dx -> Q f(x)dx = 2 J a ’ /2 f(x)dx 

if f(a-x)=f(x) 

= 0 if f(a-x)=-f(x) 

4. J a a f(x)dx =2 J Q a f(x)dx if f(-x) = f(x), even function 

= 0 if f(x) = -f(x), odd function 

Improper Integral 

Those integrals for which limit is infinite or integrand is infinite in a < x < b in case of J a b f(x)dx, 
then it is called as improper integral. 

1.4.6 Convergence: 

• J a b f(x)dx is said to be convergent if the value of the integral is finite. 

• If (i) 0 < f(x) < g(x) for all x and (ii) g(x)dx converges, then J a °° f(x)dx also converges 

• If (i) f(x) > g(x) > 0 for all x and (ii) g(x)dx diverges, then J a °° f(x)dx also diverges 

• If lim x ^oo = c where c=£0, then both integrals J°° f(x)dx and J°° g(x)dx converge or both 

g(x) a a 

diverge. 

• ^ is converges when p> 1 and diverges when p< 1 

• J a °° e _px dx and e px dx is converges for any constant p> 0 and diverges for p< 0 

• The integral J a b ^ is convergent if and only if p< 1 

• The integral J a b ^ is convergent if and only if p< 1 
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1.4.7 Vector Calculus: 

Scalar Point Function: 

If corresponding to each point P of region R there is a corresponding scalar then 0(P) is said to 
be a scalar point function for the region R. 

0(P)= 0(x,y,z) 

Vector Point Function: 

If corresponding to each point P of region R, there corresponds a vector defined by F(P) then F is 
called a vector point function for region R. 

F(P) = F(x,y,z) = fi(x,y,z)f +f 2 (x,y,z)j +f 3 (x,y,z)k 

Vector Differential Operator or Del Operator: V = (i-^ + f-^ + k-^) 

Directional Derivative: 

The directional derivative of f in a direction N is the resolved part of Vf in direction N. 

Vf. N = |Vf|cosa 

Where N is a unit vector in a particular direction. 

Direction cosine: l 2 + m 2 + n 2 = 1 


Where, l=cosa, m=cos (3, n=cosy, 


1.4.8 Gradient: 

The vector function Vf is defined as the gradient of the scalar point function f(x,y,z) and written 
as grad f. 


, r „ df A df df 

grad f = Vf = l — + j — + k — 

° ox oy o z 


* Vf is vector function 

* If f(x,y,z) = 0 is any surface, then Vf is a vector normal to the surface f and has a 
magnitude equal to rate of change of f along this normal. 

* Directional derivative of f(x,y,z) is maximum along Vf and magnitude of this maximum 
is |Vf|. 

1.4.9 Divergence: 

The divergence of a continuously differentiable vector point function F is denoted by div. F and 
is defined by the equation. 

div. F = V. F 
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F = f 1 + 0] + 'Fk 

div . F = V. f = (i | + i |; + k ^) .( f i + 0j + 'I’k) 

_ 3f 30 aw 
dx dy dx 


• V. f is scalar 

• V. V= V 2 is Laplacian operator 

1.4.10 Curl: 


The curl of a continuously differentiable vector point function F is denoted by curl F and is 
defined by the equation. 


Curl F = V x f 


i J k 

AAA 

dx dy dx 

f Cp ^ 


V x F is vector function 


1.4.11 Solenoidal Vector Function 

If V.A = 0 , then A is called as solenoidal vector function. 

1.4.12 Irrotational Vector Function 

If V x A = 0, then A is said to be irrotational otherwise rotational. 

1.4.13 DEL Applied Twice to Point Functions: 

„ .. j r r -,7c d 2 f , d 2 f , d 2 f . . . T 

1. divgrad f = V f= — + — + — .this is Laplace equation 

2. curl grad f = V x Vf = 0 

3. div curl F = V. V x F =0 

4. curl curl F = V x (V x f) = V(V. f) - V 2 F 

5. grad div F = V(V. f)= V x (V x F) + V 2 F 


1.4.14 Vector Identities: 

f, g are scalar functions & F, G are vector functions 

1. V(f+g) = Vf+Vg 

2. V. (F + G) = V.F + V.G 

3. Vx(F + G) = VxF + VxG 

4. V(fg) = f Vg + gVf 

5. V.(fG)=Vf.G + f.VG 

6. V x (fG) = Vf x G + f x VG 

7. V(F. G) = F x (V x G) + G x (V x F) 

8. V. (F X G) = G.( V X F) - F. (V X G) 
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9. V x (F x G) = F(V x G) - G(V x F) 

Also note: 

1. V(f/g)= (gVf-fVg)/g 2 

2. (F.G)’ = F’.G + F . G' 

3. (F x G)' = F’x G + F x G' 

4. V 2 (fg) = g V 2 f + 2 Vf. Vg + f V 2 g 

1.4.15 Vector product 

1. Dot product of A x B with C is called scalar triplet product and denoted as [ABC] 

Rule: For evaluating the scalar triplet product 

(i) Independent of position of dot and cross 

(ii) Dependent on the cyclic order of the vector 
[ABC] = AxB.C = A. BxC 

= B x C.A= B.C x A 
= C x A. B = C.A x B 
A x B. C = -(B x A. C) 

2. (A x B) x C = (extreme x adjacent) x Outer 

= (Outer, extreme) adjacent—(Outer, adjacent) extreme 

• (AxB)xC=(C.A)B-(C.B)A 

• Ax(BxC) = (A.C)B-(A.B)C 

• (AxB)xC^Ax(BxC) 

1.4.16 Line Integral, Surface Integral & Volume Integral 

• Line integral = / F(R)dR 

If F(R )=i f(x,y,z) + ] 0(x,y,z) + k l F(x,y,z) 

dR = ! dx + j dy + k dz 

J c F(R)dR= f c ( f dx + 0 dy + 4 J dz ) 

• Surface integral: J s F.dsor J s F.Nds, Where N is unit outward normal to Surface. 

• Volume integral: J v F dv 

If F(R ) = f(x,y,z)i + 0 (x,y,z)j + 'R (x,y,z) k and 5v = 5x5y5z, then 
f F dv = i f f f fdxdydz + j f f f 0dxdydz +k f f f 'Rdxdydz 

1.4.17 Green’s Theorem 

If R be a closed region in the xy plane bounded by a simple closed curve c and if P and Q are 
continuous functions of x and y having continuous derivative in R, then according to Green's 
theorem. 

£(P dx + Q dy) = J R f (g - g) dxdy 
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1.4.18 Stoke's theorem 

If F be continuously differentiable vector function in R, then j> F. dr = J V x F .N ds 

1.4.19 Gauss divergence theorem 

The normal surface integral of a vector point function F which is continuously differentiable over 
the boundary of a closed region is equal to the 

f F .N.ds = f div F dv 

J S J V 
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1.5: Differential Equations 


1.5.1 Order of Differential Equation: It is the order of the highest derivative appearing in it. 

1.5.2 Degree of Differential Equation: It is the degree of the highest derivative occurring in it, 
after expressing the equation free from radicals and fractions as far as derivatives are 
concerned. 

1.5.3 Differential Equations of First Order First Degree: 

Equations of first order and first degree can be expressed in the form f(x, y, y') = 0 or 
y' = f(x, y). Following are the different ways of solving equations of first order and first degree: 


1. Variable separable : f(x)dx + g(y)dy = 0 
J f(x)dx + J g(y)dy = c is the solution 


2. Homogenous Equation: 


dy 

dx 


f(x, y) 
g(x, y) 


To solve a homogeneous equation, substitute y = Vx 


dy 

dx 


= V + x 


dv 

dx 


• Separate the variable V and x and integrate. 


Equations Reducible to Homogenous Equation: 


The differential equation: 


dy 

dx 


ax+by+c 

a'x+b'y+c' 


-» This is a non - homogeneous but can be converted to homogeneous equation 

Case I: If 4 * zr 

a' b' 


Substitute x = X + h y = Y + k (h and K are constants) 


Solve for h and k 
ah + bk + c = 0 
a'h + b'k + c' = 0 


Case II: If 


dY _ aX+bY 
dX _ a'X+b'Y 



_b 

b 7 



(say) 


dy _ (ax+by)+C 
dx m(ax+by)+C' 
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Substitute ax +by = t, so that, 

dt = b(t + c) +a 
dx mt+ C 

Solve by variable separable method. 

3. Linear Equations: 

The standard form of a linear equation of first order: 

^ + P(x) y = Q(x) , where P and Q are functions of x 

d 2 y' dy 

Second order linear equation: —+ P(x) -—I- Q(x)y = R(x) 

dx z dx 

Commonly known as "Leibnitz's linear equations" 

Integrating factor, I.F. = e/ pdx 

ye J pdx = J Q. (I. F)dx + C => y(I. F.) = f Q. (I. F)dx + C 


Mathematics 


Note: The degree of every linear differential equation is always one but if the degree of the 
differential equation is one then it need not be linear. 




+ y 


2003 


= 0 . 


3.1 Bernoulli’s Equation: 

^ + P y = Q y n where, P & Q are functions of x only. 
Divide by y n 

y-n ^y + p y l-n = Q 
J dx J 

Substitute, y 1_n = z 


— + (1 — n)Pz = Q (1-n) -> This is a linear equation and can be solved easily 


4. Exact Differential Equations: 

M (x, y) dx + N (x, y) dy = 0 
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The necessary and sufficient condition for the differential equations M dx +N dy = 0 to be 

. dM dN 

exact is — = — 

dy dx 

Solution of exact differential equation: / . g const M dx + J (terms of N not contaning x ) dy = C 


4.1 Equation Reducible the Exact Equation: 

Integrating Factor: 

Sometimes an equation which is not exact may become so on multiplication by some 
function known as Integrating factor (I.F.). 

Rule 0: Finding by inspection 


1 . 

2 . 

3. 

4. 

5. 

6 . 


x dy + y dx = d (x y) 

xdy-ydx 

X z X 

x dy-y dx 
xy 

x dy-y dx 


= d [log ( ^)] 

=-d(-) 

X 

= d [tan _1 ( 3 ) ] 




x dy-y dx 
x 2 + y z 


Rule 1: when M dx + N dy = 0 is homogenous in x and y and Mx+Ny^ 0 then I.F. = M ^ +Ny 
Rule 2: If the equation f x (x, y) y dx + f 2 (x, y) x dy = 0 and Mx-Ny^O then I.F. = Mx * 


Rule 3: If the M dx + N dy = 0 and = f(x), then I.F. = e^ f( - x - )dx 

Rule 4: If the equation M dx + N dy = 0 and ^ ^ ) = f(y) , then I.F. = e-f f W d y 


1.5.4 Linear Differential Equation with Constant Coefficients: 

. + k„y = X 


The equation can be written as (D n + kiD" 1 +.+k n )y = X {Where, D = ^} 

f(D) y = X; f(D) = 0 is called Auxiliary Equation. 

Rules for Finding Complimentary Function: 

Case I : If all the roots of A.E. are real and different 
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(D — rtii) (D - m 2 ).(D - m n ) y = 0 

So, the solution is: y = C 1 e miX + C 2 e m2X +.+ C n e mnX 

Case II: If two roots are equal i.e. n^ = m 2 

y = (Ci + C 2 x) e miX 
Similarly, if m 1 = m 2 = m 3 

y=(C 1 + C 2 x+C 2 x 2 )e m i x 
Case III: If one pair of roots are imaginary 

i.e. m 1 = oc+i(B, m 2 = oc —i(3 

y = e ocx (C 1 cos (3x + C 2 sin (Bx) 

Case IV: If two pairs of root are imaginary 

i.e. repeated imaginary root oc +i(B, oc +i(3 

y = e KX [(CiX + C 2 ) cos (3x + (C 3 x + C 4 ) sin (3x ] 


1.5.5 Rules for finding Particular Integral 


p i __1_y — 1 y 

D n +k 1 D n ~ 1 +---+k n f (D) 


Case I: 


When X = e ax 


p I — 1 p ax 

f{D ) * 

put D = a 

[/(a) * 0 ] 

RI - x m c “ 

put D = a 

[f(a)* 0 ,/(a) = 0 ] 

p d. - X 2 r ,; D) 

put D = a 

[/(a) = 0 ,/'(a) = 0 ,/”(a)^ 0 ] 


Case II: 


When X = sin (ax + b) or cos (ax +b) 

P.I. = ^^ 2 ^ sin(ax + b ) put D 2 = - a 2 [(£ (- a 2 ) 0 ] 

= x sin(flx + b) put D 2 = - a 2 [cj)'(- a 2 ) 0, cj)(- a 2 ) = 0] 

= x 2 ^„^ sin(flx + b ) put D 2 = - a 2 [cj)"(- a 2 ) =£ 0, cj)'(- a 2 ) 
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= 0 , cj)(- a 2 ) = 0 ] 


Case III: 


When X = x m , m being positive integer 

P.I . = ? ^x m = [/(D )]- 1 x m 

= /(D)[l + ? ^]- 1 x m 


= / (D) [1-/(0) + / 2 (D) - / 3 (0) + - ] x* 


Case IV: 


When X = e ax V where V is function of x 


P.I. = ~^e ax V 
/(D) 


= e 


1 V then evaluate -rr -—- V as in Case I, II & III 


/(D+a) 


/(D+a) 


Case V: 


When X = x V(x) 


P.L = x V(x) = [x - 77 -T V(x) 

/(D) ^ ' L /(D) J /(D) V ' 


Case VI: 


When X is any other function of x 


P.I. = —X 

/(D) 


Factorize f(D) = (D — mi) (D — m 2 ) 


1 . 


(D — m n ) and resolve into partial fractions 


and then apply, ^-^X = e ax f Xe ax dx on each terms. 

Complete Solution: y = C.F. + P.I. 

1.5.6 Cauchy-Euler Equation: (Homogenous Linear Equation) 


n dU y 1 7 n-1 1 y 1 

X - + /C1X 71 . —— + 


dx 11 


dx 11 


' kn ~ 1 dx + kny X 


Substitute 


x = e c 


dy 

x — = Dy 

dx 3 


* 2 ^= D (°-i)y 
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After substituting these differentials, the Cauchy - Euler equation results in a linear equation 
with constant coefficients. 


1.5.7 Legendre's Linear Equation: 

(«* + b ^ U H + k ^ aX + ^ n_1 + . k ny = x 

ax + b = e l t = ln(ax + b) 

c ax+b )2 =aD y 

(ax + b) 2 ^=a 2 D(D-l)y 
(ax + b) 3 g = a 3 D(D-l)(D-2)y 

After substituting these differentials, the Legendre's equation results in a linear equation with 
constant coefficients. 

1.5.8 Partial Differential Equation: 

z = f(x, y) 

dz _ dz _ d 2 z _ d 2 z _ d 2 z _ 

dx ^ ' dy ^' dx 2 dxdy S ' dy 2 

1.5.9 Homogenous Linear Equation with Constant Coefficients: 

d^z z d^z 

—— + ki :-1-. ky. —— = f( x, y) -* this is called homogenous because all 

dx n dx n_1 dy “ dy n v J ' ° 

terms containing derivative is of same order. 

( D n + k 1 D n ~ 1 D' + . k n D' n ) = f(x, y) { where D = and D' = } 

f (D, D') = f(x,y) 

Step I: Finding the C.F. 

1. Write A.E. 

m n + k-^m 11-1 + - Vk n = 0, 

Where m = -^7 and the roots are m 1 , m 2 . m n 

2. CF = / x (y + m-^x) + f 2 (y + m 2 x ) +. m 1( m 2 are distinct 

CF = / x (y + mix) + x/ 2 (y + m x x) +/ 3 (y + m 3 x) + .-m lf m t , m 3 two equal roots. 

CF = f x (y + m-tx) + x/ 2 (y + m t x) +x 2 f 3 (y + m-j^x) H- m 1 , m 1 , m 1 three equal roots. 
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Step II: Finding P.I. 

P ' L = 7cFT5 f(x ' y) 

1. when F( ax +by ) = e ax+by , put [ D = a, D' = b] 

2. when F( x, y) = sin (mx +ny), put (D 2 = — m 2 , DD' = —mn, D' 2 = —n 2 ) 

3. when F(x, y) = x m y n , P.I = ^ x m y n = [f(D, D')] _1 x m y n 

4. when F(x, y) is any function of x and y. P.I = ^ f (x, y) , resolve ^ into partial 

fractions considering /(D, D') as a function of D alone and operate each partial fraction 
on f(x, y) remembering that ^ D _ mD ,^ f(X y) = J fix, c — mx)dx where c, is replaced by 
y + mx after integration. 
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1.6: Complex Variables 

z = x + iy is a complex no., where x & y are real numbers called as real and imaginary part of z. 
Modulus or absolute value = |z| = yjx 2 + y 2 , Argument of Z = 6 = arg(z ) = tan -1 

1.6.1 Function of a Complex Variable: It is a rule by means of which it is possible to find one or 
more complex numbers 'w' for every value of 'z' in a certain domain D, then w = f (z) 

Where z = x + iy, 

w = f (z) = u(x, y) + i v(x, y) 

1.6.2 Continuity of f(z): 

• A function w = f (z) is said to be continuous at z = z 0 if lim z ^ Zo /(z) = /(z 0 ). 

• Further f (z) is said to be continuous in any region R of the z-plane, if it is continuous at 
every point of that region. 

• Also if w = f (z) = u(x, y) + i v(x, y) is continuous at z = z 0 , then u(x, y) and v(x, y) are also 
continuous at x= x 0 & y = y 0 . 


1.6.3 Theorem on Differentiability: 


The necessary and sufficient conditions for the derivative of the function f(z) to exist for all 
values of z in a region R. 


i) , are continuous functions of x and y in R. 

2 dx’dy’dx’dy’ y 


ii) — = —, — = — —, —> Cauchy-Riemann equations (CR equations) 


1.6.4 Analytic Functions (or Regular Function) or Holomorphic Functions 


A single valued function which is defined and differentiable at each point of a domain D is 
said to be analytic in that domain. 

A point at which an analytic function ceases to possess a derivative is called Singular point. 
Thus if u and v are real Single - valued functions of x and y such that are 

6 y dx ’ dy ’ dx ’ dy 


continuous throughout a region R, then CR equations 


du _ dv du _ dv 
dx dy ' dy dx 


are both "necessary and sufficient" condition for the function f(z) = u + iv to be analytic in R. 


Real and imaginary part i.e. u, v of the function is called conjugate function. 

An analytic function posses derivatives of all order and these are themselves analytic. 
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1.6.5 Harmonic Functions: 

If f(z) = u + iv be an analytic function in some region of the z - plane then the C -R equations are 
satisfied. 


du _ dv du _ dv 
dx dy ’ dy dx 

Differentiating with respect to x and y respectively, 


d 2 u _ d 2 v d 2 u _ d 2 v 
dx 2 dxdy ’ dy 2 dxdy 


d 2 u d 2 u 
dx 2 dy 2 


= 0 


-» (Laplace Equation) 


Note: 

(1) For a function to be regular, the first order partial derivations of u and v must be 
continuous in addition to CR equations. 

(2) Mean value of any harmonic function over a circle is equal to the value of the function at 
the centre. 

1.6.6 Methods of Constructing Analytic Functions: 

1. If the real part of a function is given then, 

fVl = T*-'Ty 

Integrate with points at (z, 0) 

f(z) = J dz - i J dz + c 

^ J J \dxJ (Z: o) J va y y (Zj0) 

Similarly in case v(x, y) is known, then 

f ( z )=RI) (I , 0) dz + i -f© (l0) dz+c 


2. If u (x, y) is known, then to find v(x, y) we have 

dv= |^dx +|^dy 

dx dy 

dv = - ^ dx + ^ dy 

dy dx 

Integrate this equation to find v. 
f (z) = u(x, y) + i v(x, y) 

3. If a real part of the analytic function f(z) is given which is harmonic function u (x, y), then 


f(z) = 2u(f 4) - u(0, 0) 


1.6.7 Complex Integration 

—» Line integral = J c /(z)dz , C need not be closed path 
Here, f(z) = integrand, curve C = path of integration 
—> Contour integral = § c f(z)dz , if C is closed path 
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If f(z) = u(x, y) + i v(x, y) and dz = dx + i dy 

••• / f(z)dz = f c (udx — vdy ) + i f c (vdx + udy) 

Theorem: f(z) is analytic in a simple connected domain then f Zl f(z)dz = f(z-J — /(z 0 ), he. 

z 0 

integration is independent of the path 

Dependence on Path: In general "Complex line integration” depends not only on the end points 
but also on the path (however analytic function in simple connected domain is independent of 
path.) 

1.6.8 Cauchy's Integral Theorem: 

If f(z) is analytic in a simple connected domain D, then for every simple closed path C in D, 

§ c f(z)dz - ° 


Note: In other words, by Cauchy's theorem if f(z) is analytic on a simple closed path C and 
everywhere inside C (with no exception, not even a single point) then j> c f(z)dz = 0 



1.6.8.1 Cauchy's Integral Formula: 

If f(z) is analytic within and on a closed curve and if a is any point within C, then 




f(z) dz 
z-a 


/vo=^ j, 


/(z) 
27rt J C (z-a) 2 


dz 


f”(a) = — [ /(z) 

1 K ) 27 ii J c (Z-a) 3 


dz 




/(z) 


2ni J C (z-a) n+1 


dz 
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1.6.9 Morera's Theorem: If f(z) is continuous in a region and J /(z) dz = 0 around every 
simple closed C then f(z) is analytic in that region. 

1.6.10 Taylor’s Series: If f(z) is analytic inside a circle C with centre at a then for z inside C 

f(z) = f(a) + f (a) (z-a) + ^ (z-a) 2 +. 

f(z) = £n=oa n (z-a) n 

where a„= jC/ 

Other form, put z = a + h 

f(a+h) = f(a) + h/'(a) + |/"(a) +. 


1.6.11 Laurent’s Series: If f(z) is analytic in the ring shaped region R bounded by two concentric 
circles and c 2 of radii r t and r 2 (r x > r 2 ) and with centre at a then for all z in R 

f(z) = a 0 + a x {z — a) + a 2 (z — a) 2 + — — — + a_ 1 (z — a ) -1 + a_ 2 (z — a ) -2 
where, a n = — f , ^ dt 

n 2m J (t-a) n+1 

If f(z) is analytic inside the curve then a_ n = 0 and Laurent series reduces to Taylor's series. 

1.6.12 Zeroes of Analytic Function: 

The value of z for which f(z) = 0 

If f(z) is analytic in the neighbourhood of a point z = a then by Taylor's theorem. 
f(z) = a 0 + a x (z — a) + a 2 (z — a ) 2 + — — — + a n (z — a) n + — — — 

=En=oanO-a) n 
where a n = 

n n! 

if a 0 = a t = a 2 = . a-n-i = 0 - then f(z) is said to have a zero of order n at z =a. 

1.6.13 Singularities of an Analytic Function: 

A "singular point" of a function as the point at which the function ceases to be analytic. 

1. Isolated Singularity: If z =a is a singularity of f(z) such that f(z) is analytic at each point in its 
neighbourhood (i.e. there exists a circle with centre a which has no other singularity 1 , then 
z =a is called an isolated singularity). 

2. Removable Singularity: If all the negative powers of (z-a) in Laurent series are zero then 
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f(z) = I“=o a n (z-a) n 

singularity can be removed by defining f(z) at z = a is such a way that it becomes analytic at 
z =a 

lim z ^, a f(z ) exists finitely, then z = a is a removable singularity. 

sin z 

Example: f(z) = ——, then z = 0 is a removable singularity. 

3. Essential singularity: If the numbers of negative power of (z-a) in Laurent's series is infinite, 
then z =a is called an essential singularity. 

lim n ^ a f(z) does not exist in this case 

4. Poles: If all the negative power of (z-a) in Laurent's series after n th are missing then. The 
singularity at z = a is called a pole of order n. 

A pole of first order is called a "simple pole". 


1.6.14 Residue Theorem 

If f(z) is analytic in and on a closed curve C except at a finite number of singular point within C 
then 

f f(z)dz = 2n\ (sum of the residue at the singular point within C) 

Calculation of Residues 


1 . 

2 . 

3. 


If f(x) has a simple pole at z=a, then 
Resf(a) = lim z _ a [(z-a) f(z)\ 

If/(z) = where p(z) = (z — a)/(z),/(a) A 0 


Res /(a) = 


0(a) 

0'(a) 


If/(z) has a pole of order n at z=a, then 

Res f {a) = (^ijrhS^K 2 - a) "^ (2) ]},. 0 


Here n = order of singularity 



Note: If an analytic function has singularities at a finite number of points, then the sum of 
residues at these points along with infinity is zero. 
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Part - 2: Network Theory 
2.1: Network Solution Methodology 


Voltage - current relation of network elements 


Table. Voltage -Current relation of network elements 


SL. 

No 

Circuit 

element 

Symbol in 
electric circuit 

Units 

Voltage - 

current 

relation 

Instantaneous 
power, P = Vi 

Energy stored / 
dissipated 
in |ti,t 2 1 

1 

Resistance, R 

•-MA+-* 

1 < + 

Ohm 

(Q) 

V= i R 
( ohm's law) 

i 2 R 

i 2 R(t 2 -ti) 

2 

Inductance, L 

l 

Henry 

(H) 

V = Lt 

dt 

. . di 

Li — 

dt 

|L(i|-if ) 

3 

Capacitance, C 

■i + 

J V 

Farad 

(F) 

„ dv 

1 = C — 

dt 

„ dv 

Cv — 

dt 

^C(v 2 -v 2 ) 


Series and parallel connection of circuit elements 

•—\A/V—•—vW“*.•—\AAA-* = •—>/W'—• 

Rl R 2 R n R 

Ri 

= •— 'AA/'—* 

R 



R -Ri + R2 "F .+ R n 


1 

R 


~ + ^~ + 
R i R2 
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Li L 2 

«-ir DM 1 *— r OtRP—• 


L n L 

— •—'TTiftT'-—• 


L -Li + L? + 


, +L., 




Fig. Series and parallel connection of circuit elements 
Kirchoff’s Current Law (KCL) 

The algebraic sum of currents at a node in an electrical circuit is equal to zero. 

Kirchoff's Voltage Law (KVL) 

In any closed loop electrical circuit, the algebraic sum of voltage drops across all the circuit 
elements is equal to EMF rise in the same. 

Mesh Analysis 

In the mesh analysis, a current is assigned to each window of the network such that the currents 
complete a closed loop. They are also referred to as loop currents. Each element and branch 
therefore will have an independent current. When a branch has two of the mesh currents, the 
actual current is given by their algebraic sum. Once the currents are assigned, Kirchhoff s voltage 
law is written for each of the loops to obtain the necessary simultaneous equations. The 
simultaneous equations obtained can be solved using matrix inversion method or crammer's 
rule. 

Mesh Analysis (using super mesh) 

When two of the loops have a common element as a current source, mesh analysis is not applied 
to both loops separately. Instead both the loops are merged and a super mesh is formed. Now 
KVL is applied to super mesh. 

Nodal Analysis 

Typically, electrical networks contain several nodes, where some are simple nodes and some are 

principal nodes. In the node voltage method, one of the principal nodes is selected as the 

.. , reference and equations based on KCL are written at the other principal nodes with respect to 
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the reference node. At each of these other principal nodes, a voltage is assigned, where it is 
understood that this voltage is with respect to the reference node. These voltage are the 
unknowns and are determined by nodal Analysis. When the node voltages to be found by nodal 
analysis are more than one, the node voltages can be found from simultaneous equations by 
matrix inversion method or Cramer's rule. 

Nodal analysis (including super node) 

When two of the nodes have a common element as a voltage source, nodal analysis is not applied 
to both the nodes separately. Instead both the nodes are merged and a super node is formed. 
Now KCL is applied to super node. 

Voltage /Current Source 

Ideal vs. Practical voltage source 


wv —-o 

Ri 


Fig. Practical Voltage Source 


Here E is the EMF of source and Rj is the internal resistance of the source. For an ideal source, R; 
is zero and for a practical source, R; is finite and small. 

Ideal vs. Practical current source 



Fig. Practical Current Source 


Here I is the current of source and Rj is internal resistance of source. For an ideal current source, 

Ri is infinite and for a practical source, R; is finite and large. 

Dependent Sources 

A source is called dependent if voltage / current of the source depends on voltage / current in 
some other part of the network. Depending upon the nature of the source, dependent sources 
can be classified as below. 

• Voltage Controlled Voltage Source (VCVS ) 

• Voltage Controlled Current Source (VCCS) 

• Current Controlled Voltage Source (CCVS) 

• Current Controlled Current Source (CCCS) 
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Superposition theorem 

In a linear bilateral network, the current through or voltage across any element is equal to 
algebraic sum of currents through (or voltages across) the elements when each of the 
independent sources are acting alone, provided each of the independent sources are replaced by 
corresponding internal resistances. 

Source conversion theorem 

Source conversion theorem states that a voltage source, E in series with resistance, R ; as seen 
from terminals a and b is equivalent to a current source, I = E/Rj in parallel with resistance, Rj. 



Fig. Source conversion theorem 


Thevenin's and Norton’s Theorems 


Any linear/bilateral network as viewed from terminals A and B can be replaced by a voltage 
source in series with resistance. The theorem is mainly helpful to draw the load characteristics 
(output voltage v/s output current as load resistance is varied). 



Fig. Demonstration of Thevenin’s Theorem 

In the figure shown above, V th is Thevenin's voltage as viewed from terminal A & B and R th is 
Thevenin’s resistance as viewed from terminals A & B. 


Norton’s Theorem 

Any linear / bilateral network, as viewed from terminals A and B, can be replaced by a current 
source in parallel with resistance. When source conversion theorem is applied for a Thevenin's 
equivalent circuit, Norton equivalent circuit is obtained and vice versa. 

Let I n = Norton current as between terminals A & B and 
R n = Norton Resistance as viewed from terminals A & B 



Fig. Demonstration of Norton’s Theorem 
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Evaluation of Thevenin's / Norton's equivalent circuit 

Let V oc = open- circuit voltage between terminals A & B, 
I S h = short - circuit current between terminals A &B, 
R = Resistance as viewed from terminals A & B, 


Table. Evaluatin 

g of Thevenin’s and Norton's equivalent circuits 

S. 

No 

Quantity to be 
evaluated 

Circuit containing 
independent 
sources only 

Circuit containing 
both independent 
and dependent 
sources 

Circuit 
containing 
dependent 
sources only 

1 

v th 

Voc 

Voc 

0 

2 

In 

Ish 

Ish 

0 

3 

Rth = Rn 

R 

Voc/Ish 

Vab 

Iab 


Where V AB is the voltage for a current source, I AB between the terminals A and B. 

Maximum power transfer theorem (as applied to dc network) 

Maximum power transfer theorem in a dc network states a condition on load resistance for 
which the maximum power is transferred to the load resistance. In a dc network, maximum 
power is transferred to the load when the load resistance is equal to Thevenin’s ( / Norton's) 
resistance as viewed from load terminals. 



Fig. Demonstration of maximum power transfer theorem 


For maximum power transfer, R L = R 

E 2 E 

Also, P max = — and I = — 

max 4R 2R 

E 2 E 2 E 2 

Total power consumed in the circuit =-1-= — 

r 4R 4R 2R 
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Star-Delta transformation 



Fig. Star(Y) - Delta(A) transformation 


_ r i r 2 . _ r i r 3 . ^ _ R 2 R 3 

A ~~ (R!+R 2 +R 3 ) ’ B ~~ (R!+R 2 +R 3 ) ’ C ~~ (R 1 + R 2 +R 3 ) 

n _ ( r a r b+ r b r c+ r c r a) . n _ ( r a r b+ r b r c+ r c r a) . n _ ( r a r b+ r b r c+ r c r a) 
1 Rc 2 r b 3 r a 

McMillan Theorem 


McMillan theorem can be applied to the circuits of the form shown and is based on nodal 
analysis. 


V=(SE i /R i + SI i )/(E^-) 



Substitution theorem 


Substitution theorem can be used to get incremental change in voltage/current of any circuit 
element when a resistance R is changed by AR and the same can be found by inserting a voltage 
source -1. AR in series with R. 



Fig. Demonstration of substitution theorem 
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Reciprocity theorem 

Reciprocity theorem states that in a linear bilateral network, voltage source and current sink can 
be interchanged. 



Fig. Demonstration of reciprocity theorem 


Following are the conditions to be satisfied to apply reciprocity theorem 

• Only one source is present 

• No dependent sources are present 

• No initial conditions ( => zero state ) 

Circuit which satisfies above conditions is called "Reciprocity network". 


fb.com/cgaspirant 


Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar4 ,h Block, Bangalore-11 

G>: 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademy.com Page 49 




















Downloaded from : www.cgaspirants.com 

Quick Refresher Guide Network Theory 


2.2: Transient/Steady State Analysis of RLC Circuits to dc Input 

Transient response analysis of network elements 
Transient analysis of a resistive circuit 

Any change in voltage across a resistor at any instant t is instantaneously felt as corresponding 
change in current at the same instant t. Consider the circuit below in which S is moved from 
position 1 to 2 at t = 0. 


1 t=0 2 



Fig. Transient analysis in resistive circuit 


Vi *v 2 


Vr(O-) =V i; V r ( 0 + ) = V 2 and I R (0") =^; I R (0 + ) = V V R 
Vr(O-) * V R (0 + ) and I R (0") * I R (0 + ) 

••• Resistor allows abrupt changes in voltage and current. 

Transient response of inductor 


+ V L (t) _ 

- aSTSTT' -• 

i L (t) L 

Fig. Symbol of inductor 

The voltage across and current through an inductor are related by following equation 
V L (t) = & i L (t) = ~ V L (t)dt = ij 0 t V L (t)dt+ i L (0 + ) 

Also inductor doesn't allow abrupt change in current and for a abrupt change in current inductor 
requires infinite voltage to be applied across it. Also at steady state, inductor acts as short. 

1l( t+ ) = i L (t _ ), at every instant t 

Transient response of Capacitor 
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Fig. Symbol of Capacitor 
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The voltage across or current through a capacitor are related by, 


icOO = c -^7 and v c= ^f-oo *c(t)dt =^J 0 t i c (t)dt + V c (0 + ) 


Network Theory 


The voltage across a capacitor cannot change instantaneously unless infinite current (impulse) 
is passed through it. Hence capacitor doesn't allow abrupt change in voltage across it. Also at 
steady state, capacitor acts as open. 

••• v c (t - ) = v c (t + ) at every instant t 

Transient response of a R-L circuit 

Consider the R- L circuit shown below, in which switch S is moved from position 1 to 2 at t= 0. 


l t=0 



I(0 + ) = I(O-) = V L (0") = 0; V L (0 + ) = -V R (0") + V 2 = -R.^ + V 2 = V 2 - V, 

As V L ( 0 + ) A V L (0 - ), inductor allows abrupt change in voltage. Also, I(0 + ) = I(0 _ ) as inductor 
does not allow abrupt change in current. Consider a R - L circuit which contains only one 
inductor and more than one resistor as shown. 



V t=0 ‘LW 


~ V —*“1 

Resistive 


Network 



Req [ 


Fig. R-L circuit 


To find i L (t) for t > 0 in the circuit shown above, 

(1) Find initial value of current through inductor, I; = i L (0 — ) 

(2) Find steady state value of current through inductor, I f = i L (oo) 

(3) Find R eq as seen from terminals of inductor 

(4) Use following equation to find i L (t) 
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iiXt) = If + (Ii - If) e t/T and V L (t) = = (I f - Ii)R eq - e * , where T L / R ^ 


Transient response of a R-C circuit 


Consider the R -C circuit shown below, in which switch S is moved from positionl to position 2 
att = 0. 


t =o 



V(0 + ) = V(O-) = v i; I(O-) = 0; 1(0+) = (V 2 Vl) / R 


As I (0 + ) =£ I(0 _ ), capacitor allows abrupt change in current. Also, V c (0 + ) = V c (0 _ ) as capacitor 
doesn't allows abrupt change in voltage. Consider a R- C circuit which contains only one 
capacitor and more than one resistor as shown. 


Resistive 

Network 




v c (t) 


Fig. R-C circuit 


To find V c (t) for t > 0 

(1) Find initial value of voltage across capacitor, V; = V c (0 _ ) 

(2) Find steady state value of voltage across capacitor, Vf = V c (oo) 

(3) Find R eq as seen from terminals of capacitor 

(4) Use following equation to find V c (t) 

V c (t) = V f + (Vj - V f ) e“ and i c (t) = (Vf ~^ i)e where x = R eq C 

K ea 
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Transient response analysis of a source free series R-L-C circuit 



V((T) = V 


i(0 ") = / 


Let a = R/2L, o) 0 = and a, b = - a+^/a^” 


(Or 


Table. Different cases of series R-L-C circuit 


S. No 

Condition 

Nature of 

response of i (t) 

General form of i(t) 

Graph 

1. 

a > go 0 

Over-damped 

A 1 e at + A 2 e bt (a and b are 
negative, real and unequal) 

i 

i(t) 



2. 

O 

3 

II 

a 

Critically 

damped 

(A x + A 2 t) e at 

(a is negative and real) 


y\ 


4 * 

3. 

a < to 0 

Under-damped 

e-at(A i cosa) C it + A 2 sina) c it) 
where 00 ^ = y/®o 2 — a2 

j 

;t) 

A j— • 



Here A 1( A 2 can be found using initial conditions. 

Transient response analysis of a source free parallel R L C circuit 


i(0) = I 
C 

v(0“) = V 

Fig. Parallel R-L-C circuit 


v(t) 
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Let a=-, a) n 

2RC u 


1 

Vlc 


and a ,b = - a ± A /a 2 — 


0)7 


Network Theory 


Table Different cases of parallel R-L-C circuit 


S. No 

Condition 

Nature of 

response of v (t) 

General form of v(t) 

Graph 

1. 

a > to 0 

Over-damped 

A^ 34 + A 2 e bt 

(a and b are negative, real and 
unequal) 

J 

A 

v(t) 

2. 

O 

3 

II 

a 

Critically 

damped 

(A 1+ A 2 t)e 3t 

(a is negative and real) 

* 

I'A 

3. 

a < go 0 

Under-damped 

e _at (A 1 cos(jL) d t + A 2 sinai d t) 
where co d = Jod 0 2 — a 2 

' 

f(t) 


Generalization of response f (t) for an excitation g (t) 

In any general R-L-C circuit, let f(t) be the response for an excitation g(t). The response f(t) can 
be generalized as below, 

•■f(t)=f f (t) + f„(t) 

Here, f n (t) is called natural response and is found based on initial conditions assuming no source 
is present and ff(t) is called forced response which is derived based on source of excitation. 
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2.3: Sinusoidal Steady State Analysis 


Phasor representation 

Any sinusoidal representation, V(t) = V m sin(cot + <$>) can be represented in phasor form as, 

Y = v m L(|> 



Fig. Phasor representation of sinusoidal signal V(t) of angular frequency co 

For phasor analysis of V^t) and V 2 (t), following conditions should be satisfied, 

(a) V^t) and V 2 (t) should have same sign for V m and V m2 . 

(b) Both VjXt) and V 2 (t) should be written as sine/cosine waves. 

(c) Both VjXt) and V 2 (t) should have same frequency. 

Impedance 


Table. Impedances of different a.c. circuit components 


S. No 

Component 

Impedance 

1. 

• >aaa—# 

R 

Z= R 

2. 

t-nrw^-4 

L 

Z = JcoL 

3. 

—1<-• 

C 

Z= —— = —— 

— JcoC (i)C 

4. 

•—mv*— nnnp—o 

R L 

Z — R + J co L 

5. 

•—/v\Hf-• 

R C 

i j 

-■ r + R“ r_ ^c 

6. 

•—i/W—' ot)tT'--• 

R L ‘c 

- = r + , “ l + R = r + , (“ l_ ^c) 
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Sinusoidal excitation of different components 
Excitation to resistor 


o— 


R 

-vW- 


-O O- 


V 


Fig. V -1 phasor relation for resistor 


*■ 

v 


Excitation to Inductor 


L 

o-nnnr* o 

Z = jcoL 


7 - 

90° 


V 


*• 


< - V -► 


1 


Fig. V — I phasor relation for inductor 



Fig. V — I phasor relation for capacitor 

Sinusoidal excitation to RL circuit 



Fig . Phasor relation in R-L circuit 
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Excitation to R-C Circuit 


~ R |,C 

► l aaa f 

/ 

/ ^ tan " 1 (£) 

w vvv v. 

◄- V -► 




Fig. Phasor relation in a R-C circuit 


Root mean square (rms) value of a periodic signal 

The rms value of a periodic signal is defined as equivalent dc signal which will consume same 
power as periodic signal. If V(t) is a periodic signal of period T, 


V rm , = E/ 0 T v 2 ( t)dt 


Consider a signal, V'(t) = V dc + V mi sin o^t + V m2 sin co 2 t + 


v™=jv.’ + or + (£) ±- 

Average value of a periodic signal 

Average value of a periodic signal gives an idea about d.c. content of the signal. If V(t) is signal of 
period T, 

Vavg= ^J 0 T V(t)dt 

Average power supplied by a.c. source 


V = V m Z0 



Fig. Demonstration of power supplied by a.c. source 


Apparent power, S = V ■ I * (in rms sense) = V rms I rms Cos (0- 0)+J V rms I rms Sin(0 — 0)= P + JQ 
Active power, P = m m cos (0-0)= V rms I rms cos (0 - 0 ) 

Reactive power, Q = V ™ Im sin(0-0 )=V rms . I rms . sin(0 — 0) 

Active power is the power supplied to resistive part of the network and is measured in watt. 

Reactive power is the power supplied to inductive or capacitive part of the network and is 
measured in var. Power factor (PF) of circuit as seen from source is given as cos (0 - 0). Pf gives 
an idea about part of VA supplied to resistive part of network. 

Resonance 

At resonance, voltage and current as seen from supply are in phase. Also at resonance, 
impedance as seen from supply is completely resistive. 
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Single phase Circuit analysis 

Most of the analysis techniques used for dc networks can be used for ac networks also. However, 
algebraic operations should be replaced by phasor operations and all the theorems can be 
relevantly applied. 

Maximum Power transfer theorem 

Maximum power transfer theorem gives an idea about the maximum power consumed in Z L 
depending on the nature of Z L . Consider an a.c. network and corresponding Thevenin's 
equivalent as seen from load terminals A and B as shown in figure below. 




jt 

a. c 



network 








Fig. Demonstration of maximum power transfer theorem 


Depending nature of Z L and Z t h, following are the possible cases and corresponding conditions 
for maximum power transfer, 

(1) If Z th and Z L are resistive > — Z t h- 

(2) If Z th and Z L are impedance * Z L= Z th- 

(3) If Z th is complex and Z L is resisitive, Z L = |Z th |. 

(4) If Z L = R l + JX L such that X L is fixed and R L is variable, then, R L = |Z t h + JX L |. 

(5) If Z L = R l + JX L is such that R L is fixed and X L is variable, then X L = Im(Z t h). 

(6) If 

Z t 

(7) For any arbitrary nature of Z L and Z t h, appropriate value of Z L can be found using Lagrange's 
optimization. 


Z L = Rl + JX L is such that 0 = tan 1 is constant and | Z L | is varied , then | Z L | = 


Star-delta transformation 



2 _ ZjZ 2 ^ _ z 1 z 3 ^ _ z 2 z 3 

A ~~ (Z 1 + Z 2 +Z 3 )' B ~~ (Z 1 + Z 2 +Z 3 ) ' C ~~ (Z 1 + Z 2 +Z 3 ) 

r7 _ (Z A Zb+ZbZc + Z C Za) ry _ (Z A Z B +Z B Z C + Z C Z A ) ^ _ 

L 1 — 7 ’ L 2 — 7 ’ a 3 - 

z c z B 


(Z A Z B +Z B Z C +Z C Z A ) 

Z A 
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Polyphase Circuit Analysis 
Single phase three wire system 



Fig. Single phase 3 wire system 


••• ^n = V s b 

Yab = Yan + Vnb = 2Vgn 

l a A — Van /Zp 1 

IaB — ^bn/^p. 


r - I 4. r . XM 

^Nn *aA ' ^bB 7 ' 7 

- — Z Pi Zp 


If the load is balanced, Z Pi = Zp 2 


I _ —ML v nb _ n 
*Nn — 7 7 - u 

?i Z Pi 


The wire nN is neutral wire. So if the load is balanced, current in neutral wire is zero. If the wires 
aA and bB have same impedance, still current in neutral wire is 0. If loads are unbalanced and Nn 
wire has some finite impedance, power dissipated in nN is finite. 


Three phase source 




Fig. Three phase balanced supply(in positive sequence) 


Consider a balanced supply as shown, 




fb.com/cgaspirant 



Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar4 ,h Block, Bangalore-11 

0): 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademy.com Page 59 


































nTHE GATE 

UQiSlEI 


Downloaded from : www.cgaspirants.com 

Quick Refresher Guide Network Theory 


Van d" Vbn + Vcn — 0 
Van = V ph ZO°rms 'j 

Vbn = V ph Z—120°rms l Positive phase sequence 
= V ph Z - 240°rms j 

Van = V ph ZO°rms 'j 

Vbn = Vph Z120°rms V Negative phase sequence 
Vcn = Vph Z240°rms j 

Three -phase Y-Y Connection including neutral (for balanced 3<f» supply) 



Fig. Y-Y connection 


. _ Van . _ Vbn _ Vcn 

*aA — > ^bB — ’ mC — 

- z A - z B - z c 

Let V L , I L , Vph and I p h stand for line voltage, line current, load voltage and load current. 
If load is balanced, Z A = Z B = Z c = Z p hZ0 


I a A + IbB + IrC — 0 and 


cC 


l aA 


l bB 


>cC 


_ r _ v P h 


1 ph' 


^ph 


Power consumed by load = 3 V ph I p hCos0 = V3 V L I L cos0 
V L = V3 Vph and I L = I ph 


••• If the load is balanced, neutral wire can be removed as I Nn is zero. 

If load is not balanced, I aA + Zh B + I c c ^ 0 => I n N ^ 0 

Power consumed by load = Xf=iVphiIphi 1 cos0j (if load is not balanced) 


Three Phase Y -A Connection: (for balanced 3<J» supply) 

. _ Vab _ Vbc _ Vca 

lAB — l BC — ' *CA — ~T~ 

- z A - z B - z c 
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Fig. Y-A Connection 

If the load is balanced, Z A = Z B = Z c = Z ph Z 0 

I - 

Iph — 7 

F z ph 

Power consumed by load, P =V3 V L I L Cos0 
V L = V ph ; I L = V3 I ph 

o Vt 

If the load is not balanced, Power consumed by load, P = 2f =1 V L -cos0; 


Magnetically Coupled circuits 


Two circuits are magnetically coupled, if operation of one circuit is effected by flux linkage due 
to coil in another circuit. In a magnetically coupled circuit, "Current entering dotted terminal of 
one coil will produce a voltage which is sensed positive at the dotted terminals of another coil 
and vice versa". So voltage across one coil depends not only on self inductance, but also on 
mutual inductance which gives extent of flux linkage between the two coils. Please note that dot 
convention doesn’t make sense when it's associated with single coil. 






YCt)^ 

V 2 (t)=m 2 i 




ii(t)ff) 



VZt) = 


Li 


dii 

dt 


dii 

dt 


iZ m 12 \ 



iS m 12 v* 
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As the flux linkage in coil 1 due to the coil 2 is same as flux linkage in coil 2 due to coil 1, 
m i 2 = m 21 = m 

Also coefficient of coupling, K = m / Here 0<K<l=>0<m< ^/LiL^ 

Co -efficient of coupling is in [0 , 1] as flux linkage in one coil due to current in other coil will 
always be less than the flux produced by the same. 


LOO 


+ *1 

Vi(t) 


;v 2 (t) 


I Li Lo 


r 


(t) 


Fig. Demonstration of dot convention (Commutative connection) 


V 1 (t)= L^+m^ &V 2 (t) = L 2 ^+m^i 

1V J 1 dt dt J 1 dt dt 


In frequency domain V x = (JoiL!)^ + (J(om)I 2 &V 2 = (Joom)!! + (JcoL 2 )I 2 
Instantaneous energy stored = ^L x if (t) -I- ^L 2 i|(t) + mi 1 (t)i 2 (t) 

1 7 1 7 

Total energy stored = -L 1 li r + -L 2 I| r + m Ii r I 2r 


h(t) 






Fig. Demonstration of dot convention (Differential Connection) 

it x d ii di 2 o \r x di 2 d ii 

Vi (t) = Li —-m — & V 2 (t) = L 2 — - m — 

1 v J 1 dt dt zv J z dt dt 

In frequency domain, V 1 = ( JooL-l)!! — (J<jom)I 2 &V 2 = — (Jcom)^ + (JcoL 2 )I 2 


Instantaneously energy stored = ^ L x if (t) + jL 2 i|(t) — m ii(t)i 2 (t) 
Total energy stored = \h x \l r + jL 2 l| r - m I lr I 2r 
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2.4: Transfer Function of an LTI System 


Transfer function of a LTI system is defined as ratio of Laplace transform of output to the 
Laplace transform of input assuming initial conditions are zero. (LTI means linear and time- 
invariant) 


f(t) 


h(t) 


Fig. LTI system 


> g(t)=f(t)*h(t) 


If L{f(t)}=F(S), L{h(t)}=H(S) and L{g(t)}=G(S), G(S)=H(S) .F(S) 


Transfer function of system, H(S) = 



Output response of a LTI system of transfer function, H(s) 

Let the output response of a LTI system be defined as g(t) for a input f(t), 

g(t) = gtOO+gsOD 

where g t (t) is transient response of system and g s (t) is steady state response of system. 

Let H(S) has poles at p i( i=l,.n. 

••• gs(t) = L _1 (F(S). H(S)) and g t (t)=Zf=i ^e^ 

■•g(t) = Ii 1 = 1 A i e p * t +L- 1 (F(S).G(S)) 

Here constant A; can be found based on initial conditions. Above analysis can be used in R-L-C 
circuits to get voltage/current response at any time t. 

Locus of phasors 

Given any response G(S), substitute S=a-t-Jco to get generalized phasor of G(S). Locus of G(S) can 
be obtained by varying o and go. Thus the locus gives an idea about the phasor at different 
frequencies. 

Circuit analysis at a generalized frequency 

Any circuit can be generalized to operate at a frequency, S=o+Jco. For dc signals, a = 0 and 
go = 0 and for ac signals, a = 0. Let V(t) = V m e CTt . cos(cnt + 0) be the input to a network shown 
below and let the response be i(t) = I m e CTt cos(G 0 t + 0). We see that V and I have a frequency of 
S=g+Jgo. In phasor form, the circuit can be represented as below, 
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| I=ImZG 

at 


Fig. Circuit analysis of generalized frequency (S = (<r + Jto)). 
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2.5: Two Port Networks 


Definitions 


"One port network" is a network which has a pair of terminals across which voltage can be 
applied and current can pass. "Two port network” is a network which has two pairs of terminals 
of above type. Let V = [V x V 2 ] T and I = [I x I 2 ] T be the voltages across and the currents through 
the two ports of the network. 



Z -Parameter (open circuit parameters or impedance parameters) 

Vi 

V 2 


Zn 

Z21 


Z12 

Z22 


n: 


V = ZI 


Y -Parameters (admittance parameter or short circuit parameter) 


[Ill 


r Y n 

Y12I 

[ v il 

I2. 


I.Y21 

Y 22 J 

[v 2 J 


V = YI; Also 


[Zn 

Z12 


[Yn 

Y12I 

Z21 

Z22. 


[Y21 

Y22. 


(■•• Y = Z" 1 ) 


Y 

h - Parameters (hybrid parameters) 


[Vil 


hn 

hi 2 l 

[ !l l 

\z. 


h 2 i 

^22! 

kJ 


H 

ABCD - Parameters (Transmission line or chain parameters) 
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G-Parameters 


lV 2 


_ rgn S 121 

lg21 §22 J 


V, 


'2 


G = H‘ 


Condition for reciprocity and symmetry 


Table: Conditions for reciprocity and symmetry 


S. NO 

Parameter 

Condition for passive network 
or reciprocity 

Condition for symmetry 

1 

Z 

Z 12 = Z 2 i 

Z 11 = Z 22 

2 

Y 

Yl2=Y 21 

Yh = Y 22 

3 

ABCD 

A B , 

C D 

A = D 

4 

h 

hl2 = '^21 

hn h 12 _ ^ 
h 2 i h 22 


For converting one type of parameters to any other type, write equations to express relation 
between V 1( I 1( V 2 & I 2 in terms of given parameters and convert the same into the required form 
to get the target parameters. 

Inter-connection of two port networks: 

If two 2-port networks A and B are connected in parallel, then Y-parameters of cumulative 
network is equal to sum of individual Y-parameters. If two 2-port networks A and B are 
connected in series, then Z parameters get added. If two 2-port networks A and B are connected 
in cascade, then ABCD parameters of cumulative network are equal to product of individual 
ABCD parameters. 
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2.6: Network Topology 


Definitions 


Graph: A network in which all nodes and loops are retained, but its branches are represented by 
lines. 


i) Voltage sources - replaced by short circuit. 


ii) Current sources - replaced by open circuit. 


Sub-graph: A sub graph is a subset of the original set of graph branches along with their 
corresponding nodes. 


Tree: A connected sub-graph containing all nodes of a graph but no closed path. The branches of 


tree are called Twigs. 

Co-tree: Complement of Tree is called as Co-tree. The branches of co-tree are called as Links. 

Formula: L = B-N+l, where 
L = No. of links of co-tree, 

B = No. of branches of graph, 

N = Total no of nodes in graph 
Nodal Incidence Matrix 
Definition 

It is defined as a matrix which completely defines which branches are incident at which nodes 
and the corresponding orientation. 

i) A nX b= {ahk} is a matrix of dimension n x b, n = no. of nodes, b = no. of branches 

ii) Rank of Incidence Matrix is n -1. 

iii) Sum of elements of any column is zero 

Akk = 1, if branch k is associated with node h and oriented away from node h 
= -1, if branch k is associated with node h and oriented towards node h 
= 0, if branch k is not associated with node h 
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Applications in Network Theory 

We can write KCL, using the nodal incidence matrix as follows: 

Anxblb = 0 where lb = [ii,i 2 ,---ib] is branch current vector 
No. of trees = Det |AA T | 

Reduced Incidence Matrix 

When any node is taken as reference, then the voltages of other nodes can be measured with 
respect the assigned reference. In the Fig, taking node 4 as reference reduces the matrix, to 
Reduced Incidence Matrix, dimensions being (n-lxb). 



3 


o 


4 4 



Fig. Demonstration of network topology 

A = [At At] 

Where A t is a square matrix of order (n-1) x(n-1) and A t is a matrix of order (n-l)x (b —n + 1) 
whose columns correspond to the links. 

Loop Incidence Matrix (Fundamental Tie-set Matrix) 

Definition 

It is defined as the matrix representation in which the loop orientation is to be the same as the 
corresponding link direction. 

Rank of B is b-n+1; 

Steps to get this Matrix 

1. Draw the oriented graph of network. Choose a tree. 

2. Each link forms an independent loop & the direction of this loop is same as that of the 
corresponding link. Choose each link in turn. 

3. Prepare the tie-set matrix Bi X b = {bhk}, 1 = no of loops, b = no of branches, defined as follows. 
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To write a Tie Set Matrix for Fig 1, steps have been stated schematically, 
b^ =+1, if branch k is in loop h and their orientations coincide 

= -1, if branch k is in loop h and their orientations do not coincide 
= 0, if branch k is not in loop 

Applications in Network Theory 

We can write KVL, using the loop incidence matrix as follows 
BkbVb = 0, where Vb = [vi, V2,...Vb] is branch voltage vector 
=> lb = [Bixb] 1 /; .where I t = [ii, is loop current vector 


Fundamental Cut-Set Matrix 

It is defined as a set of branches whose removal cuts the connected graph into two parts such 
that the replacement of any one branch of the cutest renders the two part connected. 

Rank of Q is n-1 

Steps to get Cut-Set 

1. Draw the oriented graph of a network and choose a tree. 

2. For n-1 twigs, we will get n-1 cut sets will exist. 

3. Direction of cut-set is same as twigs. Choose each twig in turn to obtain the matrix. 

4. Prepare the cut set matrix Q( n -i)x b = {qij}, where n = no of nodes, b = no of branches as 
follows, 

q t f = 1 , if branch j is in the cut-set i, and the orientations coincide 

= -1, if branch j is in the cut-set i and the orientations do not coincide 
= 0, if branch j is not in the cut-set i 


Applications in Network Theory 

From the cut-set matrix, we can write equations relating the branch voltages to the node 
voltages as follows, [Q(„-i)xb]Ib = 0 => V b = [Qoi)xb] T V n -i 

where V n -i = [vi, V 2 ,...v n -i] is node voltage vector 
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Part - 3: Signals and Systems 


3.1: Introduction to Signals & Systems 


Introduction 

Signal is defined as a function that conveys useful information about the state or behaviour of a 
physical phenomenon. Signal is typically the variation with respect to an independent quantity 
like time. 

System 

System is defined as an entity which extracts useful information from the signal or processes the 
signal as per a specific function. 

Classification of Signals 
Continuous-Time vs Discrete-Time Signals 

Continuous-time signal is defined as a signal which is defined for all instants of time. Discrete 
time Signal is a signal which is defined at specific instants of time only and is obtained by 
sampling a continuous - time signal. Also discrete-time signals are defined only at integer 
instants, is n e z. Digital signal is obtained from discrete-time signal by quantization. 

Conjugate Symmetric vs Skew Symmetric Signals 

A continuous time signal x(t) is conjugate symmetric if x(t) = x*(-t);Vt. If x(t) 
x(t) is conjugate skew symmetric. 

Any arbitrary signal x(t) can be considered to constitute 2 parts as below, 
x(t) = x e (t)+x 0 (t) 

where x e (t)= conjugate symmetric part of signal = ( x ^ +x ^ ^ = x e *(—t) and 

. . . . . . . . (x(t)-x*(-t)) * . 

x 0 (t) = conjugate skew symmetric part of signal = ---= — x 0 ( 

Periodic vs Non-Periodic Signals 

A continuous -time signal is periodic if there exists T such that 

x(t+T) = x(t), V t ;T e R - {0} 

The smallest positive value of T that satisfies above condition is called fundamental period of 
x(t). 

A discrete-time signal is periodic if there exists N such that 

x[n] = x[n+N], Vn ; N e Z - {0} 

The smallest positive N that satisfies above condition is called fundamental period of x[n]. If 
x x (t) and x 2 (t) are periodic signals with periods T x and T 2 respectively, then x(t) = x x (t) + 

x 2 (t) is periodic iff (if and only if) ^ is a rational number and period of x(t) is least common 
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multiple (LCM) of T x and T 2 . If x x [n] is periodic with fundamental period N and x 2 [n] is periodic 
with fundamental period M than x[n] = x 1 [n]+x 2 [n] is always periodic with fundamental 
period equal to the least common multiple (LCM) of M and N. 


Energy & Power Signals 

The formulas for calculation of energy, E and power, P of a continuous/discrete-time signal are 
given in table below, 


Table. Formulae for calculation of energy and power 


S. NO 

Nature of the signal 

Formulas for energy & power calculation 

1. 

Continuous-time, 

non-periodic 

E = /^Tl X C t )| 2dt ; P = lim T^o<4 J_T/ 2 2 |x(t)| 2 dt 

2. 

Continuous-time, 
periodic signal 
with period T 

E = P = T J-T/2 2 | X W| 2(lt 

3. 

Discrete-time, non¬ 
periodic 

E- hm^ooXL-N |x[n] | 2 ; P- hm N _*„ (2JJ+1) £?= _ N |x[n]| 2 

4. 

Discrete-time, 
periodic signal 
with period (2N + 

1)_ 

E- lim^ooE? = _ N l x MI 2 I P- ( 2 N+ 1 ) £n=-N |x[n]| 2 


Characteristics of systems 
Linearity 

A system is linear if it satisfies superposition principle; i.e, weighted sum of inputs when given to 
a system should give a weighted sum of outputs. In general, for continuous time systems, 

T <z t . Xi(t )} = a t y t (C) where y t (t) = Tfo(t)} 

Time-Invariance 

A system is time-invariant if delayed version of input leads to a delayed version of output by the 
same amount. For continuous - time system to be time-invariant, y(t - T 0 ) = T{x{t — T 0 )}. 

Causality 

A system is said to be causal if output at any instant depends upon past and present inputs only. 
A system is called anti-causal, if output at any instant depends on future inputs only. A system is 
called non-causal, if output at any instant depends upon future inputs also. From above anti¬ 
causality implies non-causality, but the converse is not true. 

Memoiyless Property 

A system is said to be memoryless if output at any instant depends on input at that instant, 
otherwise the system is said to have memory. 
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Stability 

A system is said to be stable in bounded input bounded output sense if for any bounded input 
the system gives bounded output, otherwise system is unstable. 

For continuous time signals, |x(t)| < B x < oo => |y(t)| < B y < oo for stability 

Invertibility 

A system is said to have inverse, if there exists another system so as to recover the original input 
from the output of first system. 
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3.2: Linear Time Invariant (LTI) systems 


Convolution Sum 

Any arbitrary signal x[n] can be described as, x[n] = Dx=-oo x\k], S[n — k] 


x[n] 


Discrete - Time 
LTI System 


*y[n] 


Fig. Discrete -time LTI system 

Consider a discrete-time LTI system described as, y\n\ = T{x[n ]} 

••• For a LTI system, y[n] = x[n\ * h[n] = Y,k=-co x \k]h[n — k\ where h[n] is impulse response of 
the system. 

Properties/Characterization of LTI System Using Impulse Response 
Memoryless System 

If system is memoryless, y[n] depends on only input at that instant, 

••• y\n\ = /i[0].x[n] => h[n] = C.5[n] where CeR 

Causal System 

If system is causal, y[n] depends on past and present inputs, x[m] (m<n) 

•••h[n] = 0 for n<0, if system is causal. 

Stable System 

n=-Jh[k] | should be finite for BIBO stability 

Invertible LTI System 

For a continuous time LTI system of impulse response, h(t) if there exists a impulse response 
hi(t) such that, h(t ) * h t (t) = 8(t), then h^t) is called inverse LTI system and h(t) is called 
invertible LTI system. 

Representation of Continuous/Discrete-Time System 
Transformation 

Define a mapping related to input and output of system. y(t) = T{x(t)} 

Representation of Continuous/Discrete-Time LTI System 
Transformation 

Define a mapping related to input and output of system. 
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Impulse response 

Impulse response uniquely represents a LTI system 


Signals & Systems 


LCCDE (Linear Constant Coefficient Difference Equation) 

LCCDE represents the output at instant n, in terms of output and inputs. 

£"=0 a k ■ y[n ~k] = Em=o b m .x[n - m]; Where a k , b m eR. 


System Function ( H(e Ja) )/H(z)) 

From LCCDE, system functions H(e Ja> )/ H(z) can be derived as below. 
Y(e><*) (Er 


H(e JO} ) = 


:?Lo 


(ELo a k .e-J^) 


where F{h[n]) = H(e J “) 


and H(z) = 


Y(z) 

X& 


(Y M h y ~ m '| 

rvT° m ' where Z{h[n]} = H(z) 
dk=O a k-Z ) 


Determining Impulse Response from Step Response 

For a discrete-time LTI system, ify u [n] is unit step response, impulse response h[n] is given as, 
h[n] =y u [n\-y u [n- 1] 


For a continuous-time LTI system, if y u (t) is unit step response, h(t) is given as, 

=^(y u (0) 

Response of LTI System to Sinusoidal Input 

Figure shown below gives the response of a discrete-time LTI system to a sinusoidal input. 


x[n] = ,4eX mn+< M 



y[n] = A |H(0|. e i(» n +^+arg(n( e ^'))) 


Fig. Sinusoidal response of a discrete-time LTI system 

The above relation implies that a LTI system produces a sinusoid in response to a sinusoid, the 
amplitude is multiplied by a factor |H(e- ,6J )| and phase is changed by a factor arg(f/(e 7&) )). 
The frequency response of a system gives information about how it affects sinusoidal input at a 
particular frequency. 
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3.3: Fourier Representation of Signals 


Introduction 

Here we represent signals as a linear combination of complex exponentials. The resulting 
representations are known as the continuous time and discrete time Fourier series and 
transform (depending on the nature of signal i.e. continuous/discrete and periodic/non 
periodic). 

Fourier Representations 


Table: Fourier representation of signal 


S. No 

Nature of Signal 

Representation 

Nature of Frequency 
Representation 

1 

Continuous-time, Periodic 

Fourier series 

Discrete, non-periodic 

2 

Discrete-time, Periodic 

Discrete Time Fourier Series (DTFS) 

Discrete, periodic 

3 

Continuous-time, Non 
periodic 

Continuous-Time Fourier Transform 
(CTFT) 

Continuous, non¬ 
periodic 

4 

Discrete-time, Non 
periodic 

Discrete Time Fourier Transform 
(DTFT) 

Continuous, periodic 


From the above table, we see that continuous-time signals have non-periodic frequency 
representation and discrete-time signals have periodic frequency representation. Also periodic 
signals have discrete frequency representation and non-periodic signals have frequency 
representation which is continuous in nature. 

Fourier series (FS) for Continuous -Time Periodic Signals 
Complex FS representation 

Let x(t) be continuous -time periodic signal with period T, 

X(k)=i/ 0 7 ’x(t)e-> fefi ot 

x(t) = EkL-oo X(k)ei kClot where T is period ofx(t) and fl 0 = 2n/T 

x(t) ◄-—►X(k) 

Alternate Fourier Series Representation 

If f(x) is a signal of period 2T, 

fix') = y + £“ =1 a n cos u> n x + Y.n=i bn sin w n x; where o) n = ^ nn /f 
Here a 0 = ^ /(x)dx; y is the dc component of f(x), 

CL n = i /^/(x). cos(o> n x) dx and 

b n = ^J_ + T /O) sin (u> n x) dx 
If f(x) is even, 

a 0 = \ jJVOO dx ’ a n = ^ J 0 T /( X ) cos(uj n x)dx; b n = 0 
If f(x) is odd, 

2 T 

a 0 = 0; a n = 0; b n = - J Q f(x)sin (<u n x) dx 
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Discrete Time Fourier Series(DTFS) 

Let x[n] is be discrete -time signal of period N, 
x[n] 4 DTFS, x[k] 


x[n] = £ fe<w > X[k] e^o n wh e r e H 0 = f 
x(k) = 1 / N i, k<N> m e~^ n 

X(k) is also periodic with period N and is discrete in nature. 


Fourier Transform (FT) for Continuous -Time Non-Periodic Signals 

Let x(t) be a continuous-time non-periodic signal, 

x(t) „ FT -» x(jn) 

X(jfl) is continuous with respect to fl and is non-periodic 


X(jD) =x(t) e~ i at dt 

x(t) = ±LZW)e iM da 

The Fourier Transform X(jfl) may not exist for all functions x(t). For the Fourier transform to 
exist, x(t) must satisfy the Dirchlet conditions given below, 

• The signal x(t) must be absolutely integrable, i.e x(t)| dt < oo. 

• The signal x(t) must have finite number of local maxima and minima and discontinuities in 
any finite interval. 

• The size of each discontinuity must be finite. 

Discrete Time Non Periodic Signals: Discrete Time Fourier Transform (DTFT) 

Let x[n] be a discrete-time non-periodic signal, 

x[n] ◄-► X(e- K ) 

X(e y ®)=Z£=_oo x[n]e~j™ 

x[n] = -d- X(e J0> ) e i° M dco 

If the sequence, x[n] is absolutely summable, i.e. J^|x(n)| < oo, then DTFT of the sequence, 
x[n] exists. 

Properties of Fourier Representation 

Symmetry Property - Real & Imaginary signals 

Ifx(t) is real, Im(x(t)) = 0 and x(t) = Re (x(t)), 

X*(-JD) = X(Jfi) 

••• FT is conjugate symmetric => magnitude spectrum is symmetric. 

Ifx(t) is imaginary, Re(x(t)) = 0 and x(t) = / /m(x(t)) 

x*(—jn) = -x(ja) 

■■■ FT is conjugate skew-symmetric=> magnitude spectrum is symmetric. 

If x(t) is conjugate symmetric, 
x* ( t) = x(t) 
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/. FT is real =^> [X(Jfi) = 0 
If x(t) is conjugate anti-symmetric 
x* ( t) = x(t) 

••• FT is imaginary => |X(Jfl) = + 11 + 2kn 


Table. Comments on CTFT based on signal properties 


SL. No. 

Signal Property 

Comments on F. T. 

1 . 

Real 

Conjugate symmetric 

2 . 

Imaginary 

Conjugate anti-symmetric 

3. 

Conjugate symmetric 

Real 

4. 

Conjugate anti-symmetric 

Imaginary 


Scaling Property 

x ( a t) 4 CTFT » A X (g) 

a) Linear scaling in domain corresponds to a linear scaling in frequency domain. 

b) Whenever a signal is compressed in time domain (a>l), it leads to expansion in frequency 
and vice versa. 


Convolution Property 

For continuous-time signals, 

CTF 


x(t) <-» x(jn) 


CTFT 

y(t)» Y(jn) 


CTFT 

x(t) * y(t) <—* x(jfi). Y(jn) 

Convolution in time domain results in multiplication in frequency domain. 

Parseval Theorem 

Energy or power in the time domain representation is equal to energy or power in frequency 
domain representation. 

L“ool x (0| 2 df = 

I“=-oo|x[n]| 2 = ^ f 2 n \X(e jco )\ 2 do) 
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3.4: Z-Transform 


Introduction 

ZT is a generalization of frequency response for discrete-time signals. 

Two sided ZT/Bilateral ZT , X(z) = Ym=-^x[n\ z~ n 
One sided ZT/Unilateral ZT, X(z) = 0 x[n].z~ n 

For |z| = 1 or z = e ,a) ,ZT is equal to DTFT. Therefore ZT evaluated along unit circle reduces to 
DTFT. For any given sequence, the set of values of Z for which the Z transform converges is 
called the region of convergence (ROC). 

Rational Representation of Z.T. (X(z)) 

Consider the class of Z transform where in X(z) can be expressed as, 

P(z) 

X(z) = where P(z) is numerator polynomial and Q(z) is denominator 

polynomial 

Values of z for which P(z)=0 are called the zeroes of X(z).Values of z for which Q(z) = 0 are 
called the poles of X(z). Location of poles of X(z) is related to the ROC and ROC is bounded by 
poles. To uniquely specify a discrete time signal, one needs to specify both X(z) and ROC. 

x 1 [n] = a n u[n] X x (z) = ^; ROC : |z| > |a| 

x 2 [n] = -a 11 u(-n-l)* ^ ► X 2 (z) = ROC : |z| < |a| 

From above we see that two different signals x x [n] and x 2 [n] have same Z-transform but 
different ROCs. 

Properties of ROC 

(1) ROC of X(z) consists of a ring in the z-plane centered about the origin. 

(2) ROC does not contain any poles, but is bounded by poles. 

(3) If x[n] is a finite duration sequence, then ROC is the entire z plane except possibly z = 0 or 
z = 00. 

(4) If xi[n] is a right sided sequence, then ROC extends outward from the outermost pole to 
possibly including z = oo. As causal sequences are right sided, ROC of those sequences is 
outside a circle. 

(5) If X 2 [n] is a left sided sequence, the ROC extends inward, from the innermost non-zero pole 
to possibly including z = 0. As anti-causal sequences are left sided, ROC of those sequences is 
inside a circle. 

( 6 ) If X 3 [n] is two sided sequence, the ROC will consist of a ring in the z plane bounded on the 
interior and exterior by a pole. 

(7) If x[n] is a finite duration sequence, ROC is entire z-plane except possibly z = 0 or z = oo. 
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Properties of Z Transform 
Linearity 

a Xi[n] + b X 2 [n] < ^ >a Xi(z) + b X 2 (z); ROC 2 (Ri 0 R 2 ) 

ROC in the current case is at least ( R x O R 2 ). If there is no poles—zero cancellation, ROC will be 
(R x O R 2 ). If there is a pole-zero cancellation, ROC may be more than (R x 0 R 2 ). If R x O R 2 = 0, 
then Z{ax 1 [n] + bx 2 [n]} doesn't exist. 

Time Shifting 

X[n - n 0 ]<- > z _n °. X(z) 

If n o >0, ROC is R except z = 0. If n 0 < 0, ROC is R except z = oo. 

Modulation 

a n x[n] <->X(^); |a| ri < |z| < |a| r 2 

If I al >1, Z transform gets shrinked in Z-domain and vice versa. If a = e )a>0 , - = - 7 — = r. e Ka>_a>0 ' ) . 

1 1 b a el“o 

Multiplication in time domain by a n = e J “° n results in frequency shift in frequency domain by 
O) 0 . 

Differentiation in Z- domain 

z.t d X(z) 

n x[n] <- * —z —--; ROC: R 

dz 

Conjugate property 

x * [n] <-> X * (z *); ROC: R 

Time Reversal property 

Z.T fl\ 1 

x[—n] <-» X f-J ; ROC : rl < | - | < r2 

Convolution property 

x x [n] * x 2 [n] <-> X x (z) X2(z); ROC: R x f| R 2 

Initial Value Theorem 

x[0] = lim^oo X(z) 

If X(z) is expressed as ratio of polynomials P(z) and Q(z), order of P(z) should be less than that 
of Q(z) for initial value theorem to be applied to X(z). 

Final Value Theorem 

lim^oo x[n]= x[oo] = lim^ ( 1 - z _1 ) X(z) 
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Necessary condition for applying final value theorem is that poles of (1-z 1 ) X(z) should be 
strictly inside the unit cycle. 


Characterization of LTI System from H(z) and ROC 


x[n] 


h[n] 


> y[n] 


ZT 

h[n] ◄-► H(z) ; ROC 

Fig. LTI System 

A LTI system can be characterized for causality, stability and memoryless properties based on 
ROC of the system function, H(z). 

1. If ROC includes unit circle, then system is stable. 

2. If ROC is outside a circle, then system is causal. 

3. If ROC is inside a circle, then system is anti-causal. 

4. If ROC is all z, then system is memoryless. 

5. If ROC is strictly a ring, then system is non-causal. 

6 . If ROC includes unit-circle, then the system's impulse response is absolutely summable and 
hence DTFT of the sequence exists. 

Finding Inverse Z.T. given X(z) and ROC 
By Inspection and Partial Fraction 

Given X(z) in rational form, split it into partial fractions and based on ROC, find x[n] by 
inspection. 

By Division 

Given X(z) in rational form, perform the division based on the condition that x[n] is causal or 
anti-causal and find X(z) in expansion form. 

By Power Series Expansion 

Given X(z) in a standard form, find the expansion of X(z), then x[n] 
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3.5: Laplace Transform 


Introduction 

Laplace Transform (LT) is a method to get generalized frequency domain representation of a 
continuous - time signal and is generalization of CTFT (Continuous Time Fourier Transform). 

Definition of Laplace Transform 

£[f(t)] = F(s) = J 0 °° e -st . f(t)dt : One sided/ unilateral LT where S = (a + J co) 

£[f(t)] = F(s)= j2'2 e_st - f(t)dt: Two sided/ bilateral LT 

Properties of Laplace transform 
Frequency shift 

£ [e- at f(t) ] = F(s + a) and £ [e at f(t) ] = F(s - a) 

Time shift 

£ [f(t - to)] = e _st °. F(s) 

Differentiation in Time domain 

£[^f(t) ] = s F(s) - f(0) where f(0) is initial value of f(t). 

If initial conditions are zero (i.e, f(0) = 0),differentiating in time domain is equivalent to 
multiplying by s in frequency domain. 

Similarly, £ [ ^f(t) ] = s 2 F(s) -s f(0) - f'(0) where f'(0) is the value of [^f(t) ] at t = 0 

Integration in Time Domain 

£ [/„ f(t)dt] = and £ {/^ f(t)dt} = ^F(s) + i f° m f(t)dt 

Integration in time domain is equivalent to division by s in frequency domain, if f(t) = 0 for t < 0. 

Differentiation in Frequency Domain 

L [ t f(t) ] = and £ {t n f(t)} = (-l) n (F(s)) 

Differentiation in frequency domain is equal to multiplication by t in time domain. 

Integration in Frequency Domain 

■c[®l = 

Integration in frequency domain is equal to division by t in time domain. 

Initial Value Theorem 

If f(t) and its derivative f'(t) are Laplace transformable, then 
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lim t _ 0 f(t) = lim^ s F(s) 


This theorem does not apply to the rational function F(s) in which the order of numerator 
polynomial is equal to or greater than the order of denominator polynomial. 


Final Value Theorem 

If f(t) and its derivative f (t) are Laplace transformable, then 

lim^oo f(t) = lim s ^ 0 s F(s) 

For applying final value theorem, it is required that all the poles of sF(s) be in the left half of s- 
plane (strictly) i.e. poles on jo) axis also not allowed. 

Convolution theorem 

£[/i(t)./ 2 (t)] = F 1 (s)*F 2 (s) 

£[/i(0*/2(0]= Fi(s).F 2 (s) 

Laplace transform of the periodic function 

If f(t) is periodic function with period T, then 

£ (f(t)) = ( 1 _g- S T) ■ F i( s ) where F i( s ) = J 0 Te ~ st f (t)dt 

Laplace transform of standard functions 


Table: Laplace transform of standard functions 


S. No 

Function, f(t) 

Laplace transform of f(t), L{f(t) = F(s) 

1 . 

m 

1 

2 . 

u(t) 

1 

S 

3. 

t 

1 



s 2 

4. 

u(t) 

Vs 

5. 

e at . u(t) 

Vr y 



/ (s - a) 

6 . 

t-u(t) 

% 

7. 

t n .u(t) 

in/ 



/ s n+1 

8 . 

f(t).e at u(t) 

F(s-a) 

9. 

Sin at. u(t) 

V (s 2 + a 2 ) 
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10 . 

Cos at. u(t) 

/(s 2 + a 2 ) 

11 . 

sinhat. u(t) 

/(s 2 - a 2 ) 

12 . 

coshat. u(t) 

/(s 2 - a 2 ) 

13. 

f' (t) 

s.F(s)-f(o + ) 

14. 

f" (t) 

s 2 . F(s) — s. f(o + ) -f' (o + ) 

15. 

Jo f( u ) du 

Vs F(s) 

16. 

floo f(u)dt 

^F(s) +/ _ 1 (o + ).i where / _ 1 (o + ) = 

S° m f(.u)du 

17. 

f(t-a).u(t-a) 

e~ as . F(s) 

18. 

t n .F(t) 


19. 

f(Va) 

|a|. F(as) 

20 . 

f(at) 

R F(S/a) 

21 . 

fi(t) * 

f 2 (t)=/_ + :/ 1 (-)-/ 2 a - 

u)du 

F 1 (s). F 2 (s) where * is convolution operator 

22 

e -oct . cos oo t 

(s+OC)/ 

/((s + OC ) 2 + 00 2 ) 

23 

e _oct sinoot 

00 / 

/ ((s+oc ) 2 + 00 2 ) 

24 

pf(t) 

J s °° F(s)ds 

25 

t 1 / 2 

yfn 

3 

2S2 

26 

t-i/ 2 

1 


Applications 

1. LT is generalization of CTFT for continuous-time signals and hence signal can be 
characterized at any generalized frequency. 

2. LT is helpful to perform transient and steady state analysis of any LTI system for any 
arbitrary input and initial conditions. 
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3.6: Frequency response of LTI systems and Diversified Topics 


Frequency response of a LTI system 

Consider a LTI system of impulse response h[n] as shown in figure below. For any arbitrary 
input x[n], output y[n] can be found by convolution, as below, 


y[n]=x[n]*h[n] 


x[n] 




h[n] 


> y[n] 


Fig. LTI System 

If F{x[n]} = X(e Ja> ) and Z{x[n]} = X(z), 

Y(e J “) = H(e J “).X(e Ja> ) and Y(z) = H(z). X(z) 

Here H(e jw ) is called transfer function of LTI system and H{z) is called system function. 

Amplitude Response 

Plot of M = |H(e ,a> )| with respect to go is called the amplitude response. It gives an idea about 
frequency content of the signal and can be used to characterize the system. 

Phase Response 

Plot of 0 = |^H(e Ja> ) with respect to a) is called the phase response. Similar to magnitude 
response, this can also be used to characterize the system. 

Group Delay Response 

Plot of G{co) = ^ ^ with respect to go is called the group delay response. 

Minimum Phase System 

Minimum phase system is the system for which phase variation and energy variation are 
minimum with respect to go. Also if minimum phase system is causal, poles and zeroes are inside 
the unit circle. 

Linear Phase System 

The system for which phase variation with respect to go is linear is called "linear phase system”. 

If is a linear phase system, 0 (at) = |H(e J “) oc a) and hence 0 (at) = Acj + B. Also 

group delay is constant for linear phase system. For a linear phase system with real impulse 
response, zeroes form complex conjugate reciprocal pairs. So if there is zero at 'a' for linear 
phase system, then other zeroes are at a*, ^ and For a linear phase system with complex 

impulse response, if there is a zero at a, then it's assured that there is a zero at 
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All - pass system 

System which passes all the frequencies is called all-pass system 
••• |H(e ,a> )| = K; Vai where K is a constant. 

For a all-pass filter, system function can be generalized as 


H(z ) 


(1-flZ' 1 ) 


For a all-pass system, poles and zeroes form a conjugate reciprocal pairs. Therefore for a all-pass 
system with complex impulse response, if there is zero at 'a', then there is a pole at 1/ * and vice 
versa. For an all-pass system with real impulse response, if there is a zero at a, then there is a 
zero at a* and there are poles at 1/ * and Va- 


Magnitude transfer function 

A system function C(z) is called magnitude transfer function, if it's of form, 

C(z) = //(z).H*(V z O 

Therefore, for magnitude transfer function, poles form conjugate reciprocal pairs. Hence if there 
is a pole at 'a', there is a pole at •*-/ *. Same applies for zeroes also. 

Sampling 

To get discrete-time signal from analog signal, sampling is performed on analog signal. Let x(t) 
be analog signal & S(t) be impulse train, 

••• S(t) = S(t — KT) where T is desired sampling interval 

Sampled signal, x s (t) = x(t) . s(t) = ££“-<» x (KT).5(t — KT) 

••• x s (jfi) =i Ek=_ooX(j(n-kn s )) 

After sampling, signal obtained above is still in time-domain. To get FT in discrete -time domain, 
put go = HT, which is called time normalization 

••X(e"“) = i Sit?_„x(;(f-5IS)) 

From above we see that X(e Ja> ) is periodic with period 2tt. To avoid aliasing, there should not be 
any intervention between frequency bands. 

••• n s - n N > n N where fl N is signal BW => fl s > 2fl N to avoid aliasing (Nyquist sampling 
theorem) 

As X(e ,(i) ) is periodic, DTFT is described as one period of CTFT, if there is no aliasing. 

To get x r (t) from x[n], use low pass filter of impulse response h r (t) = sin c(t/T) as in figure 
below. 


fb.com/cgaspirant 


Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 ,h Main, Jayanagar4 ,h Block, Bangalore-11 

®: 080-65700750, El info@thegateacademy.com © Copyright reserved. Web: www.thegateacademv.com Page 85 








Downloaded from : www.cgaspirants.com 

Quick Refresher Guide_Signals & Systems 



Fig. Low-pass filter 

x r (t) = 2k”-oo x(k) sin c(i (t — KT)) where sin c(x) = 
X r (jn) = X(e Ja> ). H r (jn) where to = fi/T 


Discrete Fourier Transform (DFT) 

DFT is a sampled version of DTFT of a non-periodic signal x[n] in the range of (-it, tt). This is 
mainly required for processing by computers. Consider a signal x[n] of length N, then its DFT, 
X[k] is given as, 

X[K] = fcn=o 1} X M ■ "iv feN , 0 < K < (N - 1) where co N = e 1 ^ 
l 0 else 

x[n] = , 0 < n < (W - 1) 

l else 0 

2n 

Also, DFT is obtained by sampling DTFT with a period of — 

••• X[K] = X(e J “) where co = 

Fast Fourier Transform (FFT) 

For evaluating DFT of x[n], number of multiplications and additions required are 0(A/ 2 ). To 
reduce the computational complexity, another implementation of DFT is used, which is called 
Fast Fourier Transform (FFT). Number of multiplications required for FFT is 0(A/.log 2 N ). FFT 
uses butterfly architecture with in place computation to save the processing time and memory 
requirements. 

Filters 

Filters are typically used to extract any useful information from a signal or to process a signal. 

FIR Filters 

Here output at any instant n, depends on only input and impulse response of FIR filter has finite 
length. 

HR Filter 

Here output at any instant n, depends on input and past/future output and impulse response of 
HR fdter has infinite length. 
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Correlation and Covariance 

If x n is a real and stationary signal, then auto-correlation and covariance functions can be 
defined as below, 

Auto-correlation function, R x [m] = E{x n+m .x n } 

Auto-covariance function, C x [m] = E{(x n+m — m x ). (x n — m x )} 

Here m x = E{x n ) and x n+m is advanced version of x n by m samples. 

Power spectral density of x is given as P x (e^“) = F{R x [n]} 


P x ( eja> ) = £nRxM e j “ n 

R xW =^j" lt P x (e ja> )-e ia)n d(n. 
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Part - 4: Control System 


4.1: Basics of Control System 


Definition of Control system (CS) 


It is a system by means of which any quantity of interest in a machine or mechanism is 
controlled (maintained or altered) in accordance with the desired manner. Control systems can 
be characterized mathematically by 'Transfer function' or ‘State model’. Transfer function is 
defined as the ratio of Laplace Transform (LT) of output to that of input assuming that initial 
conditions are zero. Transfer function is also obtained as Laplace transform of the impulse 
response of the system. 


Transfer Function = 


Laplace transform of output 


Laplace transform of input 


initial conditions = 0 


T(s) 


L [ c(t)] 
L[r(t)] 


C (S) 

R (s) 


initial conditions = 0 


For any arbitrary input r(t), output c(t) of control system can be obtained as below, 
r (t) = L" 1 (R (s)) = L" 1 (T (s) . R (s))= L" 1 (T(s)) * r(t) 

Where L and L -1 are forward and inverse Laplace transform operators and * is convolution 
operator. 


Classification of Control Systems 

Open-Loop Control System 


Reference input 


> 


Controller 


► 


Process 


■►Output 


• The reference input controls the output through a control action process. Here output has no 
effect on the control action, as the output is not fed-back for comparison with the input. 

• Due to the absence of feedback path, the systems are generally stable 

Closed-Loop Control System (Feedback Control Systems): 

Closed-Loop control systems can be classified as positive and negative feedback (f/b) control 
systems. In a closed-loop control system, the output has an effect on control action through a 
feedback. 


^ G(s) 



Block diagram of closed loop control system 


Let T(s) be the overall transfer function of the closed-loop control system, then 
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T(s) = 


G(s) 

(l+G(s)H(s)) 


Here negative sign in denominator is considered for positive feedback and vice versa. 
G(S)H(S) -> Open loop transfer function 
Error transfer function = \ - 

i?(s) l+G(s)H(s) 


Effect of Feedback 

1. Effect of Feedback on Stability 

• Stability is a notion that describes whether the system will be able to follow the input 
command. 

• A system is said to be unstable, if its output is out of control or increases without bound. 


2. Effect of Feedback on overall gain 

• Negative feedback decreases the gain of the system and positive feedback increase the 
gain of the system. 

3. Effect of Feedback on Sensitivity 


The sensitivity of the gain of the overall system T to the variation in G is defined as 


T _ ar/r 
G dG/G 


% change in T 
% change in G 


dT G _ 1 

dG T ~ 1 +GH 


4. 

5. 

6 . 

7. 


Similarly, 


_ dT/T _ -GH 
H _ dH/H ~ 1+ GH 


= -1 


Negative feedback makes the system less sensitive to the parameter variation. 
Negative feedback improves the dynamic response of the system 
Negative feedback reduces the effect of disturbance signal or noise. 

Negative feedback improves the bandwidth of the system. 


Signal Flow Graphs (SFG) 

A signal flow graph is a graphical representation of portraying the input-output relationships 
between the variables of a set of linear algebraic equations. Also following are the basic 
properties of signal flow graphs. 


1. A signal flow graph applies to only linear systems. 

2. The equations based on which a signal flow graph is drawn must be algebraic equation in 
the form of effects as functions of causes. 

3. Signals travel along branches only in the direction described by the arrows of the 
branches. 

4. The branch directing from node y k to yj represents the dependence of the variable yk upon 
yj, but not the dependence of yj upon y k 

5. A signal y k travelling along a branch between nodes y k and yj is multiplied by the gain of 
the branch, a k j, so that signal a k j y k is delivered at node yj. 

Mason's Gain Formula 


The general gain formula is, T = = — lPkAk 1 

Where T = Overall gain between ym and y ou t 
y out = output node variable 
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yin = input node variable 
N = total number of forward paths 
Pk = gain of the k th forward path 
A = determinant of the graph= 1 - £ P m i + £ Pm2 - £ Pm3 +. 

= 1 - (sum of all individual loop gains) + (sum of gain products of all possible 
combinations of two non- touching loops) - (sum of the gain products of all possible 
combinations of three non- touching loops) + .... 

P mr = gain product of the m th possible combination of V non-touching loops 

A fc = that part of the signal flow graph which is non-touching with the k th forward path 
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4.2: Time Domain Analysis 


Introduction 

Whenever an input signal or excitation is given to a system, the response or output of the system 
with respect to time is known as time response of the system. The time response of a control 
system is divided into two parts namely, transient and steady state response. 

Total response of a system = transient response + steady state response (or C (t) = C tr (t) + 
Css(t)) 

Where C(t) is overall response of the system, 

C tr (t) is transient response component of the system and 
C ss (t) is steady state response component of the system 

Following are salient characteristics of transient response of a control system. 

• This part of the time response which goes to zero after a large interval of time. 

• It reveals the nature of response (e.g. oscillatory or over damped) 

• It gives an indication about the speed of response. 

• It does not depend on the input signal, rather depends on nature of the system. 
Following are the salient properties of steady state response of a control system. 

• The part of the time response that remains even after the transients have died out is 
said to be steady state response. 

• The steady state part of time response reveals the accuracy of a control system. 

• Steady state error is observed if the actual output does not exactly match with the input. 

• It depends on the input signal applied. 


Time Response of a First Order Control System 


A first order control system is one for which the highest power of ‘s' in the denominator of its 
transfer function is equal to 1. Thus a first order control system is expressed by a transfer 

C(s) 1 


function, 


R(s) 


sT+ 1 


Time Response of a First Order Control System Subjected to Unit Step Input Function 

As the input is a unit step function, r(t) = u(t) and R(s) = 1/s 
Output is given by c(t) = (1—e -t / T ) u(t) 

The error is given by e(t) = r(t) - c(t) = e -t/,T . u(t) 

The steady state error e ss = Lim e(t) = Lim e -t/,T . u(t) = 0 

00 t ->oo 

Time Response of a First Order Control System Subjected to Unit Ramp Input Function 

As the input is a unit ramp function, r(t) = t.u(t) and R(s) = 1 / s 2 

Output is given as c(t) = (t — T + Te -t / T ) u(t) 

The error is given by e(t) = r(t) — c(t) = ( T — Te -t / T ) u(t) 
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The steady state error is e ss = Lim (T — Te l / T ) u(t) = T 

t —*00 

From above we see that the output velocity matches with the input velocity but lags behind the 
input by time T and a positional error of T units exists in the system. 

Time Response of A First Order Control System Subjected to Unit Impulse Input Function 

As R(s) = 1, C(s) = ^ => c(t) = ( l/T)e -t/,T 

The error is given by e(t) = r(t) — c(t) 

The steady state error is e ss = Lim s E(s) = 0 

S->0 

Time Response of Second Order Control System 

A second order control system is one for which the highest power ‘s' in the denominator of its 
transfer function is equal to 2. A general expression for the T.F. of a second order control system 
is given by, 

c(s) _ uh 

R(s) S 2 + 2 <Jo> n S+ u>\ 


Characteristic Equation 

The characteristic equation of a second order control system is given by 
s 2 + 2^co n s + oo n 2 = 0 

The roots are s = — (to n + jco n ^/( 1 — ^ 2 ) = = — ^co n + j co d 

Here co n is called natural frequency of oscillations, 

COfj — (jt) n is called damped frequency of oscillations, 

X is called damping ratio and affects damping and 

' ^ 0 ) n ' is called damping factor or damping coefficient. 

Based on roots of characteristic equation, following can be highlighted. 

• The real part of the roots denotes the damping 

• Imaginary part denotes the damped frequency of oscillation 

• Sustained oscillations are observed if the roots are lying on imaginary axis (j go axis). 

• As Z, increases, system becomes less oscillatory and more sluggish. 


Table: Nature of system response based on ^ 


S. No 

Range of values of 

System 

Nature of system 

response 

Nature of roots 

characteristic 

equation 

1 . 

0 

Undamped 

Sustained/undamped 

Purly imaginary 

2 . 

0 <^<1 

Underdamped 

Oscillatory 

Complex 

3. 

<; = i 

Critically 

damped 

N on-oscillatory 

Real and equal 

4. 

<;>i 

Overdamped 

N on-oscillatory 

Real and different 
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Time Response of a Second Order Control System Subjected to Unit Step Input Function 


:(t) = ( 


l- expert) 


(aid t + 0) j u(t) where aid = oo n jl — Z, 2 and 0 = tan 1 ^ 

(o)„ yjl- ( 2 )t + |tan -1 


The steady state error is e ss = Lim exp sin 

t-> oo V 1- ^ 2 


u(t) = 0 


Here the time constant T= (1 / Z, o) n ) and Speed of the system oc 


Time constant 


Transient Response Specification of Second Order Under-Damped Control System 

The time response of an under damped control system exhibits damped oscillations prior to 
reaching steady state. 



Fig. Unit step response of second order underdamped control system 

(1) Delay Time (td) 

It is the time required for the response to rise to 50% of the final value from zero, in first 

.. . 1+0.7 < 

attempt. td = - 

0>d 

(2) Rise Time (t r ) 

The time needed for the response to reach from 10% to 90% (for overdamped system) or 0 to 
100 % (for underdamped systems) of the desired value of the output at the very first instant. 

t r = — n , ^ ; where cp = tarn 1 ~ ^ ) 

(3) Peak Time (t p ) 

It is the time required for the response to reach the peak value at the first instant. 

t =_ 71 

P a> n 

Also the response exhibits overshoot and undershoot at the instants, 
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t 0 = - , , where n e Z + 

0 o> n 

The local overshoots occur for n =1, 3,.and local undershoots occur for n =2, 4,. 

2.71 

Hence the first undershoot occurs at the instant, - , 

(4) Maximum Overshoot (M p ) 

The maximum positive deviation of the output with respect to its desired value/ steady state 
value is called Maximum overshoot. 

Percentage overshoot = (c(t)ma *~ C(oo)) x 100 = (C(0 ~ 1} x 100% 

° C(oo) 1 

% M p = exp (- <^r / V1- ( 2 ) x 100 


(5) Settling Time (t s ) 

For 2% tolerance band, the settling time is given by, t s = 4. 

5 "n 

For 5% tolerance band, the settling time is given by, t s = 3. -— 

5 "n 


Time Response of The Higher Order System And Error Constants 


Steady state error, e ss = Lim^^ e(t) = Lim^a, [r(t) — c(t)] 


Using Final value theorem, e ss = Lim s ^ 0 s E(s) 


But C(s) = E(s) G(s) => E(s) = 


c& _ C(s) 
G(s) G(s) 


R(s) 

1+ G(s) 


e ss ~ Lim s ^o s 


1 + 


Type and Order of System 

For the open-loop transfer function, 

• The type indicates the number of poles at the origin and the order indicates the total 
number of poles. 

• The type of the system determines steady state response and the order of the system 
determines transient response. 

Let k p = Lim s ^ 0 G(s) = Position error constant 

Let k v = Lim s ^ 0 s G(s) = Velocity error constant 

Let k a = Lim s _> 0 s 2 G(s) = Acceleration error constant 


Table. Steady state error as a variation of type of the system 


Type 

0 

1 

2 

3 

Step 

A(l + k p )c 

0 

0 

0 

Ramp 

00 

A/ k v 

0 

0 

Parabolic 

00 

00 

A/ k a 

0 
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4.3: Stability & Routh Hurwitz Criterion 


Introduction 

Any system is said to be a stable system, if the output of the system is bounded for a bounded 
input (stability in BIBO sense) and also in the absence of the input, output should tend to zero 
(asymptotic stability). 

Based on above discussion, systems are classified as below, 

1) Absolutely stable systems 

2) Unstable systems 

3) Marginally stable or limitedly stable systems 

4) Conditionally stable systems 

Depending on the location of poles for a control system, stability of the system can be 
characterized in following ways. 

• Stability of any system depends only on the location of poles but not on the location of zeros. 

• If the poles are located in left side of s-plane, then the system is stable. 

• If any of the poles is located in right half of s-plane, then the system is unstable. 

• If the repeated roots are located on imaginary axis including the origin, the system is 
unstable. 

• When non-repeated roots are located on imaginary axis, then the system is marginally 
stable. 

• As a pole approaches origin, stability decreases. 

• The pole which is closest to the origin is called dominant pole. 

• If the variable parameter is varied from 0 to oo and the poles are always located on left side 
of s-plane, then the system is absolutely stable. 

• When variable parameter is varied from 0 to co, if some point onwards, there is a pole in 
right half of S-plane. Then system is called conditionally stable and typically stability is 
conditioned on variable parameter. 


Absolute Stability Analysis 

Absolute stability analysis is by the qualitative analysis of stability and is determined by location 
of roots of characteristic equation in s-plane. 

Relative Stability Analysis 

The relative stability can be specified by requiring that all the roots of the characteristic 
equation be more negative than a certain value, i.e. all the roots must lie to the left of the line; 
s = - Gi, (gi > 0). The characteristic equation of the system under study is modified by shifting 
the origin of the s - plane to s = - ai, i.e. by substitution s = z - oi. If the new characteristic 
equation in z satisfies the Routh criterion, it implies that all the roots of the original 
characteristic equation are more negative than - Gi. 

Also if it is required to find out number of roots of characteristic equation between the lines 
S = —and S = — o 2 , perform Routh analysis by putting S = z - oi, and find out number of roots 
to right of S = —o 1 . Similarly find out number of roots to the right of S = —a 2 . The difference 
between above two numbers gives the number of roots of characteristic equation between 
S = —a 1 and S = — er 2 . 
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Routh-Hurwitz Criterion 

The Routh-Hurwitz criterion represents a method of determining the location of poles of 
polynomial with constant real coefficient with respect to the left half and the right half of the s- 
plane. Routh-Hurwitz criterion mainly gives a flexibility to determine the stability of the closed 
loop control system without actually solving for poles. 


F (s) = a 0 s n + a-^" 1 + a 2 s n 2 


+a n _ 1 s + a n — 0 


S 5 

S 4 

S 3 


a o 

a i 

hi 


a 2 a 4 

a 3 a 5 

b 3 0 


bi 

t>3 


Cl 


( a l a 2~ a 0 a 3) 

a l 

( a l a 4 a 0 a 5) 

a l 

(bi a 3~ b 3 a 1 ) 
bi 


S 2 

s 1 

1 


Cl 

di 

e i 


c 3 


c 3 — a 5 

j _(Cib 3 -c 3 b 1 ) 

a i - ~ 

C 1 

e l = C 3 


If any power of s is missing in the characteristic equation, it indicates that there is at least one 
root with positive real part, hence the system is unstable. If the characteristic equation contains 
only odd or even powers of s, then roots are purely imaginary. Thus, the system will have 
sustained oscillations in output response. Also when Routh - Hurwitz criterion is applied, 
following difficulties can be faced. 


Difficulty 1: When the first term in any row of the Routh array is zero while rest of the row has at 
least one non-zero term. 

• The difficulty is solved if zero of the first column is replaced by a small positive number ‘e’ 
and Routh array is formed as usual. Then as £ -» 0 from positive side, elements in the first 
column of Routh array are found out and stability analysis is done as usual. 


Difficulty 2: When all the elements in any one row of the Routh array are zero. 

• This situation is overcome by replacing the row of zeros in the Routh array by a row of 
coefficients of the polynomial generated by taking the first derivative of the auxiliary 
polynomial and Routh's test is performed as usual. 
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4.4: Root Locus Technique 


Introduction 


Root locus is a locus of poles of transfer function of a closed loop control system when the 
variable parameter is varied from 0 to oo. Depending on nature of variable parameter and range 
of variation, root locus can be classified as below. 


• Root Locus (RL) 

• Complementary RL 

• Complete RL 

• Root counter 


(K is varied from 0 to oo ) 

(K is varied from 0 to —oo) 

(K is varied from —oo to oo ) 
(Multiple parameter variation ) 


Characteristic equation of above system is 1 + G(S)-H(S) = 0. Usually while plotting root locus, a 
forward path gain, K which is inherently present in G(S) is considered as independent variable 
and roots of characteristic equation are considered as dependent variables. Any root of 
1 + G(S)H(S) = 0 satisfies following two conditions, 

a) \G(S)H(S)\ = 1 

b) L G(S)H(S) = (2 K + 1)180° where K = 0, 1, 2,. 


Rules for the Construction of Root Locus (RL) 

Let P be the number of open-loop poles and Z be the number of open - loop zeroes of a control 
system. Then the following are the salient features for construction of root locus plot. 

1. The root locus is always symmetrical about the real axis. 

2. The root locus always starts from open-loop poles for K=0 and ends at either finite open 
- loop zeroes or infinity for K -» oo. 

3. The number of branches of root locus terminating at infinity is equal to (P-Z) . 

4. The number of separate branches of the root locus equals either the number of open - 
loop poles or the number of open-loop zeroes, whichever is greater. 

N = max(P, Z) 

5. A section of root locus lies on the real axis, if the total number of open-loop poles and 
zeroes to the right of the section is odd and is helpful in determining presence of root 
locus at any point on real axis. 

6. If P >Z, (P-Z) branches will terminate at 'oo' along straight line asymptotes whose 
angles are cc q as given below, 




(2q+l )180° 


P-Z 


; q = 0,1,2, 


P-Z-l 


If Z > P, (Z-P) branches will start at 'oo' along straight line asymptotes whose angles are 
(3 q as given below, 


7. 




(2q+l )180° 


Z-P 


; q = 0,1, 2 


(Z-P-l) 


The asymptotes meet the real axis at centroid s = — g a as given below 


-g a = 


(Sum of real parts of poles — Sum of real parts of zeros) 

P-Z 


8. Break - away point is calculated when root locus lies between two poles and break - in 
point is calculated when root locus lies between two zeros. Break - away / Break - in 
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points are determined from the roots of the equation — = 0. Also r branches of the root 

_|_^gQ0 

locus which meet at a point, break away at an angle of =-. 


9. Angle of departure is calculated when there are complex poles. Also, angle of departure 
from an open loop pole is given as below 

(j p P = ±180° (2q + 1) + 0 ; q= 0,1, 2, 3. 

Where 0 is the net contribution at the pole of all other open loop poles and zeros. Also, 
angle of departure is tangent to root locus at complex pole. 


10. Angle of arrival is calculated when there are complex zeroes. Also, angle of arrival at the 
open loop zero is given as below 

02 = ±180° (2q + 1) — 0 , q= 0,1, 2, 3. 

Also, angle of arrival is tangent to root locus of complex zero. 

11. The value of 'K' and the point at which root locus branch crosses the imaginary axis is 
determined by applying Routh criterion to the characteristic equation. The roots at the 
intersection point are imaginary. Also the points of intersection are conjugate, if all the 
coefficients of S n are real in the characteristic equation. 


12. The value of open loop gain 'K' at any point s 0 on the root locus can be calculated by 
using the magnitude criteria, 

Product of phasor length from s 0 to open loop poles 

Product of phasor length from s 0 to open loop zeros 
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4.5: Frequency Response Analysis Using Nyquist plot 


Frequency Domain Specifications 


Consider a closed - loop control system of open - loop transfer function G(S) and feed - back 


transfer function, H(S). If the system has negative feedback, the overall transfer function is given 
by M(S) =- . . 

3 y 3 (1+G(S) H(S)) 


Put S = Jw, | M(Jco) | = 


IG CM I 

|1+G(/qj)H(/w)| 


The plot of |M(Ja))| with respect to a> is shown in figure below. 



Fig. Closed-loop frequency response of a control system 


The response falls by 3 dB at frequency cn c , from its low frequency value, called cut-off frequency 
and the frequency range 0 to to c is called the bandwidth of the system. The resonant peak, M r 
occurs at resonance frequency, co r . The bandwidth is defined as the frequency at which the 
magnitude gain of frequency response plot reduces to 1/V2 = 0.707 (i.e. 3 db) of its low 
frequency value. 


For a second order control system, 


M(s) = 


s 2 +2^a) n s+o) n 2 


M(jco) = 


(a> n 2 -a> 2 )+j2^a> n 


| M (j co) | = 


V (a> n 2 -co 2 )+j2<Ja> n a> 


B.W. = a> c = a) n 

co r = - 2 Z, 2 

M r = . 1 

2W(i-? 2 ) 

Polar Plot 

Consider a control system of transfer function G(s). The sinusoidal transfer function G(jco) is a 
complex function which is given as, 
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G(jco) = Re [G(jo))] +j Im [G(jco)] (or) G(jco) = | G(jo)) | zG(jo)) = M Z0 Where M = 
|G(Jo))|and 0 = zG(Jgo) 

G(joo) may be represented as a phasor of magnitude M and phase angle 0. As the input frequency 
go is varied from 0 to oo, the magnitude M and phase angle 0 change and hence the tip of the 
phasor G(jco) traces a locus in the complex plane, which is known as polar plot. 

Consider a transfer function which consists of P poles and Z zeroes. 

• If transfer function doesn't contain poles at origin, then the polar plot starts from 0° with 
non-zero magnitude and terminates at —90° x (P — Z) with zero magnitude. 

• If the transfer function consists of poles at origin, then the polar plot starts from —90° with 
'oo' magnitude and ends at —90° x (P — Z) with zero magnitude. 

Special Cases of LTI Control Systems 
Minimum Phase System 

If G(S) has no poles and zeroes in the R.H.S of S-plane, then the system is called "minimum phase 
system’. As zeroes are also on left half on s-plane, inverse system of a minimum phase system is 
also stable. 

Non Minimum Phase System 

If G(S) has at least one pole or zero in the R.H.S of S plane, then system is called non-minimum 
phase system. Also the inverse system of a non-minimum phase system is unstable. 

All Pass System 

If G(S) has symmetric poles and zeroes about the about the imaginary axis, then system is called 
"All pass system”. 

Also |G(yoj)| = K; Vo> where K is a constant. 

Linear Phase System 

A system is called linear phase if plot of zG(Jgd) with respect to go is linear. 

••• z G(J(jo ) oc a) (or) — (zG(/gj)) = K ; Vw where K is a constant. 

dCO 

Nyquist Plot & Nyquist Stability Criteria 

Nyquist criterion is helpful to identify the presence of roots in a specified region based on polar 
plot of G(S).H(S). Thus, Nyquist stability analysis is more generalized than Routh criterion. By 
inspection of polar plot of G(S).H(S) more information is obtained than the stability of the 
control system. 

If N is the number of encirclements of G(s).H(s) around (—1 +J0) in counter-clockwise direction, 
then 


N = P + - Z + 
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Where P + is number of open loop poles with +ve real part and 
Z + is number of close-loop poles with +ve real part 

Tips for Getting Nyquist Plot 

1. Nyquist plot is symmetric with respect to real axis. So the plot from a> = 0 + to oo + is M(<n), 
the plot from a> = oo~ to 0“ is M*(a)). 

2. If the system is type N system, the angle subtended by the plot at origin as at varies from 
0“ to 0 + is - N n in clockwise direction. 

Gain Margin 

The gain margin is a factor by which the gain of a stable system can be increased to bring the 
system on the verge of instability. If the phase cross-over frequency is denoted by to c , and the 
magnitude of G(j(o) H(jo)) at 

a) = co c is |G(j(jo c )H(jto c )|. The gain margin is given by 



G.M = 20 log 10 


Phase Margin: 

The phase margin of a stable system is the amount of additional phase lag required to bring the 
system to the point of instability. Phase margin is given as, 

PM = 180° + zG(J(j 0 g)H(Jco g ) where co g is gain crossover frequency 
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4.6: Frequency Response Analysis Using Bode Plot 


Bode Plots 

Given open - loop transfer function of a closed - loop control system as G(S) H(S), the stability of 
the control system can also be determined based on its sinusoidal frequency response (obtained 
by substituting S = Jot). The quantities, M = 20 log 10 |G(Jco)H(Jco)| (in dB) and phase, 
0 = zG(J(n)H(Ja)) (in degrees) are plotted with respect to frequency on logarithmic scale 
( log 10 a )) in rectangular axes. The plot obtained above is called "Bode plot". G.M and PM can be 
found out from Bode plots, thus relative stability of closed loop control system can be assessed. 


Bode Plots of K 




201og 10 K 

1 -► 

logioCO 



Fig. Bode plots of constant 


Bode Plots of 1/y N : 




Fig. Bode plots of N* order pole at 0. 
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Bode Magnitude Plot of + 


Control System 




Fig. Bode plots of G(s) H(s) = ^j 


Bode Plot of (1 + ST) 




Fig. Bode-Plots of G(S) H(S) = (1+ST) 
Bode Magnitude Plot of Second Order Control System 
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Bode magnitude plot of any open-loop transfer function G(s) H(s) can be found out by 
superimposing individual magnitude plots of basic pole and zero terms. However phase 
response can be found out as usual by substituting S = Jco. 

M & N Circles 


Constant Magnitude Loci: M-Circles 


The constant magnitude contours are known as M-circles. M-circles are used to determine the 
magnitude response of a close-loop system using open-loop transfer function. It is applicable 
only for unity feedback systems. 


M 


M 


[x- iz^r+y 






On a 


The above Eq. represents a family of circles with center at ( , 0) and radius as 2 

particular circle the value of M (magnitude of close-loop transfer function) is constant, therefore 
these circles are called M-circles. 


Constant Phase Angles Loci: N-Circles 

The constant phase angle contours are known as N-circles. N-circles are used to determine the 
phase response of a close-loop system using open-loop transfer function. 

[X + i ] 2 + [y - jC ] 2 = [i + 

For different values of N, above equation represents a family of circles with center at x = -V 2 , y = 
1/2N and radius as^;~ + On a particular circle, the value of N or the value of phase angle of 
the closed-loop transfer function is constant; therefore, these circles are called N-circles. 

Nichol's Chart 

The transformation of constant - M and constant - N circles to log-magnitude and phase angle 
coordinates is known as the Nichols chart. 
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4.7: Compensators & Controllers 


Introduction 

Many a times, performance of a control system may not be upto the expectation, in which case 
the performance of the same can be improved by controllers or compensating networks. 

1. Insertion of compensating network is nothing but addition of poles and zeros. 

2. We can reduce the steady state error by increasing the forward path gain, but it makes the 
system unstable and oscillatory. 

3. Addition of a pole to the open loop transfer function will lead the system towards 
instability. The speed of the response slows down. But the accuracy of the system 
increases. 

4. Addition of a zero to the open loop transfer function will lead the system towards 
stability. The speed of the response becomes faster. But the accuracy of the system is 
reduced. 

Compensating Network 

1. Cascade Compensation: The compensating network is introduced in forward path in this 
case. Phase lag/ lead compensators fall into this category. 

2. Feedback Compensation: The compensating network is introduced in feedback path in 
this case. 

Phase Lag Compensator 

A compensator having the characteristic of a lag network is called a lag compensator. Hence, the 
poles of this network should be closer to origin than zeroes. 

1. Results in a large improvement in steady sate response (i.e. steady state error is reduced). 

2. Results in a sluggish response due to reduced bandwidth. 

3. It is low pass filter and so high frequency noise signals are attenuated. 

4. Acts as an Integrator. 

5. Settling time increases. 

6. Gain of the system decreases. 


+ 


<>-sAAA 


A- 



[O 


Ei(s) 


E„(s) 


<* --- 

Fig. Electric lag compensator 


|- 

-*0 
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Fig. Pole-zero plot of lag compensator 


General form of lag compensator, G c (s) 


(1+sT) 
(l+s(3T) ' 



P T T^/P T 

(“cj) (« m ) («c 2 ) 


Fig. Bode plot of lag compensator 


Frequency of maximum phase lag, oo m = jc jo Ci co C2 = ^(1/(3T). (1/T) 


1 

tTF 


Maximum lag angle, (j) m = tan 1 

Phase Lead compensator 



P = 


l-sin cj) m 
l+sin(J) m 


A compensator having the characteristics of a lead network is called a lead compensator. Lead 
compensator has zero placed more closer to origin than a pole. 


1. Lead compensation appreciably improves the transient response. 

2. The lead compensation increases the bandwidth, which improves the speed of the 
response and also reduces the amount of overshoot. 

3. A lead compensator is basically a high pass filter and so it amplifies high frequency noise 
signals. 

4. Acts as a differentiator. 

5. Settling time decreases. 

6. Gain of the system increases. 

7. There is no improvement in steady state response. 
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Fig. Electrical lead network 



Fig. Pole-zero plot of a lead network 


General form of transfer function of lead compensator,G c (s) = 


s+(l/T) 

s+(l/aT) 


a(l+sT) 

(1+saT)' 


Approximate magnitude plot 



T TVa «T 

Fig. Bode plot for lead compensator 


Frequency of maximum phase lead, co m = ^o) Ci to C2 


V(l/aT).(l/T) ==!=, 


Also. 4>„ = tan" 1 [0] =sln-[ii] 


_ 1-sin j> m 
1+sin cj) m 
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Comparison of Phase Lag And Phase Lead Compensators 

Table. Comparison of characteristics of lead and lag compensators 


Characteristics 

Phase-Lead 

Phase-Lag 

1. Circuit 

Differentiator 

Integrator 

2. 5 

Increases (t) 

Increases (TT) 

3. w n 

Increases (t) 

Decreases(i) 

4. T rise , t settling 

Decreases(i) 

Increases (T) 

5. Phase shift 

Increases 

Decreases 

6. Phase Margin 

Improve (T) 

Reduce(i) 

7. Gain cross over 

frequency (w g ) 

Increases (T) 

Decreases(i) 

8. Band width 

Increases 

Decreases 

9. Over shoot 

Decreases 

Decreases 

10. Gain 

Decreases 

Increases 

11. Steady state error 

Increases 

Decreases 

12. Constant 

(a < 1) oc= Rz 

v J Ri +R ? 

(P >1) P = ^ 

13. Pole -zero 

|P|>|Z| 

|Z|>|P| 

14. Wmax 

l 

l 


VaT 

iPT 

15. sin(0 m ) 

1-a 

1-P 

l+a 

1 + /? 

16. Time constant 

Ri Ci 

R 2 G 2 


Phase Lag - Lead Compensator 

A compensator having the characteristics of lag -lead network is called a lag - lead compensator. 

1. A lag - lead compensator improves both transient and steady state response. 

2. Bandwidth of the system is increased. 

The transfer function of lag - lead compensator, G r (s) = ( ' S+1/ l Tl ' ) ( S+1 / T D ; where B > 1, 0 < a 

6 F ' cv J (s+l/fSTi) (s + l/aT 2 ) ’ v 

< 1 and a(3=l 



Fig. Pole- zero plot of lag-lead compensator 
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Fig. Bode plot of lag - lead compensator 


Feedback Compensation 

In this method, the compensating element is introduced in feedback path of a control system as 
shown. 



Fig. Block diagram of compensated system with tacho generator feedback. 

After compensation, overall open-loop transfer function = (7(5) ■ (1 + SK t ) 

Depending on nature of G(S) and K t , damping of response can be controlled. 

Controllers 

A closed loop control system tries to achieve the target output because of the feedback signal. 
Many a times, the output response achieved is not smooth and also may have steady state error. 
Thus, the transient and steady state response can be improved by using a control action of 
transfer function G c (s) as shown in figure below. 



Fig. Usage of controller in a closed loop control system 


fb.com/cgaspirant 


Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar4 ,h Block, Bangalore-11 

®: 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademv.com Page 109 










































Downloaded from : www.cgaspirants.com 

Quick Refresher Guide 


Control System 


Proportional Controller 

Transfer function of a proportional controller is given as, G c (s) = K p . Proportional controller is 
usually an amplifier with gain K p . It is used to vary the transient response of the control system. 
One cannot determine the steady state response by changing K p . Steady state response depends 
on the type of the system. However, maximum overshoot is increased in this case. 

Integral Controller 

Transfer function of a Integral controller is given as, G c (s) = Kj/ s. It is used to decrease the 
steady state error by increasing the type of the system. However, stability decreases in this case. 

Derivative Controller 

Transfer function of a derivative controller is given as, G c (s) = K D . s. It is used to increase the 
stability of the system by adding zeros, steady state error increases, as type of the system 
decreases in this case. 

Proportional + Integral (PI) Controller 

Transfer function of PI controller is given as, G c (s) = (K p + Kj/ s). It is used to decrease the 
steady state error without effecting stability, as a pole at origin and a zero are added. In P+I 
controller, order of a system increases, i.e. it converts a second order system to third order. 

Proportional + Derivative (PD) Controller 

Transfer function of a PD controller is given as, G c (s) = (K D . s + K p ). It is used to increase the 
stability without effecting the steady state error. Here type of the system is not changed and a 
zero is added. 

Proportional + Integral + Derivative (PID) Controller 

( Kp s 2 + K s+ 

— — ——)■ 

It is used to decrease the steady state error and to increase the stability as one pole at origin and 
two zeros are added. One zero compensates the pole and other zero will increase the stability. 
Hence response is faster and highly accurate. 
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4.8: State Variable Analysis 


Introduction 

The analysis of control system, carried out till now using transfer function approach etc, 
assumes that system is initially at rest and system is single input single output (SISO) type. 
Hence the state-space approach is used to overcome above disadvantages and this approach is 
performed by writing differential equation in time domain and by suitably choosing state 
variables. 

Advantages of State Variable Analysis 

1. This method along with the output gives the information about the state of the system at 
some predetermined point along the flow of the state in state space. 

2. Used for linear as well as non-linear, time invariant or time varying systems. 

3. Analysis of multi-input-multi-output systems is less complex. 

4. Analysis is done by considering initial conditions. 

5. More accurate than transfer function. 

6. Organization of the state variables is easily amendable to the solution through digital 
computers. 

7. Can be used both for continuous time systems as well as discrete time systems with the 
same formulation. 

Here u x (t) and u 2 (t) are inputs, x x (t) and x 2 (t) are state variables, yi(t) and y 2 (t) are outputs. 


ui(t) 

«2(t) 






System 



t t 



-► yi(t) 


-► y 2 (t) 


xi(t) x 2 (t) 


Fig. State variable analysis 


State Space Representation 


Consider a differential equation, 

d 2 x dx dx 

a x —r- + a 2 — + a 3 x(t) = u(t) where x(t) | t=0 = 0 and — 
dt z dt dt 

State-space representation of above is obtained as below, 
Let x(t) = x 1 and ^ = x 2 , 


= 0 


t =o 


••• x[ = x 2 and x 2 


A- Xn +■ 


u(t). 


In matrix form, 
0 


r x' n 


v 2 J 


7a ~ b /a 


+ 


1 /a- 


u(t) 
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Here x x (t) and x 2 (t) are called state variables. The n dimensional state variables are elements of 
n dimensional space called state space. 

State Variable: The smallest set of variables, which determine the state of the dynamic system, 
are called the state variables. 

State: It is the smallest set of state variables, the knowledge of these variable at t = t 0 together 
with the input completely determines the behavior of the system for any time t > t 0 . 

State Equation 

Consider a system described as below, 

(xi(t)) = Xi(t) = ajjXjCt) + a 12 x 2 (t) + b^u^t) + b 12 u 2 (t) 

(x 2 (t)) = x 2 (t) = a 21 Xi(t) + a 22 x 2 (t) + b^u^t) + b 22 u 2 (t) 

State - space model can be described as below based on above state equation. 


Xl (t) 


" a ll a 12 " 

X l(t)' 

+ 

bn 

t>12 


■ui(t)' 

- X 2 (t) . 


. a 21 a 22. 

- X lOD- 


t>21 

t>22- 


-Ui(t). 


X' (t) = AX(t) + BU(t) 

Where X(t) = State vector, 

^ = Rate of change of state vector, 

U(t) = Input vector, 

A = System matrix or Evolution matrix 
B = Control matrix 

Output Equation 

For the system described above, let the output equations be 

yiOO = CnXiCt) + c 12 x 2 (t) + dnUiCt) + d 12 u 2 (t) 
y 2 (t) = c 21 Xi(t) + C 22 X 2(0 + d 2 iU 1 (t) + d 22 u 2 (t) 

By representing these in matrix form, 


'yi(t)' 


" C ll C 12 " 

X lOD' 

+ 

dn 

di2 


Ui(t)- 

yi(t). 


. C 21 C 22. 

- X l(t)- 


-d 2 i 

d22- 


-Ui(t). 


Y(t) = CX(t) + DU(t) 


Where y(t) is output vector, 

C is observation matrix 
D is transmission matrix 
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Control System 


Direct Decomposition 

In direct decomposition, the matrix A is of Bush's phase variable form as below, 


0 10 0 
0 0 1 0 
0 0 0 1 


0 

0 

0 


0 o o o . 1 

a l —a 2 ~ a 3 . ~ a n_ 

If A 1 , A 2 ,.A n are eigen values of A, eigen vector matrix, P can be represented as. 


P = 



A 


n 


1 




Cascade Decomposition 

Here given system is converted into multiple systems in cascade and direct decomposition is 
performed to each of these sub-systems. 

Parallel Decomposition 

Here the given system transfer function is split into partial fractions first and by considering 
direct decomposition of each of the sub-system (partial fraction terms) in parallel, parallel 
decomposition can be performed. 


State Transition Matrix 

The transition matrix is defined as a matrix that satisfies the linear homogeneous state equation. 
^ = AX(t) 

For t > 0, X(t) = £ _1 [(S1 — A) -1 ] x(0) 

••• X(t) = £ -1 {c()(s).x(0)}= 4>(t).x(0) where c]d(s) = (SI — A) -1 
Here c|)(t) = £ _1 ((SI — A) -1 ) is called state transition matrix. 


Properties of the State Transition Matrix 

The state transition matrix cj>(t) possesses the following properties 

1. 4>(0) = I = the identity matrix 

2. 4> _1 (t) = 4>(-t) 

3. [4>(t)] n = 4>(nt) 

4. 4>(t 2 -t!) 4>(ti-t 0 ) =4>(t 2 -to) for anyt 0 ,t 1 ,t 2 

5. 4>(ti + t 2 ) = 4>(ti) 4>(t 2 ) 
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Time Response 

Given a state space representation of a control system, the time response for any generic input 
and initial conditions contains the following. 

Zero Input Response 

Only initial conditions are considered and input is considered to be zero. 

X(t) = 0(t) X(0) 


Zero State Response 

Only input functions are considered and initial conditions are zero. 

X(t) = £ -1 [0(s) B U(s)] 

Total Response 

Total response can be described as, 

X(t) = 0(t)x (0) + L- 1 (0(S). BU(S)) 

Transfer Matrix of System 

Consider a MIMO described by, 

X' = AX + BU 
Y = CX + DU 

Transfer matrix of system is given as G(s) = C(S7 — A ) _1 B + D 

Controllability of Linear Systems 

A system is said to be controllable, if there exists an input to transfer the state of system from 
any given initial state X(tj) to any final state X(tf) in a finite time (tf — tj) > 0. The condition of 
controllability depends on the coefficient matrices A and B of the system. 


Kalman Test for Controllability 

For the system to be completely state controllable, it is necessary and sufficient that the 
following matrix Q c has a rank n, where n is order of A. 

Q c = [ B : AB : A 2 B:.A n-1 B ] 

For the system to be controllable, rank of Q c should be n or |Q C | ^ 0. 


Observability of Linear Systems 

A system is said to be observable if it's possible to get information about state variables from the 
measurements of the output and input 

Kalman Test for Observability 

For the system to be completely observable, it is necessary and sufficient that the following 
composite matrix Qo has a rank of n, where n is order of A. 

Qo = [C T : A t C t : (A t ) 2 C t :.(A T ) n - 1 C T ]. 

For the system to be observable, rank of Qo should be n or | Q 0 1 =£ 0. 
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Part - 5: Digital Circuits 

5.1: Number Systems & Code Conversions 

Characteristics of any number system are: 

1. Base or radix is equal to the number of possible symbols in the system 

2. The largest value of digit is one (1) less than the radix 


Decimal to Binary Conversion: 

(a) Integer number: Divide the given decimal integer number repeatedly by 2 and collect the 
remainders. This must continue until the integer quotient becomes zero. 

(b) Fractional Number: Multiply by 2 to give an integer and a fraction. The new fraction is 
multiplied by 2 to give a new integer and a new fraction. This process is continued until the 
fraction becomes 0 or until the numbers of digits have sufficient accuracy. 

Note: To convert a decimal fraction to a number expressed in base r, a similar procedure is used. 
Multiplication is by r instead of 2 and the coefficients found from the integers any range in value 
from 0 to (r-1). 

The conversion of decimal number with both integer and fraction parts separately and then 
combining the answers together. 

• Don't care values or unused states in BCD code are 1010,1011,1100,1101,1110,1111. 

• Don't care values or unused state in excess - 3 codes are 0000, 0001, 0010, 1101, 1110, 
1111 . 

• The binary equivalent of a given decimal number is not equivalent to its BCD value. Eg. 
Binary equivalent of 25io is equal to IIOOI 2 while BCD equivalent is 00100101. 

• In signed binary numbers,MSB is always sign bit and the remaining bits are used for 
magnitude. 

A7 A6 A5 A4 A3 A2 A1 A0 


r 

Sign Bit Magnitude 

• For positive and negative binary number, the sign is respectively ‘0’ and T. 

• Negative numbers can be represented in one of three possible ways. 

1. Signed - magnitude representation. 

2. Signed - l's complement representation. 

3. Signed - 2's complement representation. 
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Example: 


+9 


-9 


Signed - magnitude 


0 0001001 


(a) 1 000 1001 signed - magnitude 


(b) 1 111 0110 signed - l’s complement 


(c) 1 111 0111 signed - 2's complement 


• Subtraction using 2’s complement: Represent the negative numbers in signed 2's 
complement form, add the two numbers, including their sign bit and discard any carry out of 
the most significant bit. 

• Since negative numbers are represented in 2's complement form, negative results also 
obtained in signed 2's complement form. 

• The range of binary integer number of n-bits using signed l’s complement form is given by 
+ (2 n_1 - 1) to -(2 n_1 - 1),which includes both types of zero's i.e., +0 and -0. 

• The range of integer binary numbers of n-bits length by using signed 2’s complement 
representation is given by + (2 n_1 - 1) to - 2 11 - 1 which includes only one type of zero i.e. + 0. 

• In weighted codes, each position of the number has specific weight. The decimal value of a 
weighted code number is the algebraic sum of the weights of those positions in which l's 


appears. 


* Most frequently used weighted codes are 8421, 2421 code, 5211 code and 84 2'1' code. 
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5.2: Boolean Algebra & Karnaugh Maps 


> Boolean properties: 

a) Properties of AND function 

1. X.0 = 0 2. 0 . X = 0 


3. X . 1 = X 4 .l.X = X 

b) Properties of OR function 

5. X + 0 = X 6. 0 + X = X 


7. X + 1 = 1 


8. 1 + X = 1 


c) Combining a variable with itself or its complement 


d) Commutative laws: 

e) Distributive laws: 

f) Associative laws: 

g) Absorption laws: 


h) Demorgan's laws: 


9. X.X' = 0 
11. X + X = X 

13. (X')’ = X 

14. x. y = y. x 

16. x(y +z) = x.y + x.z 
18. x(y.z) = (x. y) z 
20. x + xy= x 

22. x + x'y = x+ y 

24. (x + y)' = x' .y' 


10. X.X = X 
12. X + X' = 1 


15. x + y = y + x 
17. x + y. z = ( x+y) (x + z) 
19. x + ( y + z) = (x + y) +z 
21. x(x + y) = x 

23. x(x' + y) = xy 

25. (x. y)' = x' + y' 


> Duality principle: It states that every algebraic expression deducible from theorems of 
Boolean algebra remains valid if the operators and identify elements are interchanged. 

> To get dual of an algebraic function, we simply exchange AND with OR and exchange 1 
with 0. 

> The dual of the exclusive - OR is equal to its complement. 

> To find the complement of a function is take the dual of the function and complement 
each literal. 

> Maxterm is the compliment of its corresponding minterm and vice versa. 

> Sum of all the minterms of a given Boolean function is equal to 1. 

> Product of all the maxterms of a given Boolean function is equal to 0 


Boolean Algebraic Theorems 


Theorem No. 

Theorem 

1. 

(A + B). (A + B) = A 

2. 

AB + AC = (A + C)(A + B) 

3. 

(A + B)(A + C) = AC + AB 

4. 

AB + AC + BC = AB + AC 

5. 

(A + B)(A + C)(B + C) = (A + B)(A + C) 

6. 

A. B.C.... = A + B + C + ••• 

7. 

A + B + C + ... = A.B.C ... 
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Karnaugh Maps (K - maps) 

> A map is a diagram made up of squares. Each square represents either a minterm or a 
maxterms. 

> The number of squares in the karnaugh map is given by 2 n where n = number of variable. 

> Gray code sequence is used in K - map so that any two adjacent cells will differ by only one 
bit. 


Number of 
variables 

No. of cells 
containing l's 
grouped 

No. of variables 
eliminated 

No. of literals present 
in the resulting term 

2 

4 

2 

0 

2 

1 

1 

1 

0 

2 

3 

8 

3 

0 

4 

2 

1 

2 

1 

2 

1 

0 

3 

4 

16 

4 

0 

8 

3 

1 

4 

2 

2 

2 

1 

3 

1 

0 

4 
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5.3: Logic Gates 


> OR, AND, NOT are basic gates 

> NAND and NOR gates are called Universal gates because, by using only NAND gates or by 
using only NOR gates we can realize any gate or any circuit. 

> EXOR, EXNOR are arithmetic gates. 


> There are two types of logic systems 

1) Positive level logic system (PLLS) : Out of the given two voltage levels, the more positive 
value is assumed as logic T and the other as logic 'O'. 

2) Negative level logic system (NLLS):out of the given two voltage levels, the more negative 
value is assumed as logic T and the other as logic 'O’. 


> NOT gate:- 


Truth Table 
A Y 

0 1 

1 0 


> AND gate: 

Truth Table 
A B Y 
0 0 0 
0 10 
10 0 
111 


> OR gate: 

A B Y 
0 0 0 
0 11 
10 1 
111 




> NAND gate: 

A B Y 

0 0 1 

Oil 
10 1 
110 
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> NOR gate: 

A B Y 

0 0 1 

0 10 

10 0 

110 



Y = A + B 


> The circuit, which is working as AND gate with positive level logic system, will work as OR 
gate with negative level logic system and vice-versa. 

> The circuit which is behaving as NAND gate with positive level logic system will behave as 
NOR gate with negative level logic system and vice - versa. 


A 


> Exclusive OR gate (X- OR): "The output of an X - OR gate is high for odd number of high 
inputs". 

A B Y 

0 0 0 . 

0 1 1 B 

10 1 
110 


X> 


Y = A©B=AB' +A'B 


> Exclusive NOR gate (X-NOR): The output is high for odd number of low inputs". (OR) "The 
output is high for even number of high inputs". 


A 

0 

0 

1 

1 


B 

0 

1 

0 

1 


Y 

1 

0 

0 

1 


A. 

b‘ 



Y = A©B=AB +A'B' 


> Realization of Basic gates using NAND and NOR gates: 

1. NOT gate NAND NOR 



3. OR gate: 
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> Realization of NAND gate using NOR gates: 


Digital Circuits 



> Realization of X - OR gate using NAND and NOR gates: 


A 

B 



Y = AB'+A'B 


A 


a 

A 


B 




—»• The minimum number of NAND gates required to realize X - OR gate is four. 

—» The minimum number of NOR gates required to realize X - OR gate is five. 

❖ Equivalence Properties: 

1. (X ©Y)’ = X'Y' + XY = X O Y 

2. XQO = X’ 

3. XC)1 = X 

4. XQX=1 

5. X O X'= 0 

6. X O Y = Y O X 

7. (X O Y)’ = X © Y 
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Alternate Logic Gate Symbols 

4. A bubbled NAND gate is equivalent to OR gate 


A 


r> 


Y = (A'B')' 
=A+B 


A_ 

b‘ 



Y = A+B 


5. A bubbled NOR gate is equivalent to AND gate 


A_ 

B‘ 



Y = (A' + B')'=AB ZZ 


A 


D 


Y = AB 


6. A bubbled AND gate is equivalent to NOR gate 


A 


D 


A 


Y = A'B' = (A + B)' - 



Y = (A + B)' 


7. A bubbled OR gate is equivalent to NAND gate 


A_ 

B‘ 



Y=A' + B'=(AB)' ZZ 


A 




Y = (AB)' 
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5.4: Logic Gate Families 

> Fan- Out: "The number of standard loads that the output of the gate can drive without 
disturbing its normal operation”. 

> Fan-In: "The maximum number of inputs that can be applied to the logic gate". 

> Noise Margin: "It is the limit of a noise voltage which may be present without impairing the 
proper operation of the circuit" NM H = V 0 h — V IH and NM L = V IL — V 0 l- 

> Figure of Merit: The product of propagation delay time and power dissipation. 

> Saturation Logic: A form of logic gates in which one output state is the saturation voltage 
level of the transistor. Example: RTL, DTL, TTL. 

> Unsaturated Logic or Current Mode Logic: A form of logic with transistors operated outside 
the saturation region. Example: CML or ECL. 

> Voltage Parameters of the Digital IC: 

V IH : This is the minimum input voltage which is recognized by the gate as logic 1. 

V IL : This is the maximum input voltage which is recognized by the gate as logic 0. 

V 0 h: This is the minimum voltage available at the output corresponding to the logic 1. 

Vol: This is the maximum voltage available at the output corresponding to logic 0. 

> Passive Pull- up: In a bipolar logic circuit, a resistance R c used in the collector circuit of the 
output transistor is known as passive pull-up. 

> Active Pull-up: In a bipolar logic circuit, a BJT and diode circuit used in the collector circuit of 
the output transistor instead of R c is known as active pull-up. This facility is available is TTL 
family. 

> The advantages of active pull- up over passive- pull up are increased speed of operation and 
reduced power dissipation. 

> In TTL logic gate family, three different types of output type configurations are available: 
they are open collector output type, Totem-pole output type and tri-state output type. 

> The advantages of open-collector output are wired-logic can be performed and loads other 
than the normal gates can be used. 

> The tri- state logic devices are used in bus oriented systems. 

> If any input of TTL circuit is left floating, it will function as if it is connected to logic 1 level. 

> If any unused input terminal of a MOS gate is left unconnected, a large voltage may get 
induced at the unconnected input which may damage the gate. 

> Comparison of Different Logic Gate families 



DTL 

TTL 

ECL 

CMOS 

PMOS 

Fan-out 

8 

10 

25 

50 

20 

Propagation Delay 

30n sec 

lOnsec. 

4nsec. 

70 nsec. 

300 sec 

Power Dissipation 

8mW 

lOmW 

40mW 

O.OlmW 

0.2 -lOmW 

Noise Margin(min.) 

700mV 

400mV 

200mV 

300mV 

150mV 
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Gates with open collector output can be used for wired — AND operation 


V cc 



AB. CD = AB + CD 


■ Open emitter output is available in ECL. Wired - OR operation is possible with ECL circuits. 



(A + B + C + D) = (A + B)(C + D) 
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5.5: Combinational Digital Circuits 

Digital circuits can be classified into two types: 
o Combinational digital circuits and 
o Sequential digital circuits. 

Combinational Digital Circuits: In these circuits "the outputs at any instant of time depends 
on the inputs present at that instant only." 

For the design of Combinational digital circuits, basic gates (AND, OR, NOT) or universal 
gates (NAND, NOR) are used. Examples for combinational digital circuits are adder, decoder 
etc. 

Sequential Digital Circuits: The outputs at any instant of time not only depend on the present 
inputs but also on the previous inputs or outputs. For the design of these circuits in addition 
to gates we need one more element called flip-flop. Examples for sequential digital circuits 
are Registers, Shift register, Counters etc. 

Half Adder: A combinational circuit that performs the addition of two bits is called a half¬ 
adder. 


Sum = X © Y = XY' + X’ Y Carry = XY 

Half Subtractor: It is a Combinational circuit that subtracts two bits and produces their 
difference. 

Diff. = X © Y = XY’ + X'Y Borrow = X’ Y 
Half adder can be converted into half subtractor with an additional inverter. 

Full Adder: It performs sum of three bits (two significant bits and a previous carry) and 
generates sum and carry. 

Sum=X© Y ©Z Carry = XY + YZ + ZX 

Full adder can be implemented by using two half adders and an OR gate. 


X- 

Y 


Z. 


H.A. 



Carry 


Full subtractor: It subtracts one bit from the other by taking pervious borrow into account 
and generates difference and borrow. 

Diff.=X© Y ©Z Borrow = X’Y + YZ + ZX' 

• Full subtractor can be implemented by using two half- subtractors and an OR gate. 
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Multiplexers (MUX) 


• It selects binary information from one of many input lines and directs it to a single output 
line 

• The selection of a particular input line is controlled by a set of selection lines 

• There are 2 n input lines where 'n' is the select lines i/p then n = log 2 M 


2 :1 MUX 


IoO 

IiO- 


\ 

2 : 1 

MUX 


) 

V 

) 


v s 



-o Y 


4:1 MUX 


Y=SI 0 + SI X 


Si 

So 

Y 

0 

0 

In 

0 

1 

Ii 

1 

0 

12 

1 

1 

13 



Y—SiS 0 I 0 + S-lSqIi + + S-^^ 


> Decoder: 

Decoder is a combinational circuit that converts binary information from 'n' input lines to a 
maximum of 2 n unique output lines. 

Truth table of active high output type of decoder. 


X 

Y 

D 0 

Di 

D 2 

D 3 

0 

0 

1 

0 

0 

0 

0 

1 

0 

1 

0 

0 

1 

0 

0 

0 

1 

0 

1 

1 

0 

0 

0 

1 


fb.com/cgaspirant 


x 

Y 


2x4 


Di 

D 2 

d 3 


Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar4 ,h Block, Bangalore-11 

®: 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademv.com Page 126 







































I—ITHE GATE 
W.\ 


Downloaded from : www.cgaspirants.com 

Quick Refresher Guide Digital Circuits 


> Encoder 

• Encoder is a combinational circuit which has many inputs and many outputs 

• It is used to convert other codes to binary such as octal to binary, hexadecimal to binary 


etc. 



> 

> 

> 

> 

> 


S and R inputs are called synchronous inputs. Preset (pr) and Clear (Cr) inputs are called 
direct inputs or asynchronous inputs. 

The output of the flip-flop changes only during the clock pulse. In between clock pulses the 
output of the flip flop does not change. 

During normal operation of the flip flop, preset and clear inputs must be always high. 

The disadvantage of S-R flip-flop is S=l, R=1 output cannotbe determined. This can be 
eliminated in J-K flip-flop. 

S-R flip flop can be converted to J-K flip-flop by using the two equation S=JQ' and R= KQ. 


Q’ 


S Pr 

Clk 

Q 



R 

Q’ 

Q_ 

K 


Ci 




Qn+l = JQn + K'Q n 
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Truth table 

Jn 

Kn 

Qn+ 1 

0 

0 

Qn 

0 

1 

0 

1 

0 

l 

1 

1 

Q'n 


Digital Circuits 


> Race around problem is present in the J-K flip flop, when both J=K=1. 

> Toggling the output more than one time during the clock pulse is called Race around 
Problem. 

> The race around problem in J-K flip-flop can be eliminated by using edge triggered flip-flop 
or master slave J-K flip flop or by the clock signal whose pulse width is less than or equal to 
the propagation delay of flip-flop. 

> Master-slave flip-flop is a cascading of two J-K flip-flops Positive or direct clock pulses are 
applied to master and these are inverted and applied to the slave flip-flop. 

D-Flip-Flop: It is also called a Delay flip-flop. By connecting an inverter in between J and K input 

terminals. D flip-flop is obtained. 

Truth table 


D 

Qn' + l 

0 

0 

1 

1 



T Flip-flop: J K flip-flop can be converted into T- Flip-flop by connecting J and K input terminals 
to a common point. If T=l, then Q n +i = Q n '. This unit changes state of the output with each clock 
pulse and hence it acts as a toggle switch. 


Truth table 


J 

Q 

>Clk 


K 

Q' 


T 

Qn+l 

0 

Qn 

1 

Qn' 


> Ring Counter: Shift register can be used as ring counter when Qo output terminal is 
connected to serial input terminal. 

> An n-bit ring counter can have "n" different output states. It can count n-clock pulses. 

> Twisted Ring counter: It is also called Johnson's Ring counter. It is formed when Qf,output 

„ , terminal is connected to the serial input terminal of the shift register. , r 
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> An n-bit twisted ring counter can have maximum of 2n different output states. 

Counters:- 

• The counter is driven by a clock signal and can be used to count the number of clock 
cycles counter is nothing but a frequency divider circuit. 

• Two types of counters are there: 

(i) Synchronous (ii) Asynchronous 

• Synchronous counters are also called parallel counters. In this type clock pulses are 
applied simultaneously to all the flip - flops 

• Asynchronous counters are also called ripple or serial counter. In this type of counters 
the output of one flip - flop is connected to the clock input of next flip - flop and soon. 
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5.6: AD /DA Convertor 

> There are two types of DACs available 

a) Binary weighted resistor type of DAC and 

b) R - 2 R ladder type of DAC 

> The advantage of R - 2R ladder type of DAC over Binary weighted type of DAC 

a) Better linearity and 

b) It requires only two different types of resistors with values R and 2R. 

> The percentage resolution of n - bit DAC is given by ^ x 100 

> The resolution of an n -bit DAC with a range of output from 0 to V volts is given by ^ Volts 

> Different types of ADC’s are available: 

• Simultaneous ADC or parallel comparator of Flash type of ADC 

• Counter type ADC or pulse width type of ADC 

• Integrator type of ADC or single slope of ADC 

• Dual slope integrator ADC 

• Successive approximation type ADC etc. 

> Flash type of ADC is the faster type of ADC, An n - bit Flash type ADC requires 2 n - 1 
comparators. 

> Dual slope ADC is more accurate. 
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5.7: Semiconductor Memory 

The capacity of a memory IC is represented by 2 n x m, where '2 n ' represents number of 
memory locations available and 'm' represents number of bits stored in each memory 
location. 

Example:- 2 10 X 8 = 1024 X 8 

To increase the bit capacity or length of each memory location, the memory ICs are 
connected in parallel and the corresponding memory location of each IC must be selected 
simultaneously. Eg. 1024 x 8 memory capacity can be obtained by using 4 ICs of memory 
capacity 1024x2. 

Types of Memories: 


Memories 



> Volatile Memoiy: The stores information is dependent on power supply i.e., the stored 
information will remain as long as power is applied. Eg. RAM 

> Non- Volatile Memory: The stored information is independent of power supply i.e., the stored 
information will present even if the power fails. Eg: ROM, PROM, EPROM, EEPROM etc. 

> Static RAM (SRAM): The binary information is stored in terms of voltage. SRAMs stores ones 
and zeros using conventional Flip-flops. 

> Dynamic RAM (DRAM): The binary information is stored in terms of charge on the capacitor. 
The memory cells of DRAMs are basically charge storage capacitors with driver transistors. 
Because of the leakage property of the capacitor, DRAMs require periodic charge refreshing 
to maintain data storage. 

> The package density is more in the case of DRAMs. But additional hardware is required for 
memory refresh operation. 

> SRAMs consume more power when compared to DRAMs. SRAMS are faster than DRAMs. 
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5.8: Introduction to Microprocessors 


> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 


> 


> 


8085 Microprocessor is a 40 pin IC, requires +5V single power supply. 

Address Bus width of 8085 is 16-bit. Its addressing capacity is 2 16 =65,536=64K (1K=1024) 
Low order address Bus A0-A7 is multiplexed with data bus D0-D7 
Maximum clock frequency of 8085 microprocessor is 3.07 MHz. 

Crystal frequency of 8085 processor is 6.144 MHz. It is always double to that of clock 
frequency. 

It supports five hardware Interrupts and eight software Interrupts. 

8085 supports five status flags: Sign (S), Zero (Z), Auxiliary Carry (Ac), Parity (P) and Carry 

(Cy). 

It consists of two 16-bit address registers: Program Counter (PC) and Stack Pointer register 
(SP). 

PC always holds address of next memory location to be accessed. 

SP always holds address of the top of the stack. 

8085 consists of six 8-bit general purpose registers which are accessible to the programmer: 
B, C, D, E, H and L. They can also be used as three register pairs: BC, DE and HL. 

ALE (Address Latch Enable) signal is used to latch low order 8 - bit address present on ADo 
- AD7 into external latches 

HOLD and HLDA signals are used for DMA (Direct Memory Access) operation. 

READY signal is used by the microprocessor to communicate with slow operating 
peripherals. 

RESET IN is chip reset which is active low signal 

8085 uses So and Si signals to indicate the current status of the processor. 

Si So _ Status 

0 0 Halt 

0 1 Write 

1 0 Read 

1 1 Fetch 

By Combining the status signal IO/M with control signals RD and WR we can generate four 
different signals 


IO/M RD 

0 0 

0 1 

1 0 

1 1 


WR Operation 
1 MEMR 

0 MEMW 

1 Tor 

1 ToW 


DMA is having highest priority over all the interrupts 


Interrupts 

Type 

Instruction 

Hardware 

Trigger 

Vector 

TRAP 

Nonmaskable 

Independent 
of EI&DI 

No external 
Hardware 

Level & Edge 
sensitive 

0024 

RST 7.5 

Maskable 

Controlled by 
EI&DI; 
Unmasked by 
SIM 

No external 
Hardware 

Edge 

sensitive 

003C 

RST 6.5 

Maskable 

Controlled by 
EI&DI; 
Unmasked by 
SIM 

No external 
Hardware 

Level 

sensitive 

0034 
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RST 5.5 

Maskable 

Controlled by 
EI&DI; 
Unmasked by 
SIM 

No external 
Hardware 

Level 

sensitive 

002C 

INTR 

Maskable 

Controlled by 
EI&DI 

RST Code 
from external 
Hardware 

Level 

sensitive 

0000 to 0038 


❖ Accumulator register content and status register content together is callec 
Status Word or Processor Status Word) with Accumulator as Upper byte. 


PSW (Program 


❖ Data Transfer Instructions: These instructions are used to transfer data from register to 
register, register to memory or from memory to register. No flags will be affected for these 
instructions, ri, r 2 r can be any one out of B, C, D, E, H, L, A and r p can be any one of 3 register 
pairs BC, DE & HL. 


MOV ri, r 2 

(ri) «- (r 2 ) 

(r) <- (M) or (r ) <-((HL)) 

MOV r, M 

( M ) <- ( r ) or ((HL)) «- ( r) 

MOV M, r 

( r/M ) «- ( 8 - bit data ) d8 

MVI (r/M), d8 

R p <- 16 - bit r p = BC, DE, 

L XI r p , 16 - bit 

HL or SP 

LDA 16 - bit address 


STA 16 - bit address 


LHLD 16 - bit address 


SHLD 16 - bit address 


LDAXrpi 


STAXr j rp can b 0 e ^ er BC or BE P a ^ r 

(HL) «--> (DE) 

XCHG 

(PC) <--» (HL) 

PCHL 



❖ Arithmetic Instructions: This group consists of addition, subtraction, increment and 
decrement operations. 8085 microprocessor does not support multiplication and division 


instructions 


ADD r 

(A)<-(A)+(A) 

ADD M 

(A)<-(A)+(M) 

ADI d8 

(A)<-(A)+d8 

ADC r 

(A)^(A)+(r)+Cy 
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ADC M 

(A)4-(A)+(M)+Cy 

ACI d8 

(A)^(A)+d8+Cy 

SUB r 

(A)f(A)-(r) 

SUB M 

(A)<-(A)-(M) 

SUI d8 

(A)«-(A)-d8 

SBBr 

(A)<-(A)-(r)-Cy 

SBB M 

(A)«-(A)-(M)-Cy 

SBI d8 

(A)«-(A)-d8-Cy 

INRr 

(r)«-(r)+l 

INRM 

(M)«-(M)+1 

INX r P 

(r P )«-(r P )+l (r p =BC, DE, HL or SP) 

DCRr 

(r)^(r)-l 

DCRM 

(M)«-(M)-1 

DCX r p 

(r p )<-(r p )-l (r p =BC, DE, HL or SP) 

DAD r P 

(HL)^(HL)+(r P ) (r P =BC, DE, HL or SP) 

DAA 



> In 8085, the service of AC flag is used by only one instruction. It is DAA. 

> For INX and DCX instructions, no flags is affected 


Following table shows the list of flags afi 

ected for different instructions 

Instruction 

S 

Z 

Ac 

P 

Cy 

INR, DCR 

Yes 

Yes 

Yes 

Yes 

No 

DAD 

No 

No 

No 

No 

Yes 

ADD, ADC, SUB, SBB, DAA 

Yes 

Yes 

Yes 

Yes 

Yes 


❖ Logical Instructions: This group consists of AND, OR, NOT, XOR, Compare and Rotate 
operations 

ORAr (A) 4- (A) V (r) 

ORAM (A)4-(A) V (M) 

0RId8 (A) 4- (A) V d8 
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ANAr 

(A)<-(A)A(r) 

ANAM 

(A)^(A)A(M) 

ANId8 

(A)<-(A)A(d8) 

XRAr 

(A)^(A) V (r) 

XRAM 

(A)-e(A)V(M) 

XRI d8 

(A) 4- (A) V d8 

CMP r 

(A)| (r) 

CMP M 

(A)| (M) 

CPI d8 

(A)| d8 

CMA 

(A)^(A) 

CMC 

Cy <rCy 

STC 

Cy<rl 

RLC 

Rotate accumulator left 

RAL 

Rotate accumulator left through carry 

RRC 

Rotate accumulator right 

RAR 

Rotate accumulator right through carry 


lowing table shows how flags affected for different logica 

instructions 

Instruction 

S 

Z 

Ac 

P 

Cy 

ANA 

Yes 

Yes 

1 

Yes 

0 

ORA, XRA 

Yes 

Yes 

0 

Yes 

0 

RLC, RRC, RAL, RAR, STC, CMC 

No 

No 

No 

No 

Yes 

CMP, CPI 

Yes 

Yes 

Yes 

Yes 

Yes 


❖ Branch Instructions: These are also called program control transfer instruction. These are 
two types: Un conditional branch and Conditional branch instructions 

> No flags will be affected for branch instructions 

> Unconditional Branch Instructions 

JMP 16-bit address 

CALL 16-bit address 

RET 

RST n (n=0 to 7) 
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> Conditional branch instruction 


Jump Instructions 

Call Instructions 

Return Instruction 

Condition 

J Z 16 - Bit addr 

CZ 16 - bit addr 

RZ 

If Z =1 

JNZ 16 - bit addr 

CNZ 16 - bit addr 

RNZ 

If Z = 0 

JC 16-bit addr 

CC 16 - bit addr 

RC 

If Cy = 1 

JNC 16 - bit addr 

CNC 16 - bit addr 

RNC 

*—h 

n 

vj 

II 

o 

JP 16 - bit addr 

Cp 16 - bit addr 

RP 

IfS = 0 

JM 16 - bit addr 

CM 16 - bit addr 

RM 

IfS = 1 

JPO 16 - bit addr 

CPO 16 - bit addr 

RPO 

IfP = 0 

JPE 16 - bit addr 

CPE 16 - bit addr 

RPE 

Ifp = 1 


❖ Machine Control, Stack and 10 related Instructions: No Flags affected for these instructions. 

> Machine Control: El, DI, SIM, RIM , NOP, HLT 

> Stack related : PUSH r p (r p = BC<DE<HL ) 

PUSH PSW 

POP r p 
POP PSW 

LXI SP, 16-bit addr 
SPHL 

> 10 Related: IN 8 - IN 8 - bit Port address 

OUT 8 - bit Port address 

> Whenever PUSH instruction is executed SP register content is decremented by 2. 

> Whenever POP instruction is executed SP register content is incremented by 2. 

> When CALL instruction (conditional or unconditional) or RST instruction is executed, SP 
register content is decremented by 2, 

> When RET instruction (Conditional or Unconditional ) is executed, SP register content is 
incremented by 2, because it retrieves top two locations of the stack and load into PC 

Addressing Modes: The way in which the operand information is specified in the instruction code 

is called addressing mode. The 8085 microprocessor supports five addressing modes. 

1. Implied or Implicit or Inherent Addressing Mode: There are certain instructions which 
operate on the content of the accumulator. Such instructions do not require the address of 
the operand. Eg: CMA, STC, RLC, RRC, RAL, RAR etc. 

2. Direct Addressing Mode: In this mode the address of the operand (data) is given in the 
instruction itself. Eg: STA, LDA, SHLD, LHLD, IN, OUT etc. 
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3. Register Addressing Mode: In this mode the operands are in the general purpose registers. 

The operation code specifies the address of the register in addition to the operation to the 
performed. Eg: MOV A,B; ADDB; SUB C; ORA B ; etc. 

4. Register Indirect Addressing Mode: In this mode the address of the operand is specified by a 
register pair. Eg: LXI, STAZ, LDAX etc. 

5. Immediate Addressing Mode: In this mode the operand is specified in the instructions itself. 

Eg: MVI, ADI, LXI, ORI, SUI, SBI, ACI, XRI,ANI etc 

> Each instruction cycle of the 8085 microprocessor can be divided into a few basic operations 
called machine cycles, and each machine cycle can be divided into T-states. 

> Machine Cycle: It is defined as the time required completing the operation of accessing either 
memory or I/O. In the 8085, the machine cycle may consist of three to six T-states. 

> T-state is defined as one sub-division of the operation performed in one clock-period. 

> The time required to complete the execution of an instruction is called instruction cycle. 

> The first machine cycle of 8085 consists of four to six T-states and all other subsequent 
machine cycles consist of three T-states only. 

> Types of machine cycle of 8085: Op code fetch cycle, memory read cycle, memory write 
cycle, I/O read cycle, I/O write cycle, Interrupt acknowledge machine cycle and Bus idle 
machine cycle. 

> The first machine cycle of each instruction cycle is always Op Code fetch machine cycle. 

> In 8085, CALL instruction is the lengthy instruction which takes 18-T states and the shortest 
instruction takes only 4-T states (Ex: MOV A,B) 

> Memory Mapping: Assigning address to memory locations is called memory mapping. 

> Absolute Decoding: In this decoding all the address lines which are not used for memory 
chip to identify a memory register must be decoded. 

> Linear Decoding: In this decoding technique there is one address line for CS. This technique 
reduces hardware, but generates multiple addresses resulting in fold memory space. 

> I/O Devices Can be Connected to Microprocessor in Two Different Techniques. 

1 Memory mapped I/0 technique and 

2 I/O mapped or peripheral mapped I/O technique 

Memory Mapped I/O Technique 

> In memory mapped I/O, the I/O devices are also treated as memory locations , under that 
assumption they will be given 16- bit address. 

> In memory mapped I/O, microprocessor uses memory related instructions to communicate 
with I/O devices Eg: STA, LDA, MOV A,M; MOV B, M etc, 

> In memory mapped I/O , MEMR and MEMW control signals are used to activate I/O devices. 

> In memory mapped I/O the entire memory map is shared by memory locations and I/O 
devices one address can be used only once. This technique is used in a system where the 
number of I/O devices are less. 

> The maximum numbers of I/O devices that can be connected to microprocessor in this 
technique are 65536. 
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I/O Mapped I/O Technique 

> In this technique the I/O devices are identified by the microprocessor with separate 8-bit 
port address. 

> This technique uses separate control signals (IOR and 10W) to activate I/O devices and 
separate (IN and OUT) to communicate with I/O devices. 

> In the technique I/O mapping is independent of memory mapping, same address can be used 
to identify input device and output device. 

> This technique is used in a system where number of I/O devices are more by using this 
method a maximum of 256 input devices and 256 output devices can be connected to the 
processor (total of 5121/0 devices). 
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Part - 6: Analog Circuits 


6.1: Diode Circuits - Analysis and Application 


High Pass Circuit 


+ O' 


Vi 


- o 


c 



■0 + 


Vo 


-o 


(a) Step Input 

V 0 (t)= V f + (V, - V 0 ) e~T 

here V f = 0, Vi = V, V 0 (t) = Ve“x 
Where x = 1/RC 

(b) Pulse Input: v ; (t) = V[u(t) — u(t — t p )] 

1) V 0 = Ve _t / T , V p = Ve _t p /T 

2) V 0 = V 2 e _ ^ t_t P^ x , V 2 = V p - V 

(c) Square Wave Input 



Case 1: x » T 1( x » T 2 . The I/P and 0/P are shown below. 


(a) 
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Vo 



Fig: (a) Square wave input; (b) Output voltage if the time constant is very large (compared with 
T). The dc component V d - c of the output is always zero. Area Ai equals area A 2 . 

Case2:x<< T 1 ,x<< T 2 . The response is shown below 
Vo 



Fig: Peaking of a square wave resulting from a time constant small compared with T. 
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More generally the response to a square 
wave must have the appearance shown 
below: 

The four levels Vi, VT, ^ 2^2 can be 
determined from figure (a) 

v; = v 1 e- T / x , v; - v 2 = v 
= V 2 e- T ^\V 1 -V 2 ' = v 
For symmetrical square wave: 

Ti = T z = T /2 


Vi = -V 2 , Vi' = -V 2 and the response is shown 
in figure (b) 

Percentage tilt 'P' is defined by 
P = x 100 « — x 100 % 

V/2 2T 

= ^ x 100 % Where = — and = 1 / T 

f 2 ttx 




Fig: Linear tilt of a square wave when RC/T > > 1 

(d) Ramp Input 

Vi(t) =at u (t) and V 0 (t) = a x (1—e _t / T ), are shown below, 




Fig. (a) Response of a high pass RC circuit to a ramp voltage for RC/T » 1; 
(b)Response to a ramp voltage for RC/T « 1. 

V- —V T 

For t<<x, departure from linearity, transmission error, e t is e t = ° , At t = T, e t « — = tt^T 
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(a) Step Input 

o- 


R 

AA/V 


Vi 


c 


Vo 


o- 


■o 


V i( t) = Vu(t) 


V 0 (t) = V(1 - e"^) , t r = 2.2x = 0.35/f 2 

(b) Pulse Input 


v 




Fig. Pulse response of the low - pass RC circuits. Fig. Pulse response for the case f 2 = l/t p 
(c) Square Wave Input 

V 0 i = V' + (V x — V')e -t / T 
V 02 = V" + (V 2 - V")e _< - t_Tl ^ T 
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(B) V' 




v 2 i i v 2 I 



Fig. (a) Square - wave input; (b - d) output of the low - pass RC circuit The time constant is 
smallest for (b) and largest for (d). 

(d) Ramp Input 




Fig. Response of a low - pass RC circuit to a ramp voltage (a) RC /T < < 1; (b) RC / T > > 1. 

v 0 = at — ax(l — e -t/,T ),e t « x/T = l/2Txf 2 T 
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Clamping Networks: 
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Parameter 

Half-Wave 

Full-Wave 

Bridge 

Ripple frequency 

fs 

2f s 

2f s 

(fr) 




PIV 

v m 

2V m 

V m 

In. 

V m /(Rf +Rl) 

V m /(Rf +R L ) 

Vm/(2Rf +R l ) 

Average 

Im/n 

21m/ TT 

2 1 m/n 

current(Idc) 




R.M.S value (I rm s) 

Im/2 

Im/V2 

I m /V2 

D.C. voltage (Vdc) 

V m /TT - Idc Rf 

2Vm/n - IdcRf 

2V m / TT -2 IdcRf 

Form factor(F) 

1.57 

1.11 

1.11 

Ripple factor(r) 

1.21 

0.482 

0.482 

Pdc 

IdcRL 

IdcRL 

IdcRL 

Pi 

Irms(Rf "F Rl) 

Irms (Rf “F Rl) 

Irms (Rf "P Rl) 

Efficiency (q r ) 

40.5 n/ 

810 n/ 

810 0/ 





l+(R f +R L ) 

l+(R f +R L ) /U 

l + (/Kf+K L ) 

Regulation 

R f /R L x 100% 

R f /R L x 100% 



f s = a.c input supply frequency, PIV (Peak Inverse Voltage)=the maximum voltage to which the 
diode is subjected in a rectifier circuit 

(I d c = i; 0 2 "lda.[ rms = (i/ 0 2 ”ld a )” 5 , 

V dc = Idc Rl, Form factor, F = I rm /Idc ) Irms = RMS value of the ac components of current = 



Ripple factor, r = I' rms / Idc = V' rms / V dc = VF 2 - 1 


r| r = Efficiency of Rectification = P dc / Pi, Regulation = ^ Vnl Vel ' ) x 100 % 

V FL 
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6.2: DC Biasing-BJTs 

Vbe: decreases about 7.5 mV per degree Celsius (°C) increase temperature. 

Ico (reverse saturation current): doubles in value for every 10°C increase in temperature. 
Ic = f (Ico, Vbe, P) 

Ale = AI C0 + |^AV be + ^ AP AI c = SAI C0 + S'V BE + S"Ap 

01 CO °V BE op 


Biasing Type 


Operating Point 


*CE 


Stability 

Factor 


Fixed Bias Circuit 


Vcc — k Rc 


[Vcc — V BE ] 
Rr 


P 4 



1+P 


Fixed Bias Circuit With Emitter 
Resistor 


Vcc k (Rc+Re) 



[Vcc — V BE ] 
R B + (P + 1)R e 


Pit 


i+p 
_ ft Re 
r e +Rb 
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Collector To Base Biasing 
Circuit 



Self Bias Circuit 
+Vrr 


v. 


cc 



Vcc IcRc 

^CC I C R C ^BE 

P 1b 

i+|3 

Rb "b Rc 

i + PRC 

r b +r c 

IbRe ~ Ic(Rc + Re) 

Vth V BE r e i c 

P Ib 

1 + (B 


r b + r e 

i+ PR ' 

Rb + Re 


Type 

Symbol 

Basic Relationships 

Input Resistance 
and Capacitance 

JFET 

(n-channel) 

I G = OA, I D = I s 

bssVp 

R >100Mfl 

Q: (1-10) pF 


Id = Id ss(i-^) 
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MOSFET 

Depletion-type 

(n-channel) 

I G — OA, I D — I s 

g J^ s D,dssVp 

Id = Ids s(i-^) 

R>io 10 n 

Cl! (1-10) pF 

MOSFET 

Enhancement-type 

(n-channel) 

I G = OA, I D = I s 

,J D 

0 s 

I D = K(V gs — V GS ( Xh )) 

y_ *D(on) 

( v GS(on) _v GS(Th)) 

R>10 lo Mn 

C,: (1-10) pF 
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JFET 

Common-gate 


> Vdd 

i Rd 

fRs 

*-V ss 

Vgs = Vss — Id^s 

Vds = V D d + Vss — 

Id(Rd+ Rs) 

JFET 

(V GS = OV) 

1 

< 

9V dd 

JR d 

(Vgs 0 = OV) 

(I Do = ^DSs) 

JFET 

(R 0 = OH) 

E 

$ 

^DD 

Vgs = — IrDr 

Vd = V DD 

Vs = Id^s 

Vds = Vdd — IsRs 

Depletion-type 

MOSFET 

*(A11 configurations above 
plus cases where 
VG+voltage) Fixed-bias 

Vgg~\~ 


9 ^dd 

JRd 

L 

Vgs 0 = +Vgg 

Vds = Vdd — IdRs 

Depletion-type 

MOSFET 

Voltage-divider Bias 


0 

Vdd 

i 

y _ R 2 v dd 

Ri+R 2 

Vgs = Vg — IdRs 

Vds = Vdd — Id(Rd + Rs) 

: : j 

h 

r 2 

IR S 

Enhancement-type 

MOSFET 

Feedback 

configuration 

Rg 

0 

-It 

Vdd 

Rd 

Vgs = V D s 

Vgs = V D d — IdRd 
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Enhancement-type 

MOSFET 

Voltage-divider bias 

Vdd 

t 

y _ R 2 V dd 

G Ri+R 2 


:/?l ( | R d 

Hn 

CO 

1 

>° 

ii 

CO 

!> 







X 



fb.com/cgaspirant 


Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar4 ,h Block, Bangalore-11 

®: 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademv.com Page 150 














Downloaded from : www.cgaspirants.com 

Quick Refresher Guide Analog Circuits 


6.3: Small Signal Modeling Of BJT and FET 
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Source Follower(JFET or D-MOSFET) 


High(10 Mil) 


Low (10 Mf2) 


Low (<1) 



Rg 


= r dl 1 Rs 111/gm 


gm(rdllRs) 


= R S l|l/gm 


1 + gm(rdl|R S ) 


(r d > loR s ) 







g m Rs 





1 + gm Rs 



( r d > 10R S ) 


Common Gate 


Low (1 Kfl) 


Medium (2 kfl) 


Medium (+10) 


+ V DD 

T 



Drain Feedback bias E-MOSFET 





Voltage Divider bias E-MOSFET 


r d + Rd 

1 + gm r d 



R sii ~ 

5m 



(r^ > 10R d ) 


Medium (1 MU) 

_ Rp + r d | |Rp 

1 + gm( r dl|RD) 
R P 

+ lgm R D 

(rd > 10R D ) 


Medium (1 MU) 


R 

D11 r d 

= 

Rd 



( r d > 10R d ) 


Medium (2 kf2) 
= RpHi-dllRp 
= R D 

(Rp, r d > 10R D ) 


Medium (2 MU) 


g m R D + ^ 


l + ■ 


td 


gmRD 


(rd > lORp) 


Medium (-10) 


gmCRpi 1 r d 11 Rd) 

= 

§m^D 



(Rp,r,j > 10R d ) 


Medium (-10) 



Rd 

ll r d 

= 

Rd 


(rd > lORp) 


gm(t d 11 Rd) 

= 

§m^D 



(rd > lORp) 
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6.4: Operational Amplifiers and Their Applications 

An ideal op amp circuit would have infinite input impedance, zero output impedance and an 
infinite voltage gain. 



V 0 



■V 0 


Av = — 


Rf 


Above equation for gain is valid only if open loop gain is infinity, if gain is not infinite always use 
exact equation. Above equation is valid only if output is feedback to negative terminal at the 
input. 

If output is feedback to positive terminal, then output will go to saturation and above equation 
for gain doesn't apply. 

The fact that Vi 0 ~ OV leads to the concept that the amplifier input there exists a virtual short 
circuit or virtual ground. The concept of a virtual short implies that although the voltage is 
nearly OV, there is no current through that amplifier input to ground. Current only goes through 
resistors R; and R f 

Vio tends to zero as gain tends to infinity. Vi 0 will be small if gain is finite. 

Since any signals applied to an op-amp in general have both in-phase and out of phase 
components, the resulting output can be expressed as 
V 0 = A d V d + A c V c 

Where 

V d = different voltage 
V c = common voltage 
A d = differential gain of the amplifier 
A c = common-mode gain of the amplifier 
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Inverting Amplifier 




The output is obtained by multiplying the input by a fixed or constant gain, set by the input 
resistor(R 1 ) and feedback resistor (Rf) this output also being inverted from the input. 


Non-Inverting Amplifier 


Vi = 


Ri 

Ri+Rf 


V 0 


vo _ R i+ R f _ i | R f 


Offset Currents and Voltages 


The output offset voltage can be affected by two separate circuit conditions. These are: (1) an 
input offset voltage, V I0 and (2) an offset current due to the difference in currents resulting at 
the plus(+) and minus(-) inputs. 


^0 (offset) 


= V, 0 


Rj+ Rf 

Ri 


^0 offset I 0 Rf 


fb.com/cgaspirant 


Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar4 ,h Block, Bangalore-11 

®: 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademv.com Page 157 

































Downloaded from : www.cgaspirants.com 

Quick Refresher Guide Analog Circuits 


+V CC 



Input Bias Current, I 1B 

A parameter related to I I0 and the separate input bias currents Ij^ and If B is the average bias 
current defined as 


Iib — 


^ IB 


+ I 


IB 


,1 


IB > I 


, I|R — I 


IB - ‘IB 


+ — I - — I — 
IB + o <MB — MB 


IlO 

2 


Gain Band Width: Because of the compensation circuits included in an op amp, the voltage gain 
drops off as frequency increases. A frequency of interest is where the gain drops by 3dB, this 
being the cutoff frequency of the op-amp, f c . The unity gain frequency f x and cutoff frequency are 
related by 


fi = A V of c = gain x BW 


where A V d is differential voltage gain 

It should be noted that gain bandwidth product of op-amp remains constant whether it is open 
loop or feedback amplifier. If gain is decreased, bandwidth increases and vice-versa. 


A v 
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Maximum Signal Frequency: Let V 0 = K sin2irft. The maximum voltage rate of change can be 
shown to be signal maximum rate of change —2irfK V/s. To prevent distortion at the output the 
rate of change must also be less than the slew rate, i.e, 

CD 

2-rrfK < SR go < —rad/sec 

Slew Rate, SR is maximum rate at which amplifier output can change in volts per ps. 

SR = ^V/ps 

Differential Inputs: when separate inputs are applied to the op-amp, resulting difference signal is 
the difference between the two points. 

v d = v il -v i2 

Common Inputs: When both input signals are the same a common signal element due to the two 
inputs can be defined as the average of the sum of the two signals. 

V c = \ (Vi, + V i2 ) 

Output Voltage: Since any signals applied to an op-amp in general have both in-phase and out of 
phase components, the resulting output can be expressed as 

V 0 = A d V d + A c V c 

Common-Mode Rejection Ratio: 


CMRR = ^, CMRR(log) = 20 logio ^ 

Negative feedback creates a condition of equilibrium (balance). Positive feedback creates a 
condition of hysteresis (the tendency to "latch" in one of two extreme states). 
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6.5: Feedback and Oscillator Circuits Feedback Amplifiers 


Signal or 
Ratio 

Type of Feedback 

Voltage Series 

Current Series 

Current Shunt 

Voltage Shunt 

X 0 

X 3 , Xf, x d 

A 

P 

Voltage 

Voltage 

A v 

V f /V 0 

Current 

Voltage 

Gm 

If /Io 

Current 

Current 

A| 

If /Io 

Voltage 

Current 

Rm 

If /V 0 


Parameter 

Type of Feedback (Effect of-ve Feedback) 

Voltage Series 

Current Series 

Current Shunt 

Voltage Shunt 

R 0 f 

Decreases 

Increases 

Increases 

Decreases 

Rif 

Increases 

Increases 

Decreases 

Decreases 

Improve 

characteristics of. 

Voltage 

amplifier 

Transconductance 

amplifier 

Current amplifier 

Transresistance 

amplifier 

Desensitizes 

A V f 

Gjyif 

A if 

R Mf 

Bandwidth 

Increases 

Increases 

Increases 

Increases 

Nonlinear 

distortion 

Decreases 

Decreases 

Decreases 

Decreases 
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Parameter 

Voltage 

Series 

Current Shunt 

Voltage Shunt 

Current Series 

1.Output signal 

Voltage 

Current 

Voltage 

Current 

2.Input signal 

Voltage 

Current 

Current 

Voltage 

3.Basic amplifier 

Voltage 

Current 

Trans resistance 

T ransconductance 

4.A(with out feedback) 

A v =V 0 /Vi 

A,=I 0 /Ii 

Rm=V 0 /Ii 

G m =Io/V, 

5./? 

Vf/Vo 

If/ Io 

If/Vo 

Vf/Io 

6.D=1+A/? 

1+Av/? 

1+A, /? 

1 + Rm /? 

1 + Gm /? 

7.A f 

Av/D 

A,/D 

Rm/D 

Gm/D 

8. Rif 

RiD 

Ri/D 

Ri/D 

RiD 
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9.Rof 

Ro/D 

Ro.D 

Ro/D 

RoD 

lO.fif 

fi/D 

fi/D 

fi/D 

fi/D 

ll.f 2 f 

f 2 .D 

fz.D 

fz.D 

fz.D 

12.BW f 

=.BW.D 

=.BW.D 

=. BW. D 

=.BW.D 

13.df(distortion) 

=d/D 

=d/D 

=d/D 

=d/D 

14.Noise 

Decreases 

Decreases 

Decreases 

Decreases 
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6.6: Power Amplifiers 



Am 

plifier Time 

Parameter 

Voltage 

Current 

Trans 

Conductance 

Trans resistance 

Ri 

00 

0 

00 

0 

Ro 

0 

00 

00 

0 

Transfer characteristic 

v n = A v Vc 

Ii. = A,I s 

I.. = G m V, 

Vo = R m Is 


Class A: The output signal varies for a full 360° of the cycle this requires the Q- point to be 
biased at a level so that at least half the signal swing of the output may vary up and swing down 
without going to a high enough voltage to be approach the lower supply level. 

Class B: A class B circuit provides an output signal varying over one-half the output signal cycle, 
or for 180°. Here the dc bias is at cut off (zero current) so, the output is not a faithful 
reproduction of the input as only half cycle is present. Two class B operations, one to provide 
output on the positive-output half cycle and another output to provide operation on the 
negative-output half cycle are necessary. This type of connection is referred to as push-pull 
operation. 

Class AB: An amplifier may be biased at a dc level above the zero base current level of class B and 
above one - half the supply voltage level of class. This bias condition is class AB. For class AB 
operation the output signal swing occurs between 180° and 360° and is neither class A nor class 
B operation. 

Class C: The output of a class C amplifier is biased for operation at less than 180° of the cycle and 
will operate only with a tuned (resonant) circuit which provides a full cycle of operation for the 
tuned or resonant frequency 

Class D: This operating class is a form of amplifier operation using pulse signals which are on for 
a short interval and off for a longer interval. The major advantage of class D operation is that 
amplifier is on only for short intervals and the overall efficiency can practically be very high. 

Amplifier Efficiency: q defined as the ratio of o/p power to i/p power , improves (gets higher) 
going from class A to class D. 

%q = xl00% 

M(dc) 

Po(ac) = V CE (rms) I c (rms) = I c 2 (rms)R c = V c 2 (rms)/R c 
Where V CE (rms) = V CE (peak)/V2 

Peak - to Peak Signals : The ac power delivered to the load may be expressed using 


0(ac) 


VcE(p-p)Ic(p-p) 

8 


I C(p-p) R C 


8 


V 2 

V CE(p—p) 

8Rr 


The maximum efficiency of a class A circuit, occurring for the largest output voltage and current 
swings, is only 25% with a direct or series fed load connection and 50% with a transformer 
connection to the load. Class B operation, with no dc bias power for no input signal, reaches 
78.5%. Class D operation can achieve power efficiency over 90% and provide the most efficient 
operation of all the operating classes. Since class AB falls between class A and class B in bias, it 
also falls between their efficiency rating between 25% (or 50%) and 78.5% 
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Amplifier Distortion 

%THD = D = Jd 2 2 + D 3 2 + D 4 2 + . X 100% 

The total power can also be expressed in terms of THD, i.e., 


P = (1+D 2 2 + D 3 2 + .) Ii 2 = (1 +D 2 ) Pi 
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6.7: BJT and JFET Frequency Response 


At low frequencies we shall find that the coupling and bypass capacitors can no longer be 
replaced by the short circuit approximation because of the increase in reactance of these 
elements. The frequency - dependent parameters of the small signal equivalent circuits and the 
stray capacitive elements associated with the active device and the network will limit the high - 
frequency response of the system. 

Miller Effect Capacitance 



C f 


\\ 



+ 

V 0 


■o 


■O 


Miller Input Capacitance 


C M — (1‘^v) Cf 


Miller output Capacitance 


CMC) “(I Ay^ C f 


Multistage Frequenct Effects, For n stages 


Lower cut-off frequency is f[ = 'l2 1 l n — 1 


Upper cut-off frequency is / 2 ' = y/ (2 1/,n — 1) f 2 


fb.com/cgaspirant 


Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar4 ,h Block, Bangalore-11 

®: 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademv.com Page 164 






















Downloaded from : www.cgaspirants.com 

Quick Refresher Guide Analog Circuits 


Phase Shift Oscillator 



f= 1/ (2tt RCV6) 


Transistor Hartley oscillator 



Wien Bridge oscillator 

f = 1 

10 2nRC 


2njL T C 

where: L T = L 1 + L 2 

Transistor Colpitt's Oscillator 



Ring oscillator 


f= l/(no. of inverters*inverter del) 


Low Pass Filters 
Inverting 


1 
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High Pass Filters 
Noninverting 
Gain = 1 

1 

F ° = (2nR 2 C{) 


+ v cc 



Band Pass Filters 


Band Pass 
Gain = 2. 3 dB 
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Sinusoidal Oscillators 


+ 



Amplifier A 


+ 


Frequency 
selective 
network p 


Fig. Basic structure of sinusoidal oscillator 

Gain with feedback A f (s) = —4^77— 

• An Oscillator should have finite output for zero input signal at a particular frequency. 

• So condition for feedback loop to provide sinusoidal oscillations of frequency co 0 is 
L(jm 0 ) = A(joj 0 )/?(joj 0 ) = 1 

Here, L is Loop gain = A(3 

• So at o) 0 , the phase of the loop gain should be zero and magnitude of loop gain should be 
unity. This is shown as Bakhausen Criterion 


OP Amp RC Oscillators Circuits 

I. Wien Bride Oscillator 


R? 



Loop gain Ap = ri+JVI x r z P i 

i Ri 1 [zp + z s J 


p + z s J 

• Magnitude of loop gain should be unity 

• Phase of loop gain should be zero 
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11. Phase Shift Oscillator 



• It consist of three section (3 rd order) RC ladder network in feedback. 

• Amplifier is of -ve gain (—k) 

• For phase shift of loop gain to be 0° (or 360°), RC network should have phase shift of 
180° as A have 180° phase shift. 

• Minimum three section of RC network (3 rd order) is required to get 180° shift at a finite 
frequency. 

LC Tuned Oscillators 




(b) Hartley 


For Colpitts oscillator, 
Oscillation frequency o) 0 = 


g m .R > L2 / Ci 


Il(- Fi£z_) 

VC !+C 2 y 

for oscillation to start 


For Hartley oscillator. 


O ) 0 


V(Li+ L 2 ).C 


Li 

g m R> 7- 
l 2 


for oscillation to start 
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Crystal Oscillator 



C s —> Series capacitance 
C P —> Parallel capacitance 

• Series resonant frequency 



• Parallel resonant frequency 



i 

4 

GT 

fC S Cp\ 

{C S+ C P J 


Analog Circuits 


Bistable Multivibrators 

• Has two stable states. 

• Circuit can remain in either state and it moves to other stable state only when 
appropriately triggered. 

(A) Inverting 



Bistable circuit(Inverting) 


V TH — (3L + 
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V TL = P L- 


l 

l v 0 


l 

i 


L + 

r 





i 

,Vtl 

0 

rV TH 





L 




Transfer Characteristics 

• From transfer characteristics, we see that for input voltage in V TL < Vj < V XH , o/p can 
either be L + or IT depending on state the circuit is already in. 

(B) Non - Inverting 

Ri R 2 



V 0 


L" 


4 -► 




■+ 


> 


*■ 


< -► 


L + 


>Vi 


r- 

II 

1 

t— 

+ 

'RA 

yR 2 / 

V XH — L 

© 
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Part - 7: Measurements 

7.1: Basics of Measurements and Error Analysis 
(Static & Dynamic characteristics of measuring Instrument) 

Fundamental Units: These include the following along with dimens ion and unit symbol. 


Mass 

M 

Kg 

Length 

L 

m 

Time 

T 

Sec 

Temperature 

0 

K 

Electric Current 

I 

A 

Luminous 

Intensity 


Cd 


Performance Characteristics 

• The performance characteristics of an instrument are mainly divided into two categories: 

1. Static characteristics 

2. Dynamic characteristics 

• Set of criteria defined for the measurements, which are used to measure the quantities, 
which are slowly varying with time or almost constant, i,e do not vary with time, are called 

static characteristics 

• When the quantity under measurement changes rapidly with time, the relation existing 
between input and output are generally expressed with the help of differential equations and 
are called dynamic characteristics 

• The various performance characteristics are obtained in one form or another by a process 
called calibration 

Static Characteristics 

1. Accuracy: It is the degree of closeness with which the instrument reading approaches the 
true value of the quantity. 

2. Static error: It is the difference between the measured value and true value of the quantity 
Mathematically 

SA = A m -A t .eq (1.1) 

SA : absolute static error 

A m \ Measured value of the quantity. 

A t : True value of the quantity. 

SA 

Relative error: (e r ) = — 



fb.com/ cgaspirant _ Downloaded from : www.cgaspira nts.com 

THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar 4 th Block, Bangalore-11 

®: 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademv.com Page 171 
















I THE GATE 


ACADEMY 


Downloaded from : www.cgaspirants.com 

Quick Refresher Guide Measurements 


Percentage relative error: % e r = x 100. 

From relative percentage error, accuracy is expressed as A = 1 - |e r | 

Where A: relative accuracy and a = A x 100% 
where a = percentage Accuracy. 

• error can also be expressed as percentage of full scale reading (FSD) as, 

= A J n Z A 1 x 10Q 
FSD 

3. Precision: It is the measure of degree of agreement within a group of measurements. 

• High degree of precision does not guarantee accuracy. 

Precision is composed of two characteristics 

1. Conformity. 

2. Number of significant figures. 

4. Significant Figures 

• Precision of the measurement is obtained from the number of significant figures, in which 
the reading is expressed. 

• Significant figures convey the actual information about the magnitude and measurement 
precision of the quantity. 

5. Sensitivity 

The sensitivity denotes the smallest change in the measured variable to which the 
instrument responds. 

It is defined as the ratio of the changes in the output of an instrument to a change in the 
value of the quantity to be measured. 

Mathematically it is expressed as, 

„ ... Infinitesimal change in output 

Sensitivity = —--—- 

Infinitesimal change in input 
Sensitivity = 


Deflection factor =-= — 1 

Sensitivity A q 0 


6. Resolution 

Resolution is the smallest measurable input change. 

7. Threshold 

If the input quantity is slowly varied from zero onwards, the output does not change until 
some minimum value of the input is exceeded. This minimum value of the input is called 

threshold. 

Resolution is the smallest measurable input change while the threshold is the smallest 
measurable input 
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8. Linearity 

Linearity is the ability to reproduce the input characteristics symmetrically and linearly. 
Graphically such relationship between input and output is represented by a straight line. 

The graph of output against the input is called the calibration curve. 

The linearity property indicates the straight line nature of the calibration curve. 


Thus, the linearity is defined as, 


Maximum deviation of output from idealized straight line 

% Linearity =- 

Full scale deflection 


X 100 


9. Zero Drift 

The drift is the gradual shift of the instrument indication, over an extended period during 
which the value of the input variable does not change. 

10. Reproducibility 

It is the degree of closeness with which a given value may be repeatedly measured. It may be 
specified interms of units for a given period of time. 

11. Repeatability: Repeatability is defined as variation of scale reading and is random in nature. 
Both reproducibility and the repeatability are a measure of the closeness with which a given 
input may be measured again and again. The Fig shows the input and output relationship 
with positive and negative repeatability. 



12. Stability 

The ability of an instrument to retain its performance throughout its specified operating life 
and the storage life is defined as its stability. 

13. Tolerance: 

The maximum allowable error in the measurement is specified interms of some value which 
is called tolerance. This is closely related to the accuracy. 

14. Range or Span 

The minimum and maximum values of a quantity for which an instrument is designed to 
measure is called its range or span. Sometimes the accuracy is specified interms of range or 
span of an instrument. 
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Limiting Errors/ Relative Limiting Error 

Guarantee Errors: The limits of deviations from the specified value are defined as limiting errors 
or guarantee errors. 

Actual value of quantity = A= An + 5a; 5a: limiting error or tolerance 

An: specified or rated value 




It is also called as fractional error. It is the ratio of the error to the specified magnitude of a 
quantity. 


6A 

e = — 

Asn 

e -» Relative limiting error. 


Combination of Quantities with Limiting Errors 


1 . 


Sum of the Two Quantities: Let a 1 and a 2 be the two quantities which are to be added to 
obtain the result as A T . 



Where e-L = — and e 2 = — 


and e T = 


6A 


2. Difference of the Two Quantities 




3. Product of the Two Quantities 

e T = ± (e x + e 2 ) 


4. Division of the Two Quantities 

e T = ±( e i + e 2 ) 


e T = ± [e x + e 2 + e 3 + . . . ] 


5. Power of a factor 


e T = ± n e x 


e T = ± [ne 1 + m e 2 ] 
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Types of Errors 

The static error may arise due to number of reasons. The static errors are classified as 

1. Gross errors 

2. Systematic errors 

3. Random errors 


Time Domain test signals 

1. Step input 

R(s) = J 0 °° Ae -St dt 
= A/S 



2. Ramp input 

R(s) = J 0 °°Ate _st dt 
= A/S 2 


3. Parabolic input 

R(s) = J 0 °° At 2 e _st dt 
= 2A/S 3 


4. Impulse input 

R(s)= / 0 ”S®^a-“dt 
= 1 




Response of First Order System to a Unit Step Input 

C(t) = 1 - e“ t/T 
e m (t) = e-^ 

^ss lim t ^oo (t) 0 
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Ramp Response of a First Order System 

C(t) = 1 - x[l - e“ t/T ] 
e m = x[l-e-^] 

e ss — T 

Impulse Response of a First Order System 

C(t) = ^ [e _t / T ] 


Measurements 
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7.2: Measurements of Basic Electrical Quantities 1 
(Current Voltage, Resistance) 


Indicating Instruments 

Analog Instruments 

Analog instruments are classified in one way as 

a) Indicating b) Recording c) Integrating Instruments. 

Essential Requirements of an Instrument: 

For satisfactory operation of any indicating instrument, following systems must be present in an 

instrument. 

1. Deflecting system producing deflecting toque Tj 

2. Controlling system producing controlling torque T c 

3. Damping system producing damping torque. 

The deflecting system uses one of the following effects produced by current or voltage, to 

produce deflecting torque. 

1. Magnetic Effect: When a current carrying conductor is placed in uniform magnetic field, it 
experiences a force which causes it to move. This effect is mostly used in many instruments 
like moving iron attraction and repulsion type, permanent magnet moving coil instruments 
etc. 

2. Thermal Effect: The current to be measured is passed through a small element which heats it 
to cause rise in temperature which is converted to an e.m.f. by a thermocouple attached to it. 

When two dissimilar metals are connected end to end, to form a closed loop and the two 
junctions formed are maintained at different temperatures, then e.m.f. is induced which 
causes the flow of current through the closed circuit which is called a thermocouple. 

3. Electrostatic Effect: When two plates are charged, there is a force exerted between them, 
which moves one of the plates. This effect is used in electrostatic instruments which are 
normally voltmeters. 

4. Induction Effect: When a non-magnetic conducting disc is placed in a magnetic field produced 
by electromagnets which are excited by alternating currents, an e.m.f. is induced in it. 

If a closed path is provided, there is a flow of current in the disc. The interaction between 
induced currents and the alternating magnetic fields exerts a force on the disc which causes 
to move it. This interaction is called an induction effect. This principle is mainly used in 
energymeters. 

5. Hall Effect: If a semiconductor material is placed in uniform magnetic field and if it carries 
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current, then an e.m.f. is produced between two edges of conductor. The magnitude of this 
e.m.f. depends on flux density of magnetic field, current passing through the conducing bar 
and hall effect co-efficient which is constant for a given semiconductor. This effect is mainly 
used in flux-meters. 

Controlling System 

It produces a force equal and opposite to the deflecting force in order to make the deflection of 

pointer at a definite magnitude. 

Damping System 

The quickness with which the moving system settles to the final steady position depends on 

relative damping. 

Three types of damping exists 

1. Critically damped 

2. Under damped 

3. Over damped 


Deflection 0 



The following methods are used to produce damping torque. 

1. Air friction damping 

2. Fluid friction damping 

3. Eddy current damping. 
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Measurement of Voltage and Current 
Analog Ammeter and Voltmeters 

The Instruments used for measurement of voltage and current can be classified as: 

a) Moving coil instruments 

(i) Permanent magnet type 

(ii) dynamometer type 

b) Moving iron instruments 

c) Electrostatic Instruments 

d) Rectifier instruments 

e) Induction instruments 

f) Thermal instruments 

(i) Hot - wire type 

(ii) Thermocouple type 
a) Moving Coil Instruments 

(i) Permanent Magnet Type: It works on the principle of magnetic effect 

Torque equation: 

The deflecting torque T d is given by 
T d = NBAI 

Where T d - deflecting torque in N - m 
B - Flux density in air gap 

N - Numbers of turns of the coil 
A - effective coil area m 2 (Z x b) 

Z - length; b - breadth of the coil 
I - current in the moving coil, amperes 

The controlling torque is provided by springs and is proportional to angular deflection of the 
pointer 
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T c = K0 

Where T c = controlling torque 

K = spring constant, Nm / rad or Nm / deg 

0 = Angular deflection. 

For the final steady state position, 


Measurements 



G = NBA 

• Thus we get a linear relation between current and deflection angle. 

• Damping used in this type of instrument is eddy current damping. 

(ii) Dynamometer Type 

• Dynamometer instrument uses the current under measurement to produce the magnetic 
field. 

• Deflecting Torque 

Torque equation: 

rr, • • dM 

T = ‘i‘2 ® 

Where ^ = instantaneous value of current in fixed coils; A 
i 2 = Instantaneous value of current in moving coil; A 
M = Mutual inductance between fixed and moving coil; H 

Operation with D.C 


II 

Iil 2 \ dM 


k ) de 


Operation with A.C 


m dMl , 

T . . 

ld “ de 

^ ii i,2 cLt 
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T = time period for one complete cycle. 

Electrodynamometer Ammeters 

I 2 dM 
~ K d6 

Range: upto 100 mA. 

Electrodynamometer Voltmeter 



Moving Iron Instruments 

Moving iron instruments depend for their indication upon the movement of a piece of soft iron 
in the field of a coil produced by the current to be measured. 

Td = (1/2)1 z (^)- Where I is the current through the coil and L is the inductance. 

Linearization of Scale: Compensation towards frequency errors can be done by connecting a 
capacitor across a part of series resistance in MI voltmeter, C = 0.41 x (L/R 2 ) 


Electrostatic Instruments 


For linear motion: F = (1/2) V 2 (^j 
For angular motion: Td = (1/2) V 2 

Rectifier Instruments 

Half wave Rectifier type Instruments 

V av = — = 0.45V 

IT 

_ 0.45V 

m ~~ (Rm + Rl) 

Full wave rectifier type instruments: 

Vav = ^V m = 0.9V 

_ 0.9V 

m ~~ (Rm+Rl) 

Shunts and Multipliers 

Shunts and multipliers are the resistance connected in shunt or series with ammeter and 
voltmeters to enhance their measuring capacity. 
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Shunt with ammeter 


I = Ir 


R m + R S 

Rs 


Instrument constant, m = I = — 

Im 


Rm + Rs 

Rs 


Multiplier with Voltmeter 



Load 


m = 1 + — 
Rm 


R = -— R r 


Shunt for a.c. instruments 


Instrument 



Is 

Multiplication factor =-hi 
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Multipliers for Moving - Iron Instruments 


1 


R s (Multiplier) 




(R, L) resistance and inductance 
of the instrument 


voltage multiplying factor (m) 


_ V _ y/(R + Rs) 2 +<*> 2 L 2 
V Vr 2 + o> 2 L 2 


Measurement of Resistance 
Measurement of Low Resistance 

Kelvin's Double Bridge is used for the measurement of low resistance as shown in fig 
V ad = V am + V md = 12 R + 12 p+q+r ■ P 

R = S£ + qr f£_ El 


Q p+q+r 


n- -a 



Measurement of Medium Resistance 

Two wires are required to represent a medium resistance: 
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This can be measured by: a) Ammeter voltmeter method 

b) Wheatstone bridge method 

c) Ohm meter 

a) Voltmeter - Ammeter Method 

From fig 


R, 


Measured value of resistance, R ml = —- 


v R +v a 



Vr 


Where R is the true value of the resistance. 

Error= R a % Error = (R a /R) 

This method is suitable for measurement of high resistance, among the range. 



% error = 


Ry Ry 

This method is suitable for measurement of low resistance among the range. 

The resistance where both the methods give same error is obtained by equating the two errors. 

T = i R = V>^ 

b) Wheat stone Bridge 

p _ r 
P+Q _ R+S 

Q 

Sensitivity of the galvanometer, S v = - 

Where 9 = deflection of the galvanometer 
e = emf across galvanometer 


e = E. 


SAR 

(R+S) 2 


Sensitivity of galvanometer, S v = . 0 


Sensitivity of the Bridge S B = 


AR 

~R~ 
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Measurement of High Resistance 
Loss of charge method 
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7.3: Measurements of Basic Electrical Quantities 2 
(Power and Energy, Instrument Transformers) 


1. Power In D.C. Circuits 

In case of fig (a) 



Power measured (P m i) =VrIr+ R a x Ir 

True value = Measured power - power loss in ammeter 

In case of fig (b) 




Power measured (P m 2 ) = V R I R + (V 2 R / R v ) 

True power = Measured power - power loss in voltmeter 

2. Power In A.C. Circuits 
Instantaneous power = VI 
Average power = VI cos ((])) 

Where V and I are r.m.s values of voltage and current and cos c() is the power factor of the 
load. 

3. Electro Dynamometer Wattmeter: This type of wattmeter is mostly used to measure power. 

The deflecting torque in electrodynamometer instruments is given by, 
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Many watt meters are compensated for errors caused by inductance of pressure coil by 
means of a capacitor connected in parallel with a portion of multiplier. 

Capacitance C = 


4. Low Power Factor Wattmeter 

T d = ipic (dM/d0) 

Average deflection torque = I p I cos (c()) (dM / d0) 

= (V / R p ). I cos (4») (dM/d0) 

T d oc V I cos (j) (dM/d0) 
oc power, if (dM / d0) is constant. 

5. Errors in Electro Dynamometer Wattmeter 

cos cb 

True Power for lagging pf loads = —--— x actual wattmeter reading 

&& COS P * C0S(4>-P) & 

COS (b 

True Power for leading pf loads = —--— x actual wattmeter reading 

ERROR = tan (j) tan (3 x true power, c() = pf angle, (3 = tan- 1 (Xp / R p ) = V I sin c() tan (3 
% ERROR = tan c|) tan p x 100 
(3 —> is the angle between PC current and voltage. 

6. Measurement of Power in Three Phase Circuits 

a) Three watt meter Method: The figure depicts three wattmeter method to determine the 
power in 3 - (p, 4 wire system. 


I - l Pi 



Sum of the instantaneous readings of watt meters 
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= P = P lH“ P 2 + P3 
= Viii + V2 i2 + V3 i 3 

i3 Instantaneous power of load = V1 i 1 + V2 h + V3 i3 
Hence the summation of readings of three watt meters gives the total power of load. 

b) Two Wattmeter Method 


Pi 


Vi 




Sum of reading of two watt meters = 3 VI cos 4> 

Difference of readings of two watt meters = V3 VI sin (|) 

•••Reactive power consumed by load = V3 (Difference of two wattmeter readings) = V3 (Pi 

P2) 

Power factor cos 4> = cos (tan _1 V3 j) 1 n 2 ) 

7. Measurement of Reactive Power in Three Phase Circuits 

Reading of wattmeter = V 23 ii cos (angle between ii and V23) 

= V 23 ii cos (90 - fy) 

= V3 V I sin c() 

Total reactive power of the circuit 

= V3 (watt meter reading). 
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7.4: Electronic Measuring Instruments 1 
(Analog, Digital Meters & Bridges, ADC type DVM) 

The general ac bridge circuit is as follows 


B 



Under balanced condition 
ZiZ 4 z.(0i + 0 4 ) = Z 2 Z 3 z.(0 2 + 0 3 ) 

Equating the magnitudes and angles, 

Zi Z 4 = Z2 Z3 
©i + 0 4 = 0 2 + 83 

Measurement of Self Inductance 
1. Hay's Bridge 

• Used for measurement of high Q coils, shown in figure. 
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At balance 

r _ 

1 _ 1+ CJ 2 C 4 2 J?4 2 
n o) 2 r 2 r?3 r?4 c 4 2 
1 1+0) 2 C 4 2 R 4 2 

0 = ^ - 1 
C0C4. 

2. Owne's Bridge 

• Used for measurement of inductance in terms of capacitance, shown in figure. 



Under balance condition: 

^4 = ^2 ^3 ^4 

= r 3 f 

l 2 

3. Maxwell Inductance Bridge 

• This bridge measures inductance by comparison with a variable standard self - inductance, 
shown in figure 
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At balance 


Li = 


R, = 


R-* L 9 


^3(^2+ r 2 ) 


4. Maxwell’s Inductance - Capacitance Bridge 

• Here inductance is measured by comparison with standard variable capacitance, shown in 
figure. 



Z-i — /?2 R3 C4 


Q = _1 0iC 4 /? 4 . 

• Useful for measurement of low Q coils (1 < Q < 10) 


5. Anderson's Bridge: 

• In this method, self - Inductance is measured in terms of a standard capacitor, shown in fig 
below 

• Applicable for precise measurement of self - inductance over a very wide range of values, 
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At balance 



Li — C R 3 [r ( 7?4 + R 2 ) + R 2 R^\/R^- 


Measurement of Capacitance 
1. De Sauty's Bridge 

• It measures the unknown capacitance by comparing with a standard capacitor, shown in 
figure 



At balance: 



2. Modified De Sauty’s Bridge 
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At balance 

Cl ^ 2 + r 2 ^4 

C 2 R-i + r t R 3 

Dissipation factor, D = tan <5 X = to tyrq 
D 2 = tan S 2 = u> C 2 r 2 

D 1 -D 2 = u>C 2 (^- R 2 ) 

3. Schering Bridge 



At balance condition 


1 c 2 

Ci = C 2 (R 4 /R 3 ) 

Dissipation factors D 4 = tan S 4 = co C = C 4 r 3 . 


Digital Voltmeters 

Type of DVM's 

1. Ramp Type DVM 

The operating principle is to measure the time that a linear ramp voltage takes to change 
from level of input voltage to zero voltage or vice - versa. 

2. Integrating Type Digital Voltmeter: 

The frequency of the saw tooth wave (E 0 ) is a function of the value of Ei, the voltage being 
measured. The number of pulses produced in a given time interval and hence the frequency 
of saw tooth wave is an indication of the value of voltage being measured. 

3. Potentiometric Type DVM 

A potentiometric type of DVM, employs voltage comparison technique. In this DVM the 
unknown voltage is compared with a reference voltage whose value is fixed by the setting of 
the calibrated potentiometer. 
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7.5: Electronic Measuring Instruments 2 
(C.R.O., RF Meters, Special Meters, Q meter) 

Cathode Ray Tube(CRO) 

For electrostatic deflection 
Deflection D = 

2dE a 

D - Deflection, m 

L - distance from centre of deflection plates to screen, m 
Ld - effective length of deflection plates, m 

Ed - deflection voltage, volts d - separation between the plates, m 

E a - accelerating voltage, volts 
Deflection sensitivity is 

S = — = = m /v 

Ed 2dE a 

Deflection factor G is 

1 2dE a 

G= S = Ti 7 v/m 

Oscilloscope Specifications 

1. Sensitivity: It means the vertical sensitivity. It refers to smallest deflection factor G = (1 / s) 
and expressed, as mv / div. The alternator of the vertical amplifier is calibrated in mv / div. 

2. Band width: It is the range of frequencies between + 3 dB of centre frequency. 

3. Rise Time: Rise time is the time taken by the pulse to rise from 10% to 90% of its amplitude. 


BW = ■ 


2-itRC 


= band width in MHz 


90% of amplitude is normally reached in 2.2 RC or 2.2 time constants. 


BW = ■ 


2.2 0.35 


2uRC 2nT r 2uT r 


T r = rise time in p second 


Synchronization means the frequency of vertical signal input as an integral multiple of the sweep 
frequency. 

= nF s 


Measurement Of Phase Difference And Frequency 

If V x and Vy be the instantaneous values and of voltages applied to the deflection plates x and y 
and let them be expressed as 
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V x = Vx sin co x f V y = V y sin (co y t - (])) 

By adjusting the values of o) x , co y , V x , Vy and (j) suitably, various patterns may De obtained on the 
screen. 

1. When tOx = o) y = a), cj) = 0, then (V x / V y ) = (Vx / V y ) = K is an equation of straight line 
passing through origin and making an angle of 

tan 0 = (V y / V x ) with horizontal. 

2. cox = u) y = o) y ,,cf> = (ti/ 4) => an ellipse whose major axis has a slope of (V x / V y ) 

3. tOx = (jo y = a), ,(j) = (tt/ 2) radians => a circle. 

4. When (jo x = 2o) y , we get Fig (i). When u) y = 2 co x we get Fig (ii). 

Q - Meter 

The Q meter is an instrument which is designed to measure the value of the circuit Q directly 
and as such is very useful in measuring the characteristics of coil and capacitors. 

The storage factor Q of a Q network is equal to 

Q = cl) 0 L/R where, 

o) 0 = resonant angular freq 

L = inductance of coil 

R = effective resistance of coil 


Shielding 

Electromagnetic shielding is the process of limiting the penetration of electromagnetic fields into 
a space, by blocking them with a barrier made of conductive material. 

Grounding 

Grounding electrically interconnects conductive objects to keep voltages between them safe, 
even if equipment fails. 
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Part 8: Power Electronics 

8.1: Basics of Power Semiconductor Devices 

Basic Power Electronic Circuit Block Diagram 

The output of the power electronic circuit may be variable dc/variable ac voltage/ variable 
frequency. The feedback component measures parameters of load like speed in case of a rotating 
machine. 


Power source 


Command 



Fig. Block diagram of a typical power electronic system 
Power Semi-Conductor Devices 

Power semi-conductor devices should ideally constitute following characteristics 

• Must be able to carry large current 

• ON resistance should be lower (ideally 0) to reduce heat dissipation 

• OFF resistance should be higher (ideally oo) to withstand switching transients 

• They must carry large currents with uniform distribution of current over device's area to 
avoid localized heating and breakdown 

• Device should be capable of high switching speed. 

• Faulty switching due to applied voltage transient should not happen 

Based on their operating characteristics, power semiconductor devices can be classified as 
below 

• Uncontrolled Devices 

• Controlled Devices 

• Semi-Controlled Devices 

Power Diodes 

Power diodes belong to the class of uncontrolled power semiconductor devices. They are similar 

to low power p-n junction diodes called signal diodes. However to make them suitable for high 

„ , power applications they are constructed with n _ layer between p,+ and,n+ layers to support 
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large blocking voltage by controlling the width of depletion region. They can be used as 
freewheeling diodes in ac to dc conversion. Peak inverse voltage is defined as largest reverse 
voltage that a diode can be subjected to. 

Power diodes can also be classified as below based on their use case 


• General Purpose Diodes 

• Fast Recovery Diodes 

• Schottky Diodes 

Reverse Recovery Characteristics 



Fig. Reverse recovery characteristics of a power diode 
Reverse Recovery Time 

When a diode is changed from forward biased state to reverse biased state, the diode continues 
to conduct in the reverse direction because of stored charges in two layers. The reverse current 
flows for reverse recovery time, t rr . 

Reverse recovery time, t rr = t a + t b 

Where t a is time for diode current to reach I RM from 0, 

t b is the time for diode current to reach - I RM from I RM . 

In time t a , charge in depletion region is removed, hence the current through diode decays 
thereafter. During t b , charge from two semiconductor layers is removed 

Softness Factor 


Softness factor is a measure of voltage transients that occur during the time diode recovers. 


S 


ta 


Table. Classification of diode based on softness factor 


S. No 


1 . 


fb.com/cgaspirant 


2 . 


Condition 


S = 1 


S< 1 


Class of diode 


Soft recovery diode 


Fast recovery diode 


Nature of voltage across 


Less voltage transient 


High voltage transient 
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Charge Stored in Depletion Region 

Let Q r be the charge stored in depletion region of power diode. 
Qr = 2 ■ *RM- trr => J RM = = f a- = rJ 2 Qr -(^) 

If t a - t rr , trr = J^ => Irr = trr.| = ^2Q R (|j => t rr 
But Qr If< •• t rr kJT { => I R ]yi K-yJl f 


Power Electronics 


Power Transistors 

Power transistor is a current controlled device and the control current is made to flow through 
base terminal. Thus the device can be switched ON or OFF by applying a positive/negative signal 
at base. 


V, 


BE 


T 


v, 


± 


BES 



Different quantities related to switching characteristics of a power transistor are given below. 


Delay time, t d - time taken for the collector saturation current, I cs to start rising 

Rise time, t r - time taken for the collector current to reach I cs 

Storage time, t s - time taken for charges to be removed from depletion region 

Fall time, t f - time taken for collector current to fall to 0 

ON time, t 0N = t d + t r 
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Power MOSFET 

MOSFET is a voltage controlled device. As its operation is based on flow of majority carriers 
only, MOSFET is a unipolar device. As power MOSFET is unipolar device, there is no minority 
storage effect so that high switching speed is possible. Here switching speed is limited by 
inherent capacitance only. Also due to large drain area, secondary breakdown and thermal 
runaway that destroy the device do not occur. 



Fig. Switching characteristics of MOSFET 


Table. Comparison of features of BJT & MOSFET 


S. No 

Feature 

Feature as referred to MOSFET 

Feature as referred to BJT 

1 . 

Switching loss 

Lower 

Higher 

2. 

Conduction loss 

Higher 

Lesser 

3. 

Controlling mechanism 

Voltage pulse at base terminal 

Current pulse at gate 
terminal 

4. 

Temperature 
coefficient of 
resistance 

Positive 

Negative 


IGBT 

IGBT refers to insulated gate bipolar transistor. It combines advantages of both MOSFET and 
BJT. So IGBT has high input impedance (similar to MOSFET) and lower on-state power loss 
(similar to BJT). Also IGBT is free from secondary breakdown problem present in BJT. 

Silicon Controlled Rectifier (SCR) 

It is a four layer three junction p-n-p-n device and has three terminals; anode, cathode and gate. 

SCR can be turned on by using a gate signal controlling the charge near the p-n junctions. Hence 
SCR is a charge controlled device. However, SCR cann't be turned off by using gate signal. Thus 

SCR belongs to the class of semi-controlled semi-conductor device. 
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Anode 


Gate 




I 


A 




A 




K K 

Fig. ScHeftsdtic diagram and circuit symbol of SCR 


Operating Modes 
Reverse Blocking Mode 

In this mode, terminal K is positive with respect to terminal A and also the gate terminal is open. 
Hence the junctions, ] 1 and J 3 are reverse biased and J 2 is forward biased. 

Forward Blocking Mode 

In this mode, terminal A is positive with respect to terminal K and gate terminal is open. Hence 
junctions ] 1 and J 3 are forward biased and J 2 is reverse biased in this mode. 

Forward Conduction Mode 


A thyristor is brought from forward blocking mode to forward conduction mode by increasing 
V AK above V B0 or by applying a gate pulse between gate and cathode. In this mode, thyristor is in 
on-state and behaves like a closed-switch. 



Fig. Static V-I characteristics of SCR 

Thyristor Turn-On Methods 

All the thyristor methods involve increasing carriers near junction J 2 . When anode is positive 
with respect to cathode, thyristor can be turned on by any of the methods listed below; 
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• Forward Voltage Triggering 

• Gate Triggering 
dv 

• — Triggering 

• Temperature Triggering 

• Light triggering 

Switching Characteristics of Thyristor 


t Voltage, v g 

- Gate pulse 


*■ 



Fig. Switching characteristics of thyristor 
Two Transistor Model of a Thyristor 

The thyristor operating principle can be explained using two-transistor analogy. The two 
transistor model is obtained by bisecting two middle layers, along the dotted line into two 
separate halves. 
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Fig. Two transistor model of thyristor 

Let I CB0 . > K i correspond to leakage current and collector base current gain of transistor Q;. 

j _ ( 0C l I g + lcBO 1 +IcBO 2 ) 

3 (l-(oc 1 +oc 2 )) 

Thyristor Protection 
^ Protection 

dt 


During turn-on, when anode current spreads across whole of junction. If — is higher than spread 

of carriers, local hot spots may appear damaging the device. Above can be avoided by using an 
inductor in series with SCR 


dV 

dt 


Protection 


During the forward blocking state, junctions ] 1 and J 3 of SCR are forward biased and junction J 2 
is reverse biased. In this mode, junction J 2 acts as a capacitor. 


•i=s( C l V »)= C l 


dV a 

dt 


If is high, SCR may get turned on. To prevent this false trigger, snubber circuit is connected in 
parallel with thyristor 
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r c 



Fig. Demonstration of ^ v /dt P rotect i on - 


Series / Parallel Connection of Thyristor 


When a number of thyristors are connected in series or parallel, the overall utilization of SCRs 
can be expressed using below, 


String efficiency = 


Actual voltage/current rating of string, 
nxindividual voltage/current rating of SCR 


where n is the number of SCRs in string. 


Derating factor, DRF = 1 - string efficiency. 


Firing Circuits for Thyristor 
Using Pulse Transformer 

Figure below gives brief idea of thyristor triggering circuit using pulse transformer. Pulse 
generator is used to generate control signal for triggering of thyristors. The control signal 
generated by pulse generator may not be able to turn on SCR. Hence pulse amplifier is used for 
reliable triggering of SCRs. Pulse transformer is helpful to isolate low voltage gate cathode 
circuit from high voltage anode cathode circuit. 



Fig. Firing circuit using pulse transformer 
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Resistance Firing Circuit 


- v 0 - 

-I LOAD |- 


o 


v s = V m sin o>t 


v s 


T 


D 

s 

In 

_Lj 

L 


i k 

( \ / \3ti 4tt 

it IV tin 

/\F; / 

pi 

cot 

t/H 1' 

1 1 

ni 

cot 

i L ■ 8 ® 

!/ 


cot 

i i ; 

^ i i 

/LA/ 

l : 

1 x ■ 

cot 

•FFT7 W - 


Fig. Resistance firing circuit 

Let V gp be the peak value of gate voltage and V gt be the trigger voltage for thyristor. 

••• V gp sin a = V gt => a = sin -1 1 J=> a = sin -1 f ^ gt ^ 1 + + ^jy ^ 1 a oc R, 


Also for the SCR to be triggered, following condition should be satisfied, V gp > V gt 
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RC Firing Circuit (HalfWave) 


V 0 




Fig. RC half wave triggering circuit and corresponding waveforms 
RC Firing Circuit (Full Wave) 

In this case, input supply is rectified using bridge rectifier before being applied to gate terminal 
of SCR. So V c (t) takes a minimum value of zero, but not — V m as in case of half wave RC firing 
circuit. Also the SCR is triggered in every half cycle due to the rectified input. 
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UJT Oscillator Triggering 


For 0 < t < T 1( capacitor charges through R from V v to V P with a time constant RC. During this 
charging, emitter circuit of UJT acts as open circuit. At T 1( E — B x breaks down and capacitor 
discharges through R x with a time constant R^. 

T = RCIn (ry 


(Vbb-Vv) 

Iv 


(Vbb~ v p) 


Vbb ' Ri -< V„ t and R bb = R b + R b 

(r bb +Ri+R 2 ) gt BB Bl B2 




Gate Pulse Amplifiers 

Gate pulse amplifiers use pulse transformer for isolating gate circuit from anode circuit. But 
these are not suitable for RL load because the triggering point is not known exactly. 
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Fig. Circuit diagram of a gate pulse amplifier 


Pulse Train Gating 

As gate pulse amplifiers cann't be used for R-L loads due to high losses, pulse train gating is used. 
Because of train of pulses, thyristor losses are reduced. 



, Thyristor Commutation 
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Commutation is defined as process of turning off a thyristor. Thyristor commutation is a 
necessary mechanism for obtaining the controlled output in many of the thyristor circuits. As 
thyristor is a semi-controlled device, it cann't be turned off directly by gate signal. Hence 
external means are required for turning off thyristor. As discussed, thyristor turn-off requires 
that anode current falls below holding current and a reverse voltage is applied to thyristor for 
sufficient time to enable it to recover to blocking state. 


Thyristor Commutation Techniques 
Class- A /Load Commutation 


Here the elements L & C are chosen such that, circuit is underdamped. Hence, the current 
through the load decays to zero in finite-time and thyristor gets turned-off. For low values of R, 
elements L and C are connected in series for commutation. For high values of R, capacitor 
element is connected in parallel with R for commutation. 



Fig. Class A or load commutation (a) series capacitor (b) shunt capacitor. 


Class-B /Resonant Pulse Commutation 
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(a) 



ON 


1 (b) OFF OFF 

Fig. Resonant-pulse commutation (a) circuit diagram (b) waveforms 


IF 

V s —sino) 0 (t 3 — t 2 ) = I 0 

Vab = V S COS (ft) 0 (t 3 -t 2 )) 

circuit turn-off time for thyristor, t c =t 4 — t 3 = C — 

lo 

8.1.15.3 Class-C/Complementary Commutation: 



_ -- 



Fig. Class-C commutation 
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t Cz = R 2 C In 2 



Fig. Waveforms corresponding to class-C commutation 


Class-D/Impulse Commutation 
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Load 



TIOFF TA OFF 

Fig. Class D commutation (a) Circuit diagram (h^WavefawngjN 


v s 


Circuit turn -off time for T 1( t c = C. — 

lo 


Class-E/External Pulse Commutation 

In this type of commutation, a pulse of current from a separate voltage source is used to turn-off 
SCR. Here the peak value of current must be more than load current for commutation. 



Fig. External-pulse commutation circuit 


For reliable operation, V s — 2V X < 0 => V s < 2V 1 
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Class - F/ Line Commutation 




Fig. Class F commutation (a) circuit diagram (b) waveforms 
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8.2: Phase Controlled Rectifier 


Introduction 

Firing angle is the angle between the instant that thyristor would conduct if it were a diode and 
the instant at which it's triggered. It's denoted by oc. In phase controlled rectifiers, firing angle is 
varied to get the controllable dc power. The period for which thyristor is reverse biased in 
thyristor circuits is known as turn-off time. It's denoted by t c . It's mainly the time for which 
voltage across the thyristor is negative. 


Table, classification of converters 


S. No 

Classification 

Comments 

1 . 

Uncontrolled 

Contain only diodes 

2. 

Semi/one quadrant 

Contain both diodes and 
thyristors 

3. 

Full/two quadrant 

Contain only thyristors 



Fig. (a) One-quadrant converter and (b) two-quadrant converter 


Single phase half wave controlled rectifier with R load 



Fig. Single-phase half-wave thyristor circuit with R load (a) circuit diagram and (b) voltage and 

current wave forms. 
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• V dc = ^ (1+cos a) 

* I dc = ^(l + C0S «) 

# V or = ^[(Tt-a) + jsin2aj 1/2 

• tc= t Vgi sec 

Uiput Pf = ^ ^ [(tt-oc) + jsin 2 «] ' 2 

Single Phase Half Wave Converter with R-L Load 



Fig. Single-phase half-wave circuit with RL load and a freewheeling diode, (a) circuit diagram and 

(b) voltage and current waveforms. 










V dc = (cos a —cos /?) 
Idc = ^ (cosa-cos/?) 


V = Zhl 
V ° r 2yfn 
t _ (2 ti—(5) 

*-C — 


[(/?—oc) — i (sin 2/? — sin 2 oc)J 2 


sec 
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Single Phase Half Wave Converter with R-L Load And Freewheeling Diode 



Fig. Single-phase half-wave circuit with RL load and a freewheeling diode, (a) circuit diagram and 

(b)voltage and current waveforms. 

• V dc =^(l+cosa) 

* Idc = ( 1 + cos a ) 

• turn-off time, t c = n / 0i 

Following are the advantages of using freewheeling diode in parallel with R-L load. 

1. Input pf is improved 

2. Load current waveform is improved 

3. Load performance is better. 
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Single Phase Half Wave Converter with RLE Load 


The minimum value of firing angle at which T can be triggered can be given as, 0 -l 



If SCR is triggered for firing angle oc < 0 1( it will not be turned on as it's reverse biased. Similarly 
the maximum value of firing angle is, 0 2 = tt — 0 X . 



Fig. Single-phase half-wave circuit wit RLE load (a) circuit diagram and (b) voltage and current 

waveforms. 

• I dc = ^[Vm(cosa-cos(y + a))-£.y] 

• Kdc = ^ [R m (cosa-cos/?)+ £( 2n + a - /?)] 

. Supply pf=®^ 

v s A or 

• t c = (2n ~ 


In single phase rectifiers, if supply has a frequency f output voltage has a ripple frequency of f. 
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Single Phase Full-Wave Mid-Point Converter 

Single phase full wave mid - point converter falls in the class of single - phase two pulse 
converter. 
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Single Phase Full-Wave Bridge Converter with RLE Load 

Single-phase full wave bridge converter falls into class of 2-phase converter. But it requires 4 
SCRS, with relatively lesser PIV rating as compared to mid-point converter. 



Fig. (a) Single-phase full converter bridge with RLE load (b) voltage and current waveforms for 

continuous load current. 






V odc = —cos a 

UUL n 

t _ (tt — a )/ 

L c — / (jl) 


. PIV = v m 
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Single Phase Semi-Converter with R-L-E Load 



Fig. Single-phase semiconverter bridge (a) power-circuit diagram with RLE load and (b) voltage 
and current waveforms for continuous load current. 


Vodc = -f (1 + cos a) 


t c — 


(it- a) 
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Fig. Converter output voltage as a function of firing of angle for semi and full converters. 


Three Phase Half-Wave Converter 



Fig. (a) 3-phase half-wave SCR converter and (b) its output voltage waveforms for (i) 0 < a < 30° 

and (ii) 30 < a < 150° 


— V mp cos oc for 0 < a < u / 6 
^ V mp (1 + cos(oc + u / 6 )) for u / 6 < oc < 5u / 6 
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Three Phase Full Converter 



Fig. Power circuit for a 3-phase full-converter feeding RLE load. 



T5 

T1 

T3 

T5 

r jP ] +ve group 

T4 

T6 

T2 

T4 

T6 

—ve group 


Fig. Voltage and current waveforms for a 3-phase full-converter for oc = 60°. 

XT 3V 7 fYll 

V nf j r = -cos a 

uul. n 

Average value of source current, l s = I 0 

Average value of thyristor current, I T = / 0 
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Dual Converters 

Dual converters are those whose average values of output voltage and output currents can be 
positive as well as negative. 


Converter 1 Converter 2 



_ __ 1 

r 


U - - 

i k 


Firing angle control 



a t + a 2 = 108 ° 



(a) 




(b) 


Fig. (a) Equivalent circuit of an ideal dual converter (b) Variation of terminal voltage for an ideal 

dual converter with firing angle. 
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8.3: Choppers 


Introduction 

A.C. link chopper constitutes a inverter to convert fixed dc voltage to variable ac voltage and a 
phase controlled rectifier to get variable dc output. A dc chopper converts fixed dc voltage to 
variable dc voltage directly, through one stage conversion 


Principle of Operation 

A chopper is a high speed on / off semiconductor switch. It connects source to load and 
disconnects load from source at faster speed. The inductor is used in series with load for 
minimum load current variation. Also a freewheeling diode, FD is connected in anti-parallel 
fashion with the load to freewheel the load current when SW is off. 


_ Chopper 



Fig. Elementary chopper circuit 


v 0 (t) 



Fig. Output voltage and current waveforms. 


Average load voltage, V 0 = 


Ton 


(Ton + T off) 


-Vc = 


Ton 

T 


V s = a.V s = f.T 0N .V ; 
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X 1 

where a = 0N /j is duty cycle, T = T 0 n + T 0 ff is chopping period and f = — is chopping 

frequency. 


Variation of Load Current 
For low values of L 

When inductance, L is smaller, i 0 (t) varies in exponential manner 

3 -(i- «) T / Ta 


A/ — Imx imn — 


Vs 


(l-e^VTaJfi-e 


O' 


Per unit - ripple current = 
inductance in series with R. 


(l-e-VTa) 

Umx~Imn) 

( Vs /r) 


Where T a = Vr < R is load resistance and L is the 


p.u. ripple 



Duty cycle a -► 

Fig. Per unit ripple current as a function of a and T/T a 

For High Values of L 

If inductance, L is large, i 0 (t) varies in linear manner due to larger time constant of load. 


Control Strategies 
Constant Frequency System 

In this scheme, T 0 n is varied, keeping T constant. This is also called pulse- width modulation 
(PWM)/Time ratio control (TRC). 
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Variable Frequency System 

In this scheme, chopping frequency, f is varied by keeping T 0N or T 0FF constant. This method 
controlling <x is also called as frequency modulation scheme. 

FM scheme has following disadvantages as compared to PWM scheme. 

1. f has to be varied over wide range for controlling V 0 in frequency modulation. Filter design 
for such a wide variation is difficult. 

2. Larger T 0 ff may lead to discontinuous load current. 

3. For control of oc, frequency variation should be wide. So there is a possibility of interference 
with signaling and telephone lines in frequency modulation scheme. 

Step - Up Chopper (or Boost Converter) 



Fig. Step-up chopper circuit 



Thyristor Chopper Circuits 

Thyristor chopper circuits can also be classified based on commutation mechanisms. In DC 
choppers, it is essential to provide a separate commutation circuitry to commutate the main 
power SCR. 

1. Forced commutation 

a) Voltage commutation 

b) Current commutation 

2. Load commutation 
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8.4: Inverters 


Introduction 


Inverters convert dc power into ac power at desired output voltage and frequency. Here the 
magnitude of output voltage is controlled through input dc voltage and the frequency is 
controlled through gating and of thyristors. Inverters can be broadly classified as voltage source 
and current source inverters. In voltage source inverter (VFI or VSI), dc source has negligible 
impedance Hence in case of VSI, output voltage waveform is affected by load and the output 
current waveform changes depending on the load. A current source inverter (CFI or CSI) has stiff 
dc current source at input terminal. Hence in case of CSI, output current waveform is not 
affected by load, rather the output voltage waveform may change depending upon the load. 


Single Phase Voltage Source Inverter 
Single Phase Half Bridge Inverter 




Fig. Single-phase half-bridge inverter. 


Single Phase Full Bridge Inverters 



Fig. Single-phase full-bridge inverter 
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Fourier Analysis of Output Voltage for Single Phase Inverter 


v o(t) = 2 n= 1 , 3 , 5 ... sin(ncot) (for half bridge inverter) 

v 0 (t)= Zn=i, 3 , 5 ... 5 sin ( ncot ) and io(t)= Sn=i, 3 , 5 ... sin(ncot + $ n ) (for full bridge 

inverter) 


Where Z n = J R 2 + (ncoL — and (|) n = tan 1 -— R nmc ^ 

Three Phase Bridge Inverters 
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Three Phase 180° Mode 

4 -1802—-180°-*-] 


T1 

| T4 

1 T1 

1 T4 | 

T6 

! T3 

1 T6 

1 T3 1 T6 

T5 | 

T2 | 

T5 1 

T2 1 T5 



Fig. Voltage waveforms for 180° mode 3-phase VSI 

The fourier series expansion of line output voltage can be expressed as below, 

Vab(t) = £n=1,3,5.. ^ C0S (™) sin n ( wt + f) 

Similarly, Fourier series expansion of phase voltage can be expressed as, 
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vi oo 2V$ . f >. 

V a0 = Z n=6K+i — sin(ncot) 

K=0,l,2,... 

• rms value of line voltage = 0.8165V S 

• rms value of fundamental line voltage = 0.7797V S 

• rms value of phase voltage = 0.4714V S 

• rms value of fundamental phase voltage = 0.4502V 


Three Phase 120° Mode 



Fig. Voltage waveforms for 120° mode six-step 3-phase VSI 

Fourier expansion of output phase voltage waveforms are given below, 
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Fourier expansion of line voltage is given as, 

Vab(t) = X°n=6K+l ^ sin (rot + j) 

K=0,l,2,... 

• rms value of phase voltage = 0.4082V S 

• rms value of fundamental phase voltage = 0.3898V S 

• rms value of line voltage = 0.7071V S 

• rms value of fundamental line voltage = 0.6752V S 


Voltage Control in Single Phase Inverters: 

External Control of Output Voltage 

In this methodology, voltage control is obtained by external means, say by using phase 
controlled rectifiers, choppers, transformers etc. 

AC Voltage Control 


Constant 

Inverter 


AC voltage 

Controlled 

AC 

DC voltage 


controller 

AC voltage 

load 


Fig. External control of AC output voltage 


Series Inverters Control 





t 

Voi 

1 

1 


If 


V, 

-O 


0 



Fig. Series inverter control of two inverters. 


V 0 = JV 01 2 + V 02 2 + 2V 01 V 02 cos 0 
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External Control of DC Input Voltage 



(a) 



(b) 



(c) 



(d) 


Fig. External control of dc input voltage to inverter; (a), (b), (c) with ac source on the input (d) 

with dc source on the input 


Internl Control of Inverters 

This is mainly achieved by exercising control within the inverter. PWM inverters fall into this 
category. In this method, lower order harmonics can be eliminated by output voltage control and 
higher order harmonics can be easily filtered out. 

Pulse Width Modulated Invertors 

In this method, a fixed DC voltage is given to the inverter and a controlled AC output voltage is 
obtained by adjusting on and off periods of inverter components. Hence the method is termed as 
"Pulse-Width Modulation (PWM) control". Thus PWM techniques are characterized by constant 
amplitude pulses. The advantages of PWM technique are the following, 

(1) Output voltage control is achieved without additional components. 

(2) With this method, lower order harmonics can be minimized along with the output 
voltage control. Also higher order harmonics can be easily filtered out 

The main advantage of this method is that SCRs used must possess low turn-on and turn-off 
times. In PWM inverters, forced commutation is essential. Different PWM techniques are 
explained in detail below, 
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Single Pulse Modulation 

In this method, a pulse of width of 2d is present in positive and negative half cycles, 
symmetrically about 11 /2 and 




(c) 


Fouries analysis of output voltage can be summarized as below; 

Vo = 2 n= 1,3,5... ^ sin (ir)' Sin ( nd ) sin ( ncot ) 

Vonm _ si nnd 
Vo,m n 



Multiple Pulse Modulation (MPM) 

MPM is an extension of SPM. In MPM, several equidistant pulses per half cycle are used. 



Fig. Symmetrical two-pulse modulation pertaining to MPM. 

The Fouries analysis of the output voltage and different quantities related to the same are given 
below; 


v o(t) — 2 n= 1,3,5... 

n ~ 2d ■ d/ 
(n + l) + /n 


r = 


V or = V s J 2d /- 


'TT 


^ sin n r. sin^ 11 ^^) ■ sin(ncot) 


As numbers of pulses in half cycle increases, lower order harmonics are reduced. 
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Sinusoidal Pulse Modulation (sin M) 

In sin M, several pulses per half cycle are present as in MPM. In sin M, pulse width is a sinusoidal 
function of angular position of pulse in a cycle as shown in figure below. 


Reduction of Harmonics in Invertors Output Voltage 

• Harmonic reduction by PWM 

• Harmonic reduction by transformer connections 

Current Source Invertors 

In CSI, it's assumed that a constant current source is present at input terminals. Hence load 
current doesn't depend on nature of load, but output voltage waveform depends on nature of the 
load. A CSI doesn't require any feedback diodes. 

Single Phase CSI with R load 



Fig. (a) Power circuit diagram and (b) waveforms for an ideal single-phase CSI 
Single phase capacitor commentated CSI with R load 


i 



Fig. (a) Power circuit diagram of 1-<|> CSI with R load 
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!gl. Ig2 

i g3 ,i g4 
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Fig. Voltage and current waveforms of CSI with R-load 
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8.5: AC Voltage regulators and Cycloconverters 

Introduction to AC Voltage Controllers 

AC voltage controllers are helpful to convert fixed alternating voltage to variable alternating 
voltage at the same frequency. The main disadvantage of these controllers is introduction of 
objectionable harmonics in supply currents, particularly at reduced voltages. 



Fig. Single-phase half-wave AC voltage controller (a) Power-circuit diagram and (b) voltage and 

current waveforms. 




Fig. Single-phase full-wave AC voltage controller (a) Power-circuit diagram and (b) voltage and 

current waveform. 
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Integral Cycle Control 

Integral cycle control refers to a technique in which supply is connected to load for integral 
number of cycles, m and disconnected for further integral number of cycles, n. By varying m and 
n, power delivered to load can be regulated. 



Fig. Waveforms pertaining to integral cycle control. 

rms value of output voltage, V or = V s Vk where k = n /^ n + is duty cycle of AC voltage 
controller 

rms value of load current, I 0 r = -r 1 
Power delivered to load = 

R R 

Input Pf = VK 

KI 

Average value of thyristor current, I XA = —^ 

I Vk 

rms value of thyristor current, I XR = 

Integral cycle control relatively reduces lower harmonics as compared to phase controlled ac 
voltage controllers. 
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Single Phase Voltage Controllers with R-load 




Fig. (a) Single-phase AC voltage controller with R laod (b) votlage and current waveforms for 

figure, (a) 

v 0 (t) =£“=1,3,5... A„cos(ncot) + £“=1,3,5... B n sin(ncot) 


V m l"(cos(n+l)oc-l) 

(cos(n-l)oc-l)] 

d - V m f(cos(n+l)oc) 

(cos(n-l)oc)] 

n L (n+l) 

(n-1) J 

dllLl Dn 1 . , 

n it L (n+l) 

(n-1) J 


rms value of output voltage, V or = [~ ^7r—oc) + ^sin 2 oc)J 
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Average power delivered to load, P = ^(tc— oc) + ^sin 2 ocj 

Also input supply Pf = ^ (jz—oc) + i sin 2 oc) j 

Single Phase Voltage Controller with R-L load 
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For oc > (|), V 0 is controllable 

For oc < cf>, thyristor T x is reverse biased by voltage across T 2 . Hence T x can not be triggered in 
positive half cycle. Same applies for T 2 in negative half cycle 


Two Stage Sequence Control of Voltage Controller 




Fig. Two-stage sequence controlled AC voltage controller (b) R load (c) RL load. 
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Multi-Stage Sequence of Voltage Controller 



Fig. Mutlistage sequence control of AC votlage controllers. 

Vc 

Here each transformer secondary is rated at — where V s is source voltage. Depending on the 
required output voltage, required thyrsistor pairs are triggered at cot = 0° and cot=oc. For output 
variation from (n-3) — to (n -2)—, thyristor pair 4 is triggered at 0 and thyristor pair 3 is 

trigged at firing angle oc (0° <oc< 180°). Thus depending on required output voltage, by 
triggering the appropriate thyristor pairs, target output voltage can be achieved. 

Introduction to Cycloconverters 

Cycloconverter is a device which converts input power at one frequency to output power at a 
different frequency with one stage conversion. 

Step-Down Cycloconverters 

In step-down cycloconverters, output frequency, f 0 is less than that of input frequency, f s ; i.e 

fo < fs- 
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Step-Up Cycloconverters 

In step-up cycloconverters, output frequency, f 0 is more than that of input frequency, f s ; i.e 
fo > fs- 

Single Phase to Single Phase Circuit Step Up Cycloconverter 

The cycloconvertors shown are of 2 types; mid-point and bridge cycloconverters. 




Fig. Single-phase to single-phase cycloconverter circuit (a) mid-point type and (b) bridge type 
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Fig. Waveforms for step-up cycloconverter 



Fig. Voltage and current waveforms for step-down cycloconverter with discontinuous 

load current 
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8.6: Applications of Power Electronics 

Introduction to Electric Drives 

In many applications, electric motors supply power to a load, hence require a variable voltage or 
variable frequency control. The same can be achieved through power electronic 


£. 


Electric Drive 



Fig. An electric drive system 


Main Power 
Source 



Fig. Block diagram of a modern electric drive system using power electronic converter. 


fb.com/cgaspirant 


Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar4 ,h Block, Bangalore-11 

®: 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademv.com Page 243 














































Downloaded from : www.cgaspirants.com 

Quick Refresher Guide Power Electronics 


Single Phase HalfWave Converter Drives 



Fig. Single-phase half-wave converter drive (a) circuit diagram (b) quadrant diagram and (c) 
waveforms. 

Vq = (1+cos oq); 0 <oc< n where oq is firing angle of T. 

T e = K m . I a where K m is motor constant. 

Vf = (1+cos oc 2 ) where oq is firing angle of T x and T 2 

E a = K m . o) m where co m is speed of armature in rad/sec. 
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Ifdr 1; 


2u 


Input Pf = 


(Ea.Ia"*"Ia- r a) 

^s-^sr 


Vp-Ia 

V S .I sr 


Single Phase Semi-Converter Drives 





Fig. Single-phase semiconverter drive (a) circuit diagram and (b) waveforms 
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V 0 =^(l + cos oq) 


Vf = ■— (1 + cos oc 2 ) 




Input p f = ^ei» 

V s-^sr 


Single Phase Full Converter Drives 



(b) 


Fig. Single-phase full converter drive (a) circuit diagram (b) two-quadrant diagram and 

(c) waveforms. 
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V 0 = —^cos oq; 0 <oq< n where oq is firing angle of single phase full converter drive in 
armature circuit. 

2V 

V f = —cos oq ; 0 < oq< n where oc 2 is firing angle of single phase full converter drive in 
field circuit. 


i — i ■ i — -JL 

*sr ‘a > 1 Tr ^2 


„ V 0 I, 2V2 

Pf = —— = —cos oq 

1 V s .I sr Tt 1 


Single Phase Dual Converter Drive 


A single phase dual converter obtained by connecting two full converters in anti-parallel and 
supplying power to a dc motor is shown in figure below. 




When converter 1 is in operation, 

2V 

V 0 = cos oq for 0 <oq< n 
When converter 2 is in operation, 

2V 

V 0 = cos oq for 0 <oc 2 < n 
Also, oq+oc 2 = tt 
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Three Phase Drives 

The three-phase dc drives may be subdivided as, 

• Three phase half wave converter drive 

• Three phase semiconductor drive 

• Three phase full converter drive 

• Three phase dual converter drive 

Chopper Drives 

When variable dc voltage is to be obtained from fixed dc voltage, dc chopper is an ideal a 
chopper is inserted between a fixed voltage dc source and dc motor armature. Figure 

Vq = V s --^r = °t. V s where <x = ^ 0N /rp is duty ratio. 


Chopper 





>- 

t 


(1 - a)T 

If 


•4 aT* 


i 

V s 




k 





t 



“la 




<T on > 

T 0 ff 




t 



k 

Ia 


k 


X 

Ia 

_ 


t 


U— t— H 

(c) 


Fig. D.C. Chopper for series motor drive (a) circuit diagram (b) quadrant diagram and (c) 

waveforms. 


Power delivered to motor = V t . I a =oc. 14 . I a 
Average source current = oc. I a 
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AC Drives 

When AC voltage or frequency control of input voltage of a AC motor is required. The same can 
be achieved through AC voltage regulators or cycloconverters. AC drives have many advantages 
over DC drives like lighter weight for the same rating and low maintenance. Also AC drives can 
be classified as induction motor and synchronous motor drives. Also their operation can be 
summarized using appropriate motor equations and converter equations. 
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Part - 9: Electromagnetic Theory 

9.1: Electromagnetic Field 


Cartesian Coordinates 

Cylindrical Coordinates 

Spherical Coordinates 

Differential displacement 

dl = dx a x + dy a y + dz a z 

dl = dp a p + pdOacj, +dz a z 

dl = dra r + rd0a e 
+ r sin 0dOa a<j> 

i Differential area 
ds = dydz a x 
= dxdz a y 
= dxdy a z 

ds = p dO dz a p 
— dp dz Sfj) 

= p dOp a z 

ds = r 2 sin 0 d0 dO a r 
= r sin 0 dr dO a 0 
= r dr d0 a& 

Differential volume 
dv = dxdydz 

dv = p dp dO dz 

dv = r 2 sin 0 d0 dO 


Operators 

a) V V - gradient 
c) V xV - curl 


b) V.V - divergence 
d) V 2 V - laplacian 


V = £ a * + !; a i' + ^ (Cartesian) 

= ^ a P + (i5 a ® +£ a ; (Cylindrical) 

a^ (Spherical) 


dr 3r + 

+ 

r 50 0 r sin 0 50 

dV 

Qj 

< 

Qj 

< 

= —a x 

H-a v H - a 7 

dx x 

dy ? dz z 

dV 

, 1SV , dV 


— a„ “H “H a 

3p p p dO> v 

ev iav 

= — a r H-3 q + 

a- 1 ». ao tf 


dz 

1 


av 


5r 


r ae 


rsin0 ao 


3$ 


_ . aAx aAy aAz 

V.A = — + — + — 

dx dy dz 

= --(pAp)+-^ + 

p ap p a<i> 

-li fr 2 A ^ 

_ r 2ar u rsineae 


5Az 

dz 

(A 0 sin 0) + 


aA, 


4> 


rsinG 50 


V x A = 


a x 

a y 


d 

d 

5 

fa 

dy 

dz 

A x 

Ay A z 

a p 

P 3 0 

d 

d 

dp 

d<P 

A p 

pA 0 
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a P 

ra e 

r sin0 a 0 

1 

d 

d 

d 

r 2 sin0 

dr 

ae 

d<t> 


A r 

rA e 

r sin 0 Acp 


Physical Constants 

Permittivity of free space, 
Permeability of free space, 
Impedance of free space, 
Velocity of free space, 
Charge of an Electron, 
Mass of electron, 
Boltzman's constant, 
Planck’s constant 
Base of natural logarithm, 


£o = 8.854x10 12 F/m = (1/36 it) 10-9 p/m 
go = 4 ttx 10- 7 H/m 
r|o = 120 Tc Ohms = 377 Ohms 
c = 3 xlO 8 m/sec = 3 xlO 10 cm/sec 
q = 1.602 X 10-19 C 
m = 9.107 x 10 - 3 i kg 
k= 1.38x10-23 J/K 
h = 1.054X 10-34 J-s 
e = 2.718 


Coulomb's Law: The mathematical expression of Coulomb’s law is 


F = 


Q i Q 2 n 

4tt e R 2 


Electric Field Intensity: It is defined as force per unit charge, and its unit is newton/coulomb (or) 
volt/meter. The electric field starts at a positive charge and ends at a negative charge. 


Electric Dipole 


• Two equal and opposite electric charges, separated by a very short distance is called electric 
dipole. 

• The electric dipole moment is Qd. The electric field intensity of a dipole varies as l/R 3 ; 
where as the electric field intensity of a point charge varies as. l/R 2 . 

• Electric flux density D = eE 

• This vector has the same direction as E, but it is independent of ‘e’ and therefore of material 
properties. The unit of 'D' is Coulomb/meter 2 

• Gauss's law: 

Divergence of electric flux density is equal to volume charge density p v mathematically, 
V ■ D = p v 

Electric Potential 


The potential at any point is the work per unit charge required to bring a unit charge from 
infinity to a point. Due to a point charge, Q 
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Absolute potential at a point r = a is V a = Q/4Tt£a 


Absolute potential at a point r = b is Vb = Q / 4iT£b 


Potential difference between 'a' and 'b' is V a b = V a - Vb = 



The potential only depends on the distance between points 'a' and 'b' and the point charge, 
regardless of path between 'a' and 'b'. 


The lines of constant potential are always perpendicular to the electric field intensity. E = - V V. 


Biot-Savart law: The Biot-Savart law is used to compute the magnetic field generated by a 
steady current, i.e. a continual flow of charges, The equation is as follows: 



Ampere's Circuital Law 

$ c B ■ dZ = p 0 ff s J f . dS Or equivalently, B ■ dZ = p 0 I enc 

• J f is the free current density through the surface S enclosed by the curve C 

• I enc is the net free current that penetrates through the surface S. 

The Magnetic Vector Potential (A) 

The magnetic vector potential is always in the direction of the current (and perpendicular to B). 

V . B = 0, B = V x A 

V. A = 0 and is called the coulomb guage for static fields. 

Ampere's law is V x H = J 
••• V x B = pj 

Since, B = V x A, VxVxA=pJ 

V(V.A).V 2 A= pj Taking V. A = 0 

-V 2 A = pj 

i.e., V 2 A = - pj 

The above equation is a vector Poisson's equation 

Energy Density of Electric and Magnetic Fields 

U = —E 2 + —B 2 , 

2 2no 
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Type 

Capacitance 

Comment 

Parallel-plate capacitor 

cA/d 

A: Area 
d: Distance 

Coaxial cable 

2tt£1 

a 1 : Inner radius 
a 2 : Outer radius 
l : length 

*n(a 2 /a x ) 

Concentric spheres 

4ma 1 a 2 

a x : Inner radius 
a 2 : Outer radius 

a 2 — a 1 

Sphere 

4nsa 

a: Radius 

Circular disc 

8£a 

a: Radius 


EMT 


Stored energy in Inductance 

The energy stored by an inductor is equal to the amount of work required to establish the 
current through the inductor, and therefore the magnetic field. This is given by: 

1 n NO 

^stored = 2 LI Where L = — 

where O denotes the magnetic flux through the area spanned by the loop, and N is the number of 
wire turns. The flux linkage thus is NO = Li. 

Inductance of a Solenoid L = p 0 N 2A /l- 


The Continuity Equation general form 

V.J = -dp v /dt 

V. J = 0, if p v = constant 

Faraday's Law of Electromagnetic Induction states that: V em f = — N 


Maxwell's Equations 


Static 

Time - Varying 

V x H = J c 

V x E = 0 

V. D = p v 

V. B = 0 

V x H = J c + J D 

V X E = — SB/dt 

V. D = p v 

V.B = 0 


V x H = J c + J D 

V x E = —SB/St 
V. D = p v 

V. B = 0 
D = eE, 

B = pH, 


is modified Ampere's law 
is Faraday's law 
is Gauss's law for electric field 
is Gauss's law for magnetic field 
is electric flux density 
is magnetic flux density 
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Jc = oE 


is conduction current density, (this relation is referred to as 
Ohm's law). 


Jd = dD/dt 


is displacement current density 


• The ratio of conduction current density of displacement current density is referred to as loss 
tangent, i.e. loss tangent = (J c / Jd) = (o / co £ ) 

• If (o / o) E ) > > 1, the medium is referred to as high loss medium 

• If (o / o) E ) < < 1, the medium is referred to as low loss medium 

• If — = 0, lose less medium 

0 ) £ 
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9.2: EM Wave Propagation 

General Wave Equations 

Consider a uniform but source - free medium having electric permittivity (e), magnetic 
permeability (p), and conductivity (a). In this medium Maxwell equations are 


V x H = 

gE + £(SE/St) 

(1) 

V x E = 

-p (SB/St) 

(2) 

V. D = 0 

=> V. E = 0 

(3) 

V. B = 0 

=4. V.H = 0 

(4) 


Plane Wave in a Dielectric medium 


Propagation Constant = a + j(3 y= A /jcop(a + jcos) 

• Attenuation constant a = to 

• Phase shift constant (3 = go 

• When o = 0 (lossless): a = 0, (3 = go Vg£ 

• When o/goe < < 1 (low loss): 

• When a/ coe > > l(High loss): 

Considering an electromagnetic wave propagating in z-direction, electric and magnetic fields 
associated with this wave to be entirely transverse to Z - direction. Hence it is referred to as 
TEM. 


a= f Jf’ 

“=e=J¥ 


If 


1 + 


-.1/2 


1 + 


+ 1 


When electric fields are transverse to z - direction, the EM wave is said to be TE wave 
When magnetic fields are transverse to z - direction, the EM wave is said to be TM wave. 

• The ratio of |E| and |H| is referred to as intrinsic impedance, |E| / |H| = q, (Ex / Hy) = 
-(Ey/Hx) = q 

• Intrinsic impedance, q = J j^ £ 

• For lossless medium (a=0) and low loss medium (a/ coe < < 1): q = 

• For high loss medium (a/a) £>> 1) : q = ^45° 
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The medium property can be summarized as 


Lossless Dielectric 

G = 0 

£ — £ r £f) 

P = PrPn 

G « CO £ 

Lossy Dielectric 

G =£ 0 

£ — £ r £g 

P = PrPo 


Good Conductor 

G — 00 

£ — £ f £q 

P = PrPn 

G » CO £ 


Poynting Vector (P) P = E x H watt/m 2 . 

The direction of Poynting vector indicates the direction of wave propagation. Poynting vector 
indicates the power density associated with an electromagnetic wave. The Poynting's theorem 
gives the net flow of power out of a given volume thorough its surface. 

General expression for Poynting vector 

P(z, t) = ^p-e _2az [cos 0^ + cos (2a)t — 2(3z — 0p)]a z Watt/m 2 


Time average Poynting vector can be represented as 

Pave(z) = Tio Tp ( Z ' t ) dt = ^e- 2az COS 0^ 3 Z 
The total time average power crossing a given surface S is given by 
Pave = J s ^ave ■ dS 

Phase Velocity: The phase velocity of the wave is v p = co/(3 

Where (3 = co-^ps for a = 0 and g/w £ < < 1 and (3 = ^/((jopo/2) for g/ooe > > 1. 

In a losses or low loss medium phase velocity is constant; where as in a high loss medium, phase 
velocity is proportional to frequency, non - linearly. 


In a high loss medium (3 = ^j-j- and skin depth, 5 = 1/a =1/(3 

••• V p = co/(3 = o)5 

Wave length, A = 2tt / (3 = 2tt5 

Phase velocity in good conductors is very small, when compared to the phase velocity in 
dielectrics or free space, because '5' is small. 

Depth of Penetration or Skin Depth (6): It is defined as the distance to which the electromagnetic 
wave propagates, when the field strength decreases to 1/e times of its initial field strength. 


5 = 


5 = 


I Cl) [ACT aI CO (I (7 

2 


5 = 


VfitfjlfT 
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The skin depth is useful in calculating the ac resistance due to skin effect. 


Surface or skin resistance (unit width and unit length) is the real part of the r| for a good 
conductor 



So for width w and length 1, ac resistance is calculated as 

_ i _ Rsi 

ac o8a> a) 


For a conductor wire of radius a, to = 2Tia, so 

i 

Rac _ CT2TxaS _ 

R dc —‘ 25 

<T7Ta z 
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9.3: Transmission Lines 

Parallel Conductor Transmission Line: Capacitance per unit length is C = 


ln(d/a) 


F/m 


Inductance per unit length L = ^ ln(d/a) H/m 

Z 0 = Jl/C i ln(d/a) = ^log (d/a) Ohms 
Where'd’ is spacing between conductors, ‘a’ is cross-sectional radius of conductor. 


Coaxial Line: Capacitance per unit length C = 


2 Tt E 

ln(b/a) 


F/m 


Inductor per unit length L = In H/m 


z » = ^ Ji ln $ = 1= lo s ( b / a ) ohms 


Where 'b' is radius of outer conductor and 'a' is radius of inner conductor 

Transmission Line Theory 


d 2 V 

1 

d 2 V 

dt 2 

LC 

dz 2 

d 2 I 

1 

d 2 I 

dt 2 

LC 

dz 2 


Transmission line wave equations 


Series impedance Z = R + jooL Ohm/m and shunt admittance Y = G + jooC mho/m 

y = VZY = j(R + jooL)(G + jooC) = a + j (3 

Characteristics impedance Zo = y/Z/Y = J 

For a lossless line, R = 0, G = 0&Zo = yc 

Velocity with wave propagation is v = oo/(3 

If R = 0, G = 0 or if R & G are small v = oo / R = — = —= 

' ' ' 0)Vlc Vlc 

Transmission & Reflection of Waves on a Transmission Line 

The ratio of the maximum to minimum values is defined as the voltage standing wave ratio or 
VSWR 


S = VSWR = 

r = 


I V( z )lmax _ 1 I T | 

I v(z)| min — i- I r | 

Z L Zn 
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Impedance of a Transmission Line 

Input impedance of the line of length 1 is given by, Zm = Z( 


+ Zq tanh yl 
Zo + Zl tanh y1 


For a = 0, y = j(3, tanh j(3z = j tan (3z 

+ j Zq tanh pz 


••• Z(z) = Z 0 


and Zin = Zi 


^0 + j Zl tanh (3z 


Zl + j Zo tan pi 
Z 0 + j Zl tan pi 


1. For the line terminated in its characteristic impedance, Zm = Zo 

2. Zl = 0 (line terminated by with a short), input impedance is, Zm = j Zo tan (31 

3. Zl = oo (line terminated by an open ciruit), the input impedance is, Zm = — j Z 0 cot (31 

Scattering Parameters: The S-parameter matrix for the 2-port network, is given by 


V 

ib 2 j 


Sn s 12 

S21 s 22 


Cl 


Sn = — = and S 2i = — = 

11 a x V x + 21 a 2 V x + 

S i2 = — = and S 22 = — = 

12 a 2 V 2 + 22 a 2 V 2 + 

Each 2-port S-parameter has the following generic descriptions: 
S 1:L is the input port voltage reflection coefficient 
S 12 is the reverse voltage gain 

5 21 is the forward voltage gain 

5 22 is the output port voltage reflection coefficient 


Strip line: The characteristic impedance of strip line (transmission line) is 


60 1.9d , 

Zo = — In ——— Ohm 


0.8 w+t 

Where w = width of the strip 

d = distance between both reference planes 
T = Thickness of the strip 


The propagation delay of signal on a strip line is t P d = 33 ps/cm 

Microstipline: The characteristic impedance of a wide microstrip line can be expressed as 
Zo = — ohms 


oo -J e 


The wave length in the micro strip line is given by y g = —— cm, where f is frequency in GHz. 

W £ r 

The quality factor of the wide microstrip line is expressed as Q c = 39.5 ) (f) x 10 9 

\R S / 


Where 'h' is in cm and R s = — 

2 a 
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Rectangular Wave Guide 

We can divide the field configuration within the guide into two sets. 

i. Transverse magnetic mode (TM)H Z =0 

ii. Transverse electric mode (TE)E Z =0 

Transverse Magnetic(TM) mode: (H z =0) 

Electric field E z = C sin —x sin 

a b J 

m = 1, n = 1 =>TMu mode 
m = 1, n = 2 =>TMi 2 mode 
m = 2, n = 3 =>TM 2 i mode and so on 


Smallest mode is TMu 


Propagation Constant y = J 

^ a ; 

2 + 

( n7i N 

v b 

\ 2 

1 — 0) 2 /l£ 

Cut-off Frequency f c = 


2 + 

© 

2 




2 

>1 



This expression shows that the velocity of wave propagation in the guide is greater than the 
phase velocity in free space: 



For TM, mode 



, _. mu . nit 

where , B = —, A = — 

a b 
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Transverse Electric (TE) mode (E z =0) 

H z =C cos Bx cosAy 
E x = CAcos Bx sinAy 

E y = CB sin Bx cos Ay 
H x = ^ CB sinBx cos Ay 
H y = CAcos Bx sin Ay 



EMT 



2 


("A © 2 



eA © 2 

^^^^^11 X 1C CJ UdlCJ 1 X Q — 

2 V/t£ 


Lowest order TE wave in rectangular guides is therefore the TEio wave. This wave which has the 
lowest cut-off frequency is called the dominant wave. 

Characteristic Impedance or Wave Impedance: 

It is the ratio of transverse component of E to the transverse component of H 

TE Mode 



T|f 

M(jl) 

J 



Where q f = characteristic impedance of free space, 
as X > X c ... > qf for TE mode 

TM Mode 




For TEM mode: Z z (TEM) = rj 
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Circular Waveguide 

Assume radius of the circular waveguide 'a' 


Case 1: For TE mode 


TE, 



hi i' = h nm ' (lowest) = 1.841 


v 0 1.841 
a 2ft 


EMT 


1 — v ° — 2lTa — 8 11 a 


TEn mode is 

/V-c _ . ^^ J. 1 id 

f c 1.841 


dominant mode 


Case 2: TM n m Mode 


r _ v °h nm 

rc " 2na ' 

TMoimode 


hoi(lowest) = 2.405 


e 2.405v 0 

, 27ta 

2jta 

2.405 


Cavity Resonators: 

Frequency of oscillation for TE mnp 



Dominant mode (TEioi) 

Circular Resonators 

Case 1: TE nmp mode hn' =1.841 

f 0 = ^nj + (^-) dominant mode TEm 


Case 2: TE nmp mode h 01 



2.405 


Minimum frequency for TM mode - TM on 
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Hertzian Dipole 


The Hertzian dipole is an elemental antenna consisting of an infinitesimally long piece of wire 
carrying an alternating current I(t). 

The electric field strength 'E' and 'H' is given by 


_ Idlsin 0 /-o> sin art 1 
4ue v rc 2 


+ 


COS 0)t 


+ 


sin ait 1 \ 
o>r 3 / 


Er = 


2 Idl cos 0 


H* = 


4tte 

Idlsin 0 


Ycosort 1 ^ sino>t 


9 


and 


4lt 


-o) sin cot 1 cos 0 )t 


9 


where t 1 = t - r/c 


Consider the expression for H^. It consists of two terms, one of which varies inversely as r and 
the other inversely as r 2 . The two fields will have equal amplitudes at that value of r, which 
makes 

I/r 2 = a)/rc=>r = c/ a) = A/2Tt«A/6 
The total power radiated is = 80 n 2 (dl/A) 2 I eff 2 

The radiation resistance of the current element is: R ra d = 80 tt 2 (dl / A) 2 ohms 


Field Regions 

The space surrounding an antenna is usually subdivided into three regions. 

(i) Reactive near field (or) oscillating near field, R < Ri 

(ii) Radiating near field (or) Fresnel field (or) inductive field, Ri < R < R 2 

(iii) Far field (or) Fraunhofer field (or) radiating field, R 2 < R < °o 

Regions are as shown below: 



Ri = 0.62V(d 3 /A) 

R z = 2d 2 / A 

'd' is maximum overall dimension of the antenna, 'A' is operating wavelength. The radial distance 
at which the radiating near field and radiating far are equal is ^ 


Radiation Intensity 

Radiation Intensity in a given direction is defined as "the power radiated from an antenna per 
unit solid angle". 

U = r 2 W rad 

Where U = radiation intensity w / unit solid angle; W ra d = radiation power density W/m 2 . 

The radiation intensity of an isotropic source is Uo = P ra d / 4ti 
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Gain, Directive & Directivity 

Gain: 

Power gain of an antenna is defined as "4tt times the ratio of the radiations intensity to the net 
power accepted by the antenna from a connected transmitter”. 


_ _ . 4tt radiation intensity 4 it TT 1N 

G P = Gain =--- 1 = — U (0, cb) 

total input power Pi n v y 

Total radiated power is related to the total input power by P ra d 
antenna efficiency 


e t . pm where *e t ' is the total 


Directivity: 

It is "the value of the directive gain in the direction of its maximum value". The directivity of a 
non-isotropic source is equal to the ratio of its maximum radiation intensity over that of an 
isotropic source. 

Gd = U / U 0 = 4TTU / Prad 
D — (Umax) / Uo — 4TT Umax / Prad = G^maX. 

Where Gd = directive gain, D = directivity, U = radiation intensity, Umax = maximum radiation 
intensity, Uo = radiation intensity of isotropic source, P ra d = total radiation power. 

For an isotropic source 'Gd' and 'D' will be unity. 

The values of directive gain will be equal to or greater than zero and equal to or less than the 
directivity (0 < Gd < D) 


Antenna Radiation Efficiency: 

The antenna efficiency takes into account the reflection, conduction and dielectric losses. The 
resistance Rl is used to represent the condition-dielectric losses. 

The radiation efficiency, q r = R ra d / (R ra d + Rl) 

R l = Rhf = (1/ p) R s where R s = l/(o5) = 2a) 

= (1/p) a /( (j °p/2o) where 5 = A /2/(copa) 


Effective Aperture 

It is defined as the ratio of the power delivered to the load to the incident power density. 

The maximum effective aperture of any antenna is related to its directivity by 
A e = (A 2 /4 ti) D Where 'D' is directivity 

Few Characteristics of Wire Antennas 

Herzian Dipole 

The directivity of the Hertzian dipole is given by D = P r (max)/ Pr(av) = 1.5 
The effective area is A e = 3A 2 /8tt = 1.5 (A 2 /4tt) = [A 2 /4ti] (D) 

A e = 0.1194 A 2 or D = (4ti / A 2 ) A c 

Although we have obtained this result for a Hertzian dipole, it holds for any antenna. 

Half- wave Dipole 

Rrad = 73 ohms; Directivity D = 1.64; A c = (A 2 /4 tt) (1.642) 

Quarter - wave Monopole: 

Rrad — 36.5 ohms 

Directivity of the Quarter wave monopole is 3.28. 
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The quarter - wave monopole is essentially half of wave dipole placed on a perfect ground 
conducting plane. 


Antenna Arrays 

In general, the far field due to a two-element array is given by 
E(total) = (E due to single element at origin) x (array factor) 

Array Factor for 2-element array AF = 2 cos[ ^ (/?d cos 6 + a)] e / "/ 2 

. mp 
sin— 

Array Factor for n-element array AF = —4-, 1/1 = /?a cos 6 + a 

sin— 

2 


1 . 


2 . 

3. 

4. 


AF has the maximum value of N; thus the normalized AF is obtained by dividing AF by N. 
The principal maximum occurs when i|i = 0, that is 
0 = (3d cos 0 + a or cos 0 = — — 

AF has nulls (or zeros) when AF = 0, that is 
^ = +kn:, k = 1, 2, 3 .. .. 

A broadside array has its maximum radiation directed normal to the axis of the array, that 
is, vjr = 0, 0 = 90° so that a = 0. 

An end-fire array has its maximum radiation directed along the axis of the array, that is, t(i = 


0,0 = 


0 


so that a = 


TT 


-(3d 

(3d 
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Part - 10: Power System 


10.1: Transmission and Distribution 

Basic Concepts and Line Constants in Transmission 



Non Conventional Energy sources Conventional Energy Sources 

Transmission Line: It is a connection (or) line between the remote generating station and the 
distribution center. 


Transmission -1 



load 


Level of Voltages 

Low voltage:- 220V 1-phase (or) 415V 3-phase 
High voltage:- llkV, 33kV 

Extra high voltage:- 66kV, 132kV, 220kV and 400kV 

Ultra high voltage:- 765kV and above 

Note: Most of power generation in India at llkV 

Necessity of Extra High Voltages for Transmission System 

1. The size of the conductor is reduced so that the cost of the conductor is reduced. 

2. The transmission line loss will be reduced. 

3. The transmission efficiency will increase 

The selection of operating voltage to transmit the power is a compromise between saving of 
conductor cost and extra cost required for insulation. 

Types of Conductor 

Solid Copper Conductor 
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(i) High Cost 

(ii) High Tensile Strength 

(iii) Difficult to string the conductors. 

(iv) High skin effect while using on ac system 

Stranded Conductor: It consists of two or more smaller cross sectional strands (or) filaments 
which are twisted together to get the required strength and running in parallel to increase the 
current capacity for the given operating voltage. 



Stranded 


ACSR (Aluminum Conductor and Steel Reinforced) 

Advantages 

1. Required tensile strength 

2. Less cost of transmission 

3. Easy stringing 

4. Reduced skin effect when compared to solid (or) Homogenous stranded conductor. 

5. Self GMD is increased as inductance is less 

Skin Effect: The non uniform distribution of current through the given cross sectional area of the 
conductor when it is operated on alternating current system is called skin effect. The main 
reason for the skin effect is non-uniform distribution of flux linkages. The skin effect will result in 

(i) Increased effective resistance (R ac ) 

(ii) Internal Inductance will increase (Lin) 

(iii) External Inductance will reduced (L ex temai) 

(iv) Non uniform distribution of current 

Bundle conductors: Whenever the operating voltage goes beyond 270kv, it is preferable to use 
more than one sub conductor/phase which is known as bundle conductor. 

Advantages of Bundle Conductor 

(i) Voltage gradient (or) field intensity will reduced 

(i) Due to reduced field Intensity the critical disruptive voltage will increase. So the corona 
loss is reduced. 

(ii) The reduced corona loss will reduce the communication interference with the adjoining 
communication lines. 

(iii) Due to increased GMR, Inductance/phase will be reduced and capacitance/phase will 
increase. 

(iv) Characteristic impedance will be reduced. 

(v) Characteristic impedance loading will increase. 
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Geometric Mean (or) Mutual Distance and Geometric Mean Radius 

These are mathematical concepts which are useful to evaluate the inductance and capacitance of 
3-phase transmission lines. 

GMD: Used for the calculation of Inductance and capacitance. 

GMR: Used only for the calculation of Inductance 

GMR: The transmission line conductor having only one conductor per phase, the GMR is the 
distance between the centers to the circumference (i.e.) it is equal to radius of the conductor. 
However due to internal external flux linkages it is equal to r' = re -1 



It is a self distance 


GMD: Mutual distance: If a point 'p' is surrounded by 'n' other points which are scattered in the 
space. The mutual distance of'p' will be the Geometric means of the individual distance between 
the point 'p' and n other points. 



Self GMD: GMR is employed whenever there is only one conductor/phase. However there may 
be cases where more than sub conductor/phase are also employed to avoid the concept of 
corona. The concept which is used to calculate the self distance for the sub conductor 
configuration is called self GMD. 


Ex: 



Self GMD = Vr r s 


r is the radius of each sub conductor 


Transposition of lines:-The concept of transposition of lines is considered if the load is balance. 
However, it is a old concept and not suitable for modern power system. The inductance/phase of 
un-transposed unsymmetrical will be the average inductances of the three phases. 

Transmission line parameters: The Transmission line consists of a series combination of 
resistance, Inductance and a parallel combination of capacitance conductance. 
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Resistance Calculation: It is expressed as R = pl/a fl / km. In case of transmission line, the 
distance is in kilometers. So the parameters will be calculated based on per km length. 


Inductance: Inductance (L) = 


Flux linkages 

Current through conductor 


H/km 


It will produce magnetic field and the energy stored in the inductor Qi=l/2 LI 2 . 
Inductance of l-4> 2-wire (or) loop Inductance (or) Circuit Inductance 
Lab = 0.4 loge (d/r 1 )] mH/km [copper conductor] 

Inductance of 1-Phase 2-Wire as Earth Return 
L a = 0.2 loge (h/r) height >d 
Inductance of 3-phase 3-wire Transmission line 
Unsymmetrical Transmission Line 

a be 



* 


Q 



*• 


L=0.2 loge (GMD / GMR) mH/km / phase. 
GMD = 3^/xyz 
GMR = r’ 


In Case of Symmetrical Conductors 

Inductance /phase =0.2 log e (GMD/GMR) mH/phase/km 

GMD=d 

GMR=r ‘ 

Inductive reactance x = 27rfL 


d d 

d 




radius= r 
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Capacitance Calculation 


Capacitance of 1-Phase 2-Wire System - Isolated Earth Plane 


Cab = 


l°ge(d/r) 


TtEp 

l°ge(d/r) 


F/m (e r = 1.0 for air) 


Where, d=distance between the conductors and, r=radius of the conductor. 


Capacitance to Neutral 

_ 2ne 0 

loge (d/r) 


Capacitance of 3-Phase 3-Wire Transmission Line 


Unsymmetrical Spacing 

By using transposition of lines, the capacitance / phase 

_ 2ue 0 f/m 
n ~~ log e (GMD / r) 


o 


•4 


o o 


GMD = 3 tJx yz 


-4 


z 


4 


Symmetric Spacing 

x = y = z = d 

s-i _ 2TC£q p . 

n “ loge (GMD/r) t/m 

GMD = d distance of separation 



Capacitance of 1-0 2-Wire Transmission Line With The Effect of Earth 


Cab = ' 


loge- 


_5_ 

r(l+ d 2 /h 2 ) 1/2 j 


-F/m 


Where h = height of the conductor from ground 

Performance of Transmission Lines 


Electrical Equipment 


Efficiency 

regulation 


C Voltage regulation (static) 
Speed regulation (dynamic) 


The transmission line is a static device. So the performance for the transmission line is analyzed 
by considering the efficiency and voltage regulation. 
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Efficiency: q% = xlOO = (P r = receiving end power) 

Regulation: % e = |Vro '~ |Vrl x 100 

I Vrl 

V ro = no load receiving voltage 
V r = full load receiving voltage 

Representation of transmission lines: The transmission can be represented based on the length in 
which the power is carried out. 

a) short transmission lines: less than 80km. 

b) medium transmission line: 80km to 250km. 

c) long transmission line: more than 250km. 

Uniform Distributed Parameters: These parameters are physical and electrically not separable. 

Uniform distributed parameters are considered to evaluate the transient behavior of long 
transmission lines, (i.e.) switch closed condition. Exact mathematical solution is considered to 
evaluate the sending end voltage and current. 

Lumped parameters are considered to evaluate the steady state behavior of long transmission 
lines. The two possible network configurations are. 

(i) Equivalent - T (ii) Equivalent - tt 

The most and effective way of representing the transmission line is using two port network 
configuration. Port means pair of terminals. 


Dependent 

Values 



Independent Values 


The dependent values are expressed in terms of independent values, with certain parameters 
and those parameters are called transmission line parameters (or) A, B, C and D parameters. 


V s = AV r + BI r .(1) 

Is = CV r + Dir .(2) 




where Z oc = - = sending end impedance with receiving end 0 . C 
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Z c = the characteristic impedance of the line. 

For a symmetrical transmission line A=D 
For a reciprocal transmission line -> AD—BC = 1 

Short transmission line: Series combination of resistance and Inductance. & we can take shunt 
capacitance is almost negligible. 


I s - Ir 


x s 

Z = R+JX 

l r 

i 



i 





V s V r 

1_l 


V s = ZI S + V r = Z I r + V r 

I s — I r — I r + ov r 


V s 

rl 

Zl [V r l 

Is. 

_o 

1 

1-1 [l r J 


V s — [(V r + I r R cos 4> r + I r X sin <|) r )] 

% Regulation = lrRcos< t i r±irXsmi|) 1 . * ^qq 

'+’ stands for lagging p.f 
stands for leading p.f 
Medium Transmission line 
Nominal-T Network 

A = 1 + ZY / 2 C = Y 

B = Z(1 + ZY / 4) D = 1 + ZY / 2 
A = D and AD - BC = 1 
••• Symmetric and reciprocal network 
Nominal - II 

A = 1 + ZY / 2, B = Z, C = Y (1 + ZY / 4), D= 1 + ZY/2 
A = D and AD - BC = 1. So the model is symmetric and reciprocal. 
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Load end Capacitance 

A = 1 + ZY, B = Z, C = Y and D = 1.0 
Sending end Capacitance 

A = 1.0, B = Z, C = Y and D = 1 + ZY 
Power Transfer Equations: Receiving End 

V s z5 

£>h— 


A 

B 

C 

D 


V r Zo 


I 

Load 


The receiving end power transfer S r = V r I r *. The purpose of the conjugate is to ensure that the 
real power is always positive and to assign the polarity for inductive or capacitive reactive 
powers. 


Pr = MM cos ( p _ 6) - HI |V r | 2 cos((3 - a) 


-( 1 ) 


Qr = 


|V s ||V r | 


| B| Sin ( (3-5)- - |V r | 2 sin ((3 — a)-(2) 


Characteristic Impedance loading: In a lossless transmission line, it is the amount of power 
delivered to the load through a transmission line in which the load is terminated by impedance 
which is equal to characteristics impedance of transmission line. The nature of characteristic 
impedance will be resistive so the nature of the load is resistive. Also called surge impedance 
loading (SIL) 


Ferranti effect: when the transmission line operating at no load (or) light load condition, the 
receiving end voltage is more than the sending voltage. This phenomenon is called ferranti 
effect. It is more severe in long transmission line. 


The Steady State ABCD Values of Long Lines 


A = cosh Y l = l+^ + ^ + 


L2 


L4 


= 1 + ZY/2 , where, y =,yzy 


B = Z c sinhyl = AMyl + /f + /f.] 


= Z (1 + ZY/6) 

C = 1/2 sinhyl = l/yjz/y [yl + (y l) s /L3+(y 1) 5 /l5+.] 
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D = 1 + ZY/2 

Wave Propagation 

Line Terminated by an Impedance 



Zc = Characteristic impedance of line 


= Load impedance 


: Incident voltage 


Incident current 


v 2 = 2VZl 

Z C +Z L 

V 2 = Refracted voltage 

r _ 21 z l 

2 z c +z L 

I 2 = Refracted Current 

v _V(Z L -Z C ) 

1 z L + z c 

Vi = Reflected voltage 

, V(Z L -Z C ) 

ll — 

Z L +Z C 

Ii = Reflected Current 


Zl= 0 for short-circuit, and, Zl= <x>, for open-circuit. 


Voltage Control 


The Methods of Voltage Control 


1 . 

2 . 

3. 

4. 

5. 


Shunt capacitor! stat|£ Contro| 
Shunt Inductor j 
Synchronous capacitor 
Synchronous Inductor 
Series capacitance 


Concepts of Corona 

Corona: The ionization of insulating material (air) surrounding the surface of the conductor of a 
transmission line (or) the disruption of the dielectric strength of air near the conductor of a 
transmission line 
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The voltage at which the self sustained discharge will be initiated is called the critical disruptive 
voltage. 

The corona initiation can be identified as 

a) Hissing noise, b) Releasing of ozone gas, c) Occurrence of beds and tufts 

Critical Disruptive Voltage of a 1-Phase 2-Wire Transmission Line 

Critical disruptive voltage Vd=go r log e (d/r) 
r = radius of conductor in cm 
d = distance of separation in m. 
go = dielectric strength of air 
= 30kv/cm (peak) 

= 21.1kv/cm (rms) at NTP 
Vd = gl r loge (d/r) kv/rms 

g 1 = Dielectric strength at any temperature and pressure. 

g 1 = go 5 

5 = Air density factor 

c 3.92xh 

o =- 

273+t 

h = Atmospheric pressure in cm of Hg. 
t = temperature in C° 

The surface of conductor is irregular. So consider the surface irregularity factor (m) 

Vd = 21.1 m 5 r log e (d/r) kv/rms 

Visual Critical Disruptive Voltage 

The visual critical disruptive voltage 

(V v ) = 21.1 m v 5 (1+0.3/Vr 5) rlog e (d/r) kV/rms. 

m v = Surface irregularity factor 

m v = 1.0 for smooth surface of the conductor 
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m v = 0.93-0.98 for rough conductor (or) standard conductor 
The visual corona will be observed as white bluish slow color. 

Critical Disruptive Voltage For 3 Phases System 

Vd=21.15m GMR; pge (GMD/GMR) kv/rms/phase 
GMR= Self distance 
GMD = Mutual distance 


Corona Loss 

P=241xl0' 5 (f+25)/5 Y r /d (Vp-Vd) 2 kw/phase/km 

f = supply frequency in Hz 
5 = air density factor 
r = radius of conductor in cm. 
d = distance of separation in m. 

V p = operating voltage/phase/rms 

Vd= critical disruptive voltage rms/phase 


Factors Influencing Corona Loss 

(a) Supply frequency increases the corona loss will increase, because P oc (f +25) 

(b) The corona loss of Ac Transmission line is more than DC transmission line for the same 
operation voltage. 

(c) The corona loss at positive polarity conductor at a DC transmission line is more than 
negative polarity conductor. When the sinusoidal wave form is having distortion (i/e) 
consists of harmonics, the corona loss will increase. 

(d) Lower the height at the power conductor, higher will be the corona loss. 

(e) Temperature & pressure. 

(f) Deposition of dust, ice, snow and fog. 

(g) Size of conductor. 

Disadvantages of Corona 

1) There is certain real power loss as part from ohmic loss. 

2) When the corona is initiated on transmission lines, the overall diameter of the conductor 
will increase so that the capacitance will increase. 

Advantages 

Corona will act as a safety value against direct lightening, by dissipating the peak magnitude of 
lightening strokes in the form of corona loss. 

Method of Reducing Corona Loss 

1. Use larger diameter of the conductor 
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2. Use hollow conductor 

3. Use bundled conductors 


Mechanical Design of Transmission Lines 

Sag: A perfectly flexible wire of uniform cross section when suspended between two points 
hangs in the form of a natural cantenary curve. The difference in level between the points of 
supports & the lowest point is known as sag. 


Factors Affecting the Sag are 

1. Weight of conductor 

2. Length of span 

3. Working tensile strength 

4. Temperature. 

Sag Tension Calculations 



A) Support at Same Level 

1 = length of span in meters 
T = Tension in Newton 


w = Weight in Newton/meter 


c c w * 2 
& 8T 


B) Effect of Wind & Ice Loading 

In still air, sag develops due to the weight of conductor only. In actually practice, a 
conductor's may have ice coating simultaneously subjected to wind pressure. Fig a & b the 
ice load (w;) acts vertically downwards i.e., in the same direction as the as the weight of 
conductor whereas the wind load (w w ) acts horizontally i.e., perpendicular to the weight of 
conductor as fig (c). 
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Resultant weight of conductor per unit length 

Wr = V(W + Wj) 2 + (W w 2 ) 

Where w = weight of conductor per unit length 

= (Conductor material density) x (Conductor volume per unit length) 
Wi = Weight of ice per unit length 

= Density of ice x [(d + 2t) 2 - d z ] xl 

w w = Wind load per unit length 
= Wind pressure x (d + 2t) 1 


Overhead Insulators 

Over Head Insulaters: The insulators for over head lines provide insulation to the power 
conductor from the ground. The insulators are connected to the cross arm of the supporting 
structure & power conductor passes through the clamp of the insulator. The insulators are to 
avoid leakage of current through the support of the earth. Thus the insulators play important 
role in the successful operation of over head lines. 

Voltage across the string 

String efficiency = --------- 

n x Voltage across the unit near the power conductor 

sov for the string 
n x sov of one disc 

Where 'n' is the no of insulators in the string, 
sov is spark over voltage. 

• String efficiency always less than one or unity. 

• The voltage across various units will tend to be equal in case the value of'm' is large. 

• In the case of high voltage lines since the clearance between the conductors & the tower 
structure should be more to avoid flash over under normal operating condition. 
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• The mutual capacity being fixed the ground capacitance goes on decreasing with large 
clearance & hence the ratio of the two capacitances goes on increasing. 

• The unit nearest the cross-arm should have the minimum capacitance maximum reactance & 
as we go towards the power conductor the capacitance should be increased by using grading 
equalizing the potential all units. 

String Effeciency Can Be Improved 

1. By using longer cross - arms. 

2. By grading the insulators. 

3. By using a guard ring. 


Under Ground Cables 

Cable: The combination of conductor & its insulators is called cable. 

Underground cables are used in the place of overhead lines to have following advantage 

&disadvantages 

Advantages 

1) In a densely populated circuits where overhead lines are not possible. 

2) Underground cables provides better regulation 

3) The chances of accidents in underground are very low compared to overhead lines 

4) As the cables are laid underground with better insulation, the chance of failure or fault are 
less compared to overhead lines. 

5) It helps in reducing lightening over voltage as its characteristic impedance is very low. 

Disadvantages 

1) Underground cables are very costly as compared to overhead lines. 

2) Practically, identification of cable faults is difficult than in case of faults in the overhead lines. 

3) Joining of cables is difficult. Hence tapping for loads & service mains is not convenient in 
underground system. 

4) Its surge impedance loading (maximum load that can be transmitted) is very low. 

Construction of Cables 



Lead 

sheath 


Insulation 


Conductor 


Armoring 


Serving 


Types of cable: 

1) Single core 

2) Three core 
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1) Single core: It consists of stranded copper conductor a belt of insulation of impregnated 
paper & lead sheaths over it. The sheath is protected by covering it with hessian tapes or jute 
which is soaked in some preservative compound of bituminous nature. 

Insulation Resistance of Single Core Cable 

Let T be the length of the cable in meter. 

'p' be the resistivity of the insulator in fl — meters 
‘r’ be the radius of single core cable of conductor. 

‘R’ be the internal sheath 

Insulation resistance, Ri = —1 n (R/r) fl 

(2 ul) V ' J 

Capacitance of a Single Core Cable 

Potential difference between the conductor & sheath. 

V = q/(2 tt k) In (D/d) volts. 

Let 'D' be the initial sheath diameter 
‘d’ be the conductor diameter 

K = kok r , ko is the primitively of free space = 8.854 * 10 12 F/m 
k r is the primitively of the insulation. 

‘q’ be the charge per meter axial length of the cable in coulombs. 

Capacity of the cable is 


C = q/v 


q(2ukln(D/d) 
2 it k 


ln (d) 


C = 


18 l n (|) 


F/m 
p F/m 


Electric Stress 


V = Potential difference between the core & sheath 


G = Q/2irkx = V/x 1 n (D/d) kV /cm 



The electrical stress is maximum at the surface of conductor, i.e., when x=r 
gmax = 2V/ (d In (D/d)) or V/(r In (D/d)) 


stress is minimum 


, stress is rn 
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gmin = V/ R In (D/d) or 2V/ D In (D/d) 

gmax / gmin = R/r 


gmax becomes least value when 

In (D/d) = 1 i.e., D/d = e 

Therefore d = D/2.718 

It is concluded that is maximum stress at the conductor & minimum at the sheath. By 
distributing the stress uniformly, the breakdown of insulation can be avoided this may be two 
methods. 

a) By using metallic inter sheaths 

b) By using insulating materials of different dielectric constants 

Inter sheath grading: The inter sheaths made of metallic cylinders one or more are interested in 
the dielectric between the conductor & lead sheath to fix up the potentials at that distance from 
the surface of core in the insulation . The inter sheaths do not carry any part of working current, 
but carries the current which is the difference between the charging currents taken by section 
on each side. 

3 layers. Two inter sheath are inserted between cable throughout length. 


§lmax — (V - Vi) / r In (di/d) 
g2max = (Vi - V 2 ) / r In (d 2 /d) 
g3max = v 2 / r 2 In (D/d 2 ) 



The stress can be made to vary between the same maximum & minimum value by choosing di & 
d 2 


Such that di/d = d 2 /di= D/d 2 = a 

a 3 = D/d; a = ^/D/d 
di = a d d 2 = a 2 d 


the max stress are required to be made equal, we have gimax = g 2 max = g 3 max 
V 2 = Vi (1 + 1/a) = V(1 + 1/a + 1/a 2 ) 
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One Inter Sheath 

di/ d = D/ di = a 
a 2 = D/d a = 2^/D/d 
di = a d 

V 2 = (1 + 1/a) V 
(1 + 1/a + 1/a 2 ) 

gmax with two inter sheath / g max without inter sheath = 


v 


-d/2 In (D/d) 


1/3(1 +a+a 2 ) 


V 


d/2 In (D/d) 



gmax with two inter sheath / g max without inter sheath = 2/(1 + a) 

The new max stress with two inter sheath is only 3/(1 + a + a 2 ) Times that of stress without 
any inter sheath. 

Capacitance Grading 

The insulation may be made of dielectric of different permittivity such a cable is known as 
graded cable & the arrangements results in more uniform stress in the dielectric. 



Let di be the diameter of the dielectric having permittivity ki & D the diameter of the dielectric 
having permittivity k 2 . 


l/kilnidi/di+l/kz lryD/di) 


gl max — Q/ukid 'Q'in times of V 


2 V 


§lmax — 


d[ 1 n (di/dHki/kz lnCD/dj.)] 
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Power Factor in Cables 



Capacitance in 3 - Core Cable 

The three - core cable has capacitance between the cores and each core capacitance with sheath 
is shown below fig. 



Capacitances Cc to the core are in delta & can be replaced by an equivalent star arrangement 
shown below fig. 



fb.com/cgaspirant Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.O.: #74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar4 ,h Block, Bangalore-11 

®: 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademv.com Page 283 














Downloaded from : www.cgaspirants.com 

Quick Refresher Guide Power Systems 


The impedance between core 1 and the star point must be equal to (1/3) times the impedance 

of each branch of the delta, 

this gives 

1/ooCi = l/3toCi (or) Ci = 3Cc. 

the star may be assumed to be at zero potential and if sheath is also at zero potential the 
capacitance of each conductor to neutral is 

Co = Ci + Cs = 3 Cc +Cs 

Methods of calculation of Cs & Cc 

a) Let conductors 2 and 3 be connected to the sheath. Capacities C c between conductors 2 and 3 
and Cs of conductor 2 and 3 with respect to the sheath are eliminated. 



Capacitances Cc and Cs are now in parallel across core one and the sheath and they add up 
Measure the capacitance between core one and the sheath, is 

Ca = C s + 2C c .(1) 

b) All the conductors are connected together and capacitance Cb is measured between them and 
sheath. 

C b = 3 C s or 

C s = 1/3 Cb.(2) 

Since 2Cc = C a - C s 
C c = % (C a - 1/3 Cb) 

= 1/6 (3C a -Cb) 

C n = C per phase 

From 1 and 2 C n = Cs + 3Cc = 3/2 C a - Cb/6 



c) Connect any one conductor to sheath, measure capacitance between remaining two 
conductors 
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2 


=> C n = 2 Cd 


Distribution System 

DC Distribution: The electric power is almost exclusively generated, transmitted and distributed 
as a.c. but for certain applications (e.g for electro-chemical works, for the operation of variable 
speed machinery d.c. motors etc.) D.C. is absolutely necessary. For this purposes, a.c is converted 
into d.c. at the sub-station and is then distributed by i) 2 -wire system ii) 3 - wire system. 

AC Distribution: The electric power (or energy) is invariably generated, transmitted and 
distributed in the form of alternating current. The main reason of adopting a.c. system for 
generation, transmission and distribution of electric power is that the alternating voltage can 
conveniently be changed to any desired value with the help of a transformer. 

Primary Distribution: The system in which electric power is conveyed at llkV or 6.6 kV or 3.3 kV 
to different sub-stations for distribution or to big consumers (e.g industries, factories etc) is 
called primary distribution system. 

Secondary Distribution System: The system in which electric power is distributed at 400/230 V 
to various consumers (e.g residential consumers) is called low voltage or secondary distribution 
system. 

Connection Schemes of Distribution System 

Radial system: In radial system, separate feeders radiate from a single substation and feed the 
distributors at one end only. 

Ring Main System: In this system each consumer is supplied via two feeders. The arrangement is 
similar to two feeders in parallel on different routes. 

Inter Connected System: In this system, the feeder ring is energized by two or more than two 
generating stations or substations. 
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10.2: Economics of Power Generation 

Load Curve: It is plot of load in kilowatts versus time (usually for a day or a year.) in the order in 
which they occur, i.e., chronologically 

Load Duration Curve: It is the plot of load in kilowatts versus time duration for which it occurs in 
the descending order of magnitude, irrespective of the time of occurrence 

Load Factor: The ratio of average load to the maximum demand during a given period is known 
as load factor. 


Average load 

Load factor = ---- 

Maximum demand 


Average Load: The average of loads occurring on the power station in a given period is known as 
average load or average demand. 


Daily average load 


No. of units (kWh)generated in a day 
24 hours 


Monthly average load 


No. of units generated in a month 
No. of hours in a month 


Yearly average load 


No. of units generated in a year 
8760 hours 


Maximum Demand: It is the greatest demand of load on power station during a given period. 


Demand Factor: It is the ratio of maximum demand on the power station to its connected load, 

Maximum Demand 

i. e. Demand Factor = ---— 

Connected Load 

Connected Load: It is the sum of continuous ratings of all the equipments connected to the 
supply system. 

Diversity Factor: The ratio of the sum of individual maximum demands to the simultaneous 
maximum demand on the power station is known as diversity factor. 

Sum of individual maximum demands 

Diversity factor = ------- 

Simultaneous Maximum demand on power station 

Coincidence Factor: It is the reciprocal of diversity factor and is always less than ' 1'. 

Plant Capacity Factor: It is defined as the ratio of average demand on the station to the maximum 
installed capacity. 


Actual energy produced 

Capacity factor = —— : ---—------ 

Maximum energy that could have been produced 
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Operation Factor: It is given by the ratio of number of hours the plant is in service to the total 
number of hours in a given period (usually a year) 

Service hours 

Operation factor =-—- 

Total duration 

Utilization Factor (Plant Use Factor): It is the ratio of kWh generated to the product of plant 
capacity and the number of hours for which the plant was in operation. 

Station output in k Wh 

Plant Use Factor = —--- 

Plant capacity x Hours of use 

Firm Power: It is the power intended to be always available. 

Cold Reserve: It is that reserve generating capacity which is available for service but is not in 
operation. 

Hot Reserve: It is that reserve generating capacity which is in operation but is not in service. 

Spinning Reserve: It is that generating capacity which is connected to bus and is ready to take 
load. 

Methods for Determining Depreciation: There is reduction in cost of equipment and other 
property of the plant every year due to depreciation. There are three methods for determining 
the annual depreciation namely: 

a) Straight Line Method 

b) Diminishing Value Method 

c) Sinking Fund Method. 

Base Load and Peak Load On Power Station 

Base Load: The unvarying load which occurs almost the whole day on the station is known as 
base load. 

Peak Load: The various peak demands of load over and above the base load of the station is 
known as peak load. Nuclear power stations are used as base load stations operating at high load 
factors of over 80%. These meet what are called the 'block loads' at the bottom of the load 
curves. 


Load Forecasting: Forecasting of future demand in every utility service is very important and 
necessary to meet out the consumer demand efficiently. For estimating the future demand of 
electricity, load forecasting is required. It is broadly classified as 

(i) Long Term Load Forecasting (LTLF) and 

(ii) Short Term Load forecasting (STLF). 

Economics of Power Generation: The art of determining per unit cost of production of electrical 
energy is known as economics of power generation. Cost of electrical energy can be divided into 
two parts namely 


,, , i) Fixed cost 
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i) Fixed Cost: It is determined by the capital investment, interest charge, tax paid, salaries and 
other expenses that continue irrespective of load. 

ii) Variable Cost: It is a function of loading on generating units, losses, daily load requirements 
etc. Economic operation is concerned about minimizing the variable cost. Proper scheduling of 
power plants (thermal and hydel) is done to obtain economic operation. 

Expressions for Cost of Electrical Energy 

The overall annual cost of electrical energy generated by a power station can be expressed in 
two forms viz three part form and two part form. 

Economic Load Dispatch 

The economic load dispatch involves the solution of two different problems. These are unit 
commitment (or) preload dispatch and on-line economic load dispatch. 

Unit commitment (or) Preload dispatch: Select optimally out of the available generating sources 
to meet the expected load and provide a specified margin of operating reserve over a specified 
period of time. 

On-line Economic Dispatch: It is required to distribute the load among the generating units 
actually parallel with the system in such manner as to minimize the total fuel cost minute-to- 
minute requirements of the system. 

The economic load dispatch problem applicable for fuel based units rather than hydro electric 
stations. 

The relation between fuel cost and the power generation in MW of a particular unit (i th ) in n 
units is given as 

Fj = 1/2 a Pj 2 + (3Pj + yRs/hr a, (3 and y are called the constants. 

Incremental Fuel Cost Relation 


dFi 

dP, 


aPj + (3Rs/MWhr 


dF 

dP 


dF 2 _ dF n 
dP 2 dP n 


The incremental fuel costs of all the units are same. 


A = cost received in Rs/Mwhr. 


Economic Load Dispatch Including Line Losses 

Min Ft = Zf =1 F; 


Subject to P D + Pl = T.f= i Pi 
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Where P m = real power generated at the m th plant 
B mn = l° ss coefficients under certain assumed conditions 


Pn = 


1 } Sm=l 2B nm P n 

_m *n_ 

^-+2B nn 


Power Systems 


5 p 7 Ll = dpi Lz = 


dFn 

dP n 


L„ = A. 


Li = L 2 = L n = Penalty factor. 


L n = - 


x _dP L \ 

dP n j 

For a two Bus system 

Pl = Bn Pi 2 + Pi + B12 P2 + P2 B21 Pi + B22 P2 2 


Bn, B12, B21, B22, = Loss coefficients. 

Special Case: When the load is located at Bus (2) 
B 12 = 0 
B 21 = 0 
B 22 = 0 


Pl— Bn Pi 2 



1 


2 



1 2 
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10.3: Symmetrical Components & Faults Calculations 

• Fortescue's work proves that an unbalanced system of 'n' related phasors can be resolved 
into 'n' systems of balanced phasors called the symmetrical components of the original 
phasors. 

• Three sets of balanced phasors which are the symmetrical components of three unbalanced 
phasors. Shown in below figures. 

Positive Sequence Components Negative Sequence Components Zero 

Sequence Components 



Where, T = symmetrical transformation matrix and a = lzl20° 


/V a0 
v al 
Vv a2 


( 1 / 3 ) 



v 012 


[T 1 ] 


yabc 


where, T 1 = inverse symmetrical transformation matrix 
Average 3 - phase power in Terms of Symmetrical Components: 
P = 3 [|VaO |IaO I COS 0 O + |V a l| Ial | COS 0 ! + ^ |M COS 0 2 ] 
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Sequence N/Ws of a synchronous Generator 
Positive sequence Network 

The three phase system can be replaced by a single phase network as shown in the below: 
The equation of the positive sequence network is V a i = E a i -I a i. Zi 


Ial —► 



Z 2 


—► 

Ia2 


1 


I 


‘E’ for the Generated voltage. 
‘V’ for the Terminal voltage. 


The equation for the negative sequence network is V a 2 = - L 2 .Z 2 

Zero sequence Network 

The equation for the zero sequence network is V a o = - I a oZo 



Fault Calculations 

Faults can be classified as two types: 

1. Series faults 2. Shunt faults 

* Shunt faults are characterized by increase in current and decrease in voltage, frequency and 
power factor. 
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* Series faults are characterized by decrease in current and increase in voltage, frequency and 
power factor. 


The series faults are classified as 

1. One open conductor fault 2. Two open conductors 
fault 

The shunt type of fault are classified as: 

1. Single line to ground fault 

2. Line to Line fault 

3. Double line to Ground fault 

4. Three phase fault 

* The first three faults are the unsymmetrical faults. 

* The three phase fault is symmetrical faults. 

* Severity & occurrence of Faults: 



Fault Severity Occurrence 

1 ) 

2 ) 

3 ) 

4) 


3-0 (LLL,LLLG) Severe 5% 

Phase to phase ground (LLG) Severe 10% 

Phase to phase fault (LL) Less Severe 15% 

Single line to ground Faults (LG) Very less 70% 


Single Line to Ground Fault 


1. Most frequently occurring fault. 

2. Usually assumed the fault on phase - a for analysis purpose, phase - b and phase - are 
healthy. 


Z1+Z2+Z0 


If = I a = Iai + L2 + ho; I a i = I a 2 = I a o and +ve, —ve and zero sequence networks are 
connected in series. 


, _ 3 Ea 

Zi + Z 2 +Z 0 

single Line of Ground fault with Zf: 


Zi+Z2 + (Zg 0 + 3Z n )+3 Zf 

Line to Line Fault 


Ial = 


Ea 

Zf+ Z 2 


If — lb — " Ic — a z I a l + al a 2 + IaO (Ia2 — - Iai, IaO —0) 


= (a 2 - a)l ai = -JV3 Iai 
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_ —jV3 Ea 

Zi+ Z 2 

Double Line to Ground Fault: Here sequence networks are connected in parallel. 
V a0 = Val = V a2 = V a /3 

r ~Pa - Hi ZjJ 

•aO — - - - 

L o 

r — Pa - lal ZjJ 

1,2 - % - 

Ia= Ial + Ia2 + Ia0 =0 


If —lb + Ic — 3 I a 0 


IaO — "Ial 


Z 2 

Z 0 + Z 2 


If = -3 Ial 


Z 2 

Z o+ Z 2 


Zero sequence and negative sequence networks are parallel and this is in series to the positive 
sequence. Double line to ground fault with Zf 


al Z + Z2 ^ Z ° + 3Z n+ 3Z f) 

1 z 2+ z o+3Z n +3Zf 

Three Phase Fault 


Ial — E a / Zi 


Load Flow 

Load cannot be same for all time in the system. The power flow idea is to find out the voltage at 
different bus bar, sub - station, node point & the flow of power on these lines, with given 
constraints and specifications. 

Types of Buses 

1. Load bus 

In this type of bus, Pj and Qi are known. 

The unknowns are |Vj| and 5;. 

2. Slack Bus/Reference Bus/Swing Bus 

This bus is a special type of bus. Here real and reactive powers are not specified only |Vj| and 
5j are known. 
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3. Generator/Voltage control/PV Bus 

In this type of bus P; and |Vj| are known. Q ; and 5; are not known. 


Power System Network 



G —> Generator 


But Admittance matrix 

For a 3-bus system, 


r 1 !] 


r Y n 

Y12 

Y 13 1 

r y i 

I2 

= 

y 2 i 

Y22 

Y 23 

v 2 

-I3- 


^y 31 

Y32 

Y33- 

lv 3 


Yu — Y 22 — Y 33 => self admittance. (Driving point admittance) 

Y 12 = y 21 =Transfer admittance 
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Zbus — [Ybus] 1 


Ibus — Ybus V bus 
Vbus = ^bus Ibus 
Y bus is symmetric matrix 

Y 12 = Y 21 = -y 12 
y 13 = Y 31 = -y 13 

Y 2 3 = Y32 = — Y 23 

Y bus matrix is sparse matrix. (Sparse means most of the elements of Y BUS matrix are zero) 


Power Flow Equation 

Ibus = Y B us V BU s 

N 




y k „ v„ 


n=l 


S K = P K + JQk = V K I£ 


p k + JQk - v k 


V = V ■ e J6n 

v n v n c 


N 

I 

Ln=l 


Y k „ V n 


,K = 1,2, 


Y k „ = Y k „ e> 0 *” , k, n = 1, 2, 


N. 


Pr + 


JQk = V K ^ 


V e^ 5K_5n_0kn ^ 

I Kn v n c 


n=l 


Pr — V K ^ v n Y Kn cos (5 k — 5 n — 0 Kn ) 


n=l 

N 


Qk-Vk^ ^ Kn s i n (^K — S n — 0 Kn ) 


n=l 


-N. 


Characteristics of Power Flow Equation 

Power flow equation is algebraic - static system 
Power flow equation is nonlinear - Iterative solution 
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Relate P, Q in terms of V, 5 & Y BUS elements, we get P, Q -» f (V, 5) 

There are two methods to solve these non -linear equations 

1. Newton Raphson 

2. Gauss - Seidal method 

Newton Raphson (N.R.) method has got quadratic convergence and fast as compared to Gauss - 
seidel and always converges. But N.R. method requires more time per iteration. Gauss - Seidel 
has got linear convergence, convergence is affected by choice of slack bus and the presence of 
sense capacitor. 
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10.4: Power System Stability 

Stability is the ability to maintain synchronism with the externally connected transmission lines 
by the synchronous generator in order to deliver the maximum power to either small (or) 
sudden change in load. The two electrical parameters for the stability consideration are 

(i) Supply frequency (ii) Terminal voltage. 

In general the real power is only considered for stability consideration, because any change in 
load at load end i.e.; real power does reflect in change of rotor position of an alternator. 

Steady State Stability: It is the ability to maintain synchronism by delivering maximum amount of 
real power for a small and gradual variation of load. The rate of change of load is less than rate of 
change of excitation controller or the frequency of oscillations due to change of load are less 
than natural frequency of the system. The steady state stability limit can be evaluated by using 
power-transfer equations by using simulation networks 

Case I 


Alternator connected to asynchronous load directly. The resistance of alternator is ignored. 
S = VI* 

rEz5 - VzCh 


= |V|zO 
Ev 


Xz90 

V 2 


Xz90 - 5 Xz90 
EV 

P = — sin5 
X. 

EV 

P = Pmax=— [5 = 90°] 


= P + jQ 


dP Ev 

Synchronizing power — = — cos5 
do X 


Case II 


Alternator supplying power through a transmission line of a certain reactance. 


P= 


Sin5 [ X ex = Xg +X t ] 

^eq 


p = 


EV 

^eq 
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Case III 


Ez 8 V S Z0 V r z0 

— x G 

V s = E 
0 = 5 

Because the reactance of generator and transformer are very less when compared to the 
reactance of transmission line. 

V s z6 Vr zo 

I—OH- 



V s z5 




v r zo 

✓ 

_ / 

/ 


P = ^cos (P — 5) — (|A| /|B| ) (Vr) 2 cos ((3 - a) 

Uncompensated Transmission Line: In short line the total value of x(reactance) is less so the 
alternator will deliver maximum power without loosing synchronism. 

Compensated Transmission Line: In long transmission line the total value of reactance is very 
high so that alternator may fall out of synchronism, while delivering maximum power. To reduce 
the net reactance, series capacitor is placed. Such a transmission line is called compensated line. 

E V 

Methods of improving steady state stability limit: Psssl = — 

(i) operating the system at higher voltages 

(ii) Reducing the net reactance of the system. This can be obtained by using parallel lines, double 
circuit and bundle conductors. 
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Mechanical and Electrical Power of Synchronous Machine 


Power Systems 




Synchronous motor 


Swing Equation 


M 


d 2 6(t) 

dt 2 


= Pa 


= Ps- 


— Sin5 


Where, M=moment of inertia, and P s is the mechanical power supplied to the alternator. 

Swing equation which is a non-linear differential equation. It describes the relative position of 
rotor w.r.t stator fixed as a function of time. 


Two Machines are Swinging Together 

Two alternators are connected to common bus, any change of load will change the rotor 
position of two alternators is called swinging of two machines. 



Mi and M 2 are angular momentum of two generator. 5i= 62 = 5 and Pa eq i = Pai+Pa 2 


.. d 2 5 . d 2 Sl . 

Me ^- Ml ^r + M2 


d 2 S 2 
dt 2 


d 2 5 


d 2 5 


Me q -^=(M 1+ M 2 )^ 


dt 2 


M e q — Ml +M2 


M e q= Ml + M2 + + M n 
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Two Machines are not Swinging Together 

When two alternators are not connected to common bus, only change of load will change the 
rotor position of one alternator only, then the machines are not swinging together. 


c.0- 

"• o 


Mi and M 2 are angular momentum of two generators. 
8=82- 5 i 

d 2 8 _ d 2 6 1 d 2 S 2 
dt 2 dt 2 dt 2 

d 2 6 _ Ps 2 -Pe 2 PSi-Pe! 
dt 2 _ M 2 Mi 

Multiplied both sides by MlM2 
F y m 1+ m 2 


m 1 m 2 

d 2 S 

MjM 2 

(Ps 2 

-Pe 2 PSi-Pei^ 

m 1+ m 2 

dt 2 

m 1+ m 2 

V m 2 m, ) 

m 1 m 2 

d 2 6 

[MiPs, 

-MzPSil [M 1 Pe 2 -M 2 Pe 1 "| 

m 1+ m 2 

dt 2 

L Mi 

+m 2 

J L M 1 + M 2 J 

P aep 

= P seq 

P eeq 




M e q Mi + M 2 


Inertia Constant 


(H) 


Kinetic energy stored 
Rating of the machine 


f—'ll w 2 

(H) = [M=IW] 

M =-= —- (radius) 

W 2nf v J 


M = liTf ( de g rees ) 


MaH 
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Swinging of the Machines 


Hep = Hi + H 2 +.H„ 


Do not Swinging of the Machines 



1 


In general swinging of the machines will preferred so that the equivalent inertia will increase 
which will reduce the swinging of the machines. 

Transient Stability 

It is the maximum amount of power that can be delivered to the load without loosing 
synchronism for sudden and large variations of the load due to 3-phase short circuit fault 
occurred for a time of 5 cycles only. Otherwise, the system will lose synchronism. 

FV 

Pei =-Sin 5o (Before fault) 


Xieq 


Pei = Pmi Sin 5o 


E V 

Pmi = —- (Maximum power transfer before fault.) 
Xi 


Xieq is the transfer reactance before the fault between the source and the load. 

FV 

Pe 2 =-Sin 5 (During fault) 

X 2 eq 

= Prm Sin 5 

ev (Maximum power transfer during fault. X 2eq is the transfer 
x 2 eq reactance between the generator and the load during the fault.) 


Pe3 = ( After fault ) 

a 3 ec i 

= Pni 3 Sin 5 

ev (Maximum power transfer after fault. X eq3 = transfer 
m x 3 eq reactance between source and load after fault.) 

Assumptions to Evaluate the Transient Stability 

(i) The resistance, the shunt capacitance of generator and transmission lines are ignored. 

The shunt elements like shunt capacitor (or) shunt inductor at load Bus or generator bus 
are ignored. The network is represented as transfer reactance. 

(ii) The mechanical input is assumed to be constant. 

(iii) There is no change in the speed of alternator. 

(iv) The damping force provided by damper winding is ignored. 

(v) The voltages behind the reactances of the Machines are ignored. 
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The transient stability can be analyzed by using the swing equation. 

Md 2 6 EV C . * 

, - = Ps-SmS 

dt 2 X 

The transient state stability can be analyzed by using Equal Area Criterion, or point-by-point 
method. 

Equal Area Criteria: The basis is swing equation. 

d 2 S 

M ^ = P a = Ps-Pe 

Multiply both sides the equation 2 d5/dt and integrate w.r.t. time. 


C d 2 6 d6 , r d6 , 

2M —■ — x dt = 2 Pa — dt 

J rlf-2 rit J dt 


dt 2 dt 

n 2 


=/ 2pad6 


I-j; Pads 

dt M J 5 0 


2 rS 


dS 

dt 


, d5 i 

6o=o an d ^ ls=o 


J So Pad6 = 0 

The alternative will experience both acceleration and deceleration when it travels from 50 to 5 
due to sudden large disturbance. During acceleration P s > P e and during deceleration P s < P e . 


At ? 

dt 


speed. 


So 


= 0 where there is no change in rotor angle and the speed is synchronous 




where the change in rotor angle is zero and the speed is also synchronous 


speed. 

For the system to be stable Ai < A 2 

For the system to be critically stable Ai = A 2 

For the system to be unstable Ai > A 2 

Where A x = Positive bounded area by P a (accelerating power) and 5 axis. 
A 2 = Negative area bounded by P a and 5 - curve 
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Assumptions of Equal Area Criteria 

(i) P a = 0 and W = W s there is no change in rotor angle. 

(ii) P a = 0 but W ^ W (or) P a =£ 0 but W = WS, there is change in rotor angle. 

(iii) The angular momentum should also taken into account to explain equal area criteria. 

Factor Affecting Transient Stability 

(i) Higher value of 'M' 

(ii) Fast acting CB: (SF6) CB 

(iii) High speed Governor 

(iv) Operating the system at higher operating voltage (or) reducing the net reactance of the 
system 

(v) Using fast acting excitation control and fast acting voltage regulator 

(vi) By using dynamic resistor 

(vii) By using single pole CB operation 

Effect of Grounding on Transient Stability 





Gen 


motor 


To maintain transient stability the generator will be ground through resistor because it will 
increase the real power transfer during the fault. So, that the acceleration will reduce. 

In case of synchronous motor the reactance grounding is preferred which will not affect the real 
power supplied to the load of motor. So there will not be any severe deceleration. 
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10.5: Protection & Circuit Breakers 


Relay: A relay is an automatic device which senses an abnormal condition in an electric circuit 
and then activates the circuit breaker to isolate the equipment from the fault. 

Pick Up Level: The value of the actuating quantity (current or voltage) which is on the threshold 
(border) above which the relay operates. 

Reset Level: The value of current or voltage below which a relay opens its contacts and comes to 
original position. 

Operating Time: The time which elapses between the instant when the actuating quantity 
exceeds the pickup value to the instant when the relay contacts close. 

Reset Time: The time which elapses between the instant when the actuating quantity becomes 
less than the reset value to the instant when the relay contact returns to its normal position. 

Primary Relays: The relays which are connected directly in the circuit to be protected. 

Secondary Relays: The relays which are connected in the circuit to be protected through current 
and potential transformers. 

Auxiliary Relays: Relays which operate in response to the opening or closing of its operating 
circuit to assist another relay in the performance of its function. This relay may be instantaneous 
or may have a time delay. 

Reach: A distance relay operates whenever the impedance seen by the relay is less than a 
prespecified value. This impedance or the corresponding distance is known as the reach of the 
relay. 

Underreach: The tendency of the relay to restrain at the set value of the impedance or impedance 
lower than the set value is known as under reach. 

Overreach: The tendency of the relay to operate at impedances larger than its setting is known as 
over-reach. 

Functional Characteristics of a Protective Relay 

A Protective relay is a device that detects the fault and initiates the circuit breaker to isolate the 
defective element from the rest of the system. 

1. Selectivity 

2. Sensitivity 

3. Speed 

4. Reliability 

5. Simplicity 
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Types of Relays 

1. Primary relaying equipment 

2. Secondary or back-up relaying equipment 

Classification of Relays 

1) Principle of Operation 

a) Electromagnetic relays: The Electromagnetic relays used for a.c. and d.c. quantities. 

b) Electromagnetic induction or induction relay: This relay used only a.c. quantities. 

c) Electrothermal relays: These are actuated by heat. 

d) Physio - electric relays: Ex: Buchholz relay 

e) Static relay: 

f) Electro dynamic relay: Operate on the same principle as the moving coil instrument 

2) Time of Operation 

a) Instantaneous relays: Operation takes place after a negligibly small interval of time from 
the application of the current or other quantity causing operation. 

b) Definite time-lag relays: The time of operation is quite independent of the magnitude of 
current or other quantity causing operation. 

c) Inverse time-lag relays: The time of operation is inversely proportional to the magnitude 
of current or other quantity which causes operation. 

d) Inverse - definite minimum time lag relays: (IDMT relays). The time of operation is 
approximately inversely proportional to the smaller values of current or other quantities 
which causes operation and tend to a definite minimum time as the value increases 
without limit. 

3) Applications 

a) Under current, under voltage, under power relays: which operation takes place, voltage or 
current or power falls below a specific value 

b) Over current, over voltage, over power relays: which operation takes place when, the 
voltage, current, and power rises above a specific value. 

c) Directional or reverse current relays: which operation occurs when the applied current 
assumes a specific phase displacement with reference to applied voltage and the relay is 
compensated for fall in voltage. 

d) Differential relays: which operation lakes place at some specific phase or magnitude 
difference between two or more electric quantities. 

e) Distance relays: The operation depends upon the ratio of the voltage and current. 

Over Current Relays: In over-current protection, the relay picks up when the magnitude of 

current exceeds the pick-up level. It includes the protection from overloads, which means 

machine, or equipment is taking more current than its rated value. 

The Over- Current Protection is Provided for the Following Equipment 

1. It is the basic type of protection used against over-loads and short-circuits in starter 
windings of motors. 
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2. Transformers are provided with over-current protection against faults in addition to 
differential relays to take care of through faults. 

3. The lines can be protected by (i) Instantaneous over-current relays, (ii) Inverse time over¬ 
current relays, and (iii) Directional over-current relays. 

4. Utility equipment such as furnaces, industrial installations, commercial and industrial 
equipments are all provided with over-current protection. 

Plug - setting multiplier (P.S.M): It is the ratio of fault current in relay coil to the pick-up current 

i.e. 


Fault current in relay coil 
Pick-up current 

Fault current in relay coil 
Rated secondary current CTxCurrent setting 


For Universal relay torque equation, T = K x I 2 + K 2 V 2 + K 3 VI Cos (0 - t) + K 
For over current relay, Kz = 0, K3 = 0 and spring torque will be '- K' 

Therefore T = I^I 2 - K 

Kil 2 is the operating torque produced, 'K' is restoring torque produced. 

Directional Relay: The over-current protection can be given directional feature by adding 
directional element in the protection system. Directional over-current protection responds to 
over-current for-a particular direction flow. If the power flow is in opposite direction, the 
directional over-current protection remains inoperative. 

Directional over - Current Relays 

1. Directional Relay 

2. Non-Directional Relay 

For Directional Relay K x = 0, K 2 = 0, K = —ve 

T = K 3 VI Cos (0 - x) + K 

Differential Relays: The differential relay is one that operates when the vector difference of two 
or more similar electrical quantities (either current or voltage) exceeds predetermined value. It 
should have 

1. Two or more similar electrical quantities. 

2. These quantities should have phase displacement (approximately 180°), for the operation of 
the relay. 

3. It is used for protection of Alternator (for Internal faults), Transmission lines (Long - using 
carrier communications, short - using pilot wires) 

4. This requires two CTs at the two sides of protecting Zone with same current ratio and other 
characteristics. 

5. This scheme is also called merz - price circulating current method. 
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Distance Relay: The operation depends upon the ratio of the voltage and current. 

1. Impedance Relay 2. Reactance Relay 3. Mho Relay 

1. Impedance Relay: 

torque equation, K 2 = -ve, K 3 = 0 and 'K' is neglecting (spring torque). 

T = K 1 I 2 - K 2 V 2 


This means the operating torque is produced by the current coil and restraining torque by 
the voltage which means that impedance relay is a voltage restrained over current relay. 

x 

Operating torque > restraining torque 
KiP > K 2 V 2 
V 2 / I 2 < K 1 / K 2 


Z < I (—); Z=constant 
' K 2 



Impedance relay R-x diagram Impedance relay lies within the circle the relay will be operate 
other wise it will not operate. 

Impedance relay normally used are high speed relay. Balance beam structure or induction 
cup structure. 

This relay used in Medium Transmission lines 
2. Reactance Relay: Reactance relay is an over current relay with directional restraint 
Torque equation, K 2 = 0, K 3 = -ve, K = 0. 

T = KiP - K 3 V I Cos (0 -x) 

Maximum Torque angle is 90° i.e. t = 90°. 

Therefore T = KiP - K 3 V I Cos (0 - 90°)b 
= KiP - K 3 V I sin 0 
KiP > K 3 V I sin 0 
(VI / P) sin 0 < Ki / K 3 
Z sin 0 < Ki / K 3 
X < Ki / K 3 
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The resistance component of the impedance has no effect on the operation of the relay. It 
responds only to the reactance component of the impedance this relay used in Short 
Transmission lines 

3. Mho Relay : Mho relay is a voltage restrained or directional relay 
Torque equation, Ki = 0, K 2 = -ve, K = 0 
T = -K 2 V 2 + K 3 VI Cos (0-t) 

For the relay to operate 
K 3 V I Cos (0-x) > K 2 V 2 
V 2 / VI < K 3 / K 2 cos (0-t) 

Z < K 3 / K z cos (0-t) 

This relay used in Long Transmission lines 
Fuse 

The fuse element is generally made up of materials having the following characteristics 

i) low melting point e.g. tin, lead, zinc. 

ii) high conductivity e.g. silver, copper, aluminum 

iii) free from deterioration due to oxidation 

iv) low cost. 

Rated Current: The rated carrying current of a fuse element is the maximum current, which it 
can carry without any undue heating and melting. 

Fusing Current: It is the minimum current at which the fuse element melts and opens the circuit 
to be protected by it. For a round wire the approximate value of fusing current is given by 

I = k-/cPorkd 3 / 2 

Where, k is a constant depending upon the metal of the fuse wire d is the diameter of the wire. 
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Fusing Factor: It is defined as the ratio of minimum fusing current to the current rating of fuse 
element. Its value will be always more than one. 

„ . „ minimum fusing current . .. 

Fusing factor =-—---(> 1) 

current rating of fusing element v 

Prospective Current: The r.m.s. value of the first loop of the fault current is called the prospective 
current. 

Cut off current: The maximum value of the fault current actually reached before the fuse melts is 
called cut-off current. 

Pre Arcing time: This is the time between the commencement of the fault current and the instant 
that the arc is initiated. 

Arcing Time: This is the time between the end of the pre-arcing time and the instant when the 
arc is extinguished. 

Total operating time: It is the sum of pre-arcing and arcing times. 

Fault power is measured in MVA. 

Circuit Breaker 

The circuit - breakers are automatic switches which can interrupt fault currents. The circuit - 
breakers used in three-phase systems are called triple -pole circuit breakers. In some 
applications like single - phase systems single - pole circuit breakers are used. 

Arc Phenomenon: The electric arc is a type of flow of electric current between electrodes-or a 
type of electric discharge between electrodes. 

The interruption of D.C. arcs is relatively more difficult than A.C. arcs. 

• Arc is a column of ionized gas. 

• The arc in the breaker may be initiated either by field emission or thermal emission or 
ionization 

Arc Voltage: It is the voltage that appears across the contacts of the circuit breaker during the 
arcing period. 

High Resistance Interruption is Made in the Following Methods 

1) by increasing the length of the arc 

2) by cooling the arc 

3) by splitting the arc into number of small arcs 

4) by restrain or confining the arc to a narrow channel. 

Low Resistance or Current Zero Method: This method is employed for arc extinction in a.c. 
circuits only. In this method, arc resistance is kept low until current zero where the arc 
extinguishes naturally and is prevented from restriking inspite of the rising voltage across the 
contacts. All modern high power a.c. circuit breakers employ this method for arc extinction. 
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The Two Main Theories Explaining Current Zero Interruptions 

1) The recovery rate theory. (Slepian's theory) 

2) The energy balance theory (Cassie's theory) 


Power Systems 


Recovery Voltage: The power frequency r.m.s. voltage that appears across the breaker contacts 
after the transient oscillations die out and final extinction of arc resulted in all the poles is called 
the recovery voltage. 

Active Recovery Voltage: It is defined as the instantaneous value of recovery voltage at the 
instant of the arc extinction. 

The Active Recovery Voltage Depends Upon the Factors 

1) power factor 2) armature reaction 3) circuit conditions 


Expression for Active Recovery Voltage 

The active recovery voltage can be represented as 

V AR = K 1 K 2 K 3 V m sin <]) 

Where K x is called the demagnetizing factor due to which the recovery voltage will be less than 
the system voltage, 

_ Recovery voltage 

Or, K-, = —-—-— 

System voltage 

K 2 is a condition factor i.e. it depends on the condition whether the symmetrical fault is 
grounded or not, i.e. its value is either 1 or 1.5. 

And K 3 is factor equal to 1 if the active recovery voltage between phase and neutral is to be 
obtained and its value is a/3 if the active recovery voltage between the two lines is required. 

Re-Striking Voltage: The resultant transient voltage which appears across the breaker contacts at 
the instant of arc extinction is known as the re striking voltage. 

The expression for restricting voltage for a loss - less line is 

v = V(1 - cos (t/V (LC))) 

Where, v = restriking voltage at any instant t, 

V is the value of voltage at the instant of interruption. 

L and C are the series inductance and stunt capacitance upto the fault point. 

Rate of Rise of Re-Striking Voltage (R.R.R.V) 

R.R.R.V = Peak restriking voltage KV/p.sec 
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The Time taken to Rise the Voltage from Zero to Peak Voltage 

R.R.R.V = Peak restriking voltage KV/p.sec t 

Time, t = l/2f n 

Where, f n = frequency of transient oscillators= 1 / (2 ttVLC). 

Peak restriking voltage KV/p.sec 
The Time taken to rise the voltage from zero to peak voltage 

RRRV is very important parameter for designing circuit breakers. 


Resistance Switch 

To control the R.R.R.V. 

For critical damping R = ^ J L/C 

The resistance is connected parallel to the breaker contact or parallel to arc. Some part of 
current flow through the resistance. 


Current Chopping 

It is the phenomenon of current interruption before the natural current zero is reached. The 
current chopping occurs due to rapid deionizing and blast effect and result in very seriously 
voltage oscillation. 

If i a is instantaneous value of arc current where the chop takes place, the prospective value of 
voltage to which the capacitance will be charged, will be 

V = i aA /L/C volts 

Where, L is series inductances and C is stunt capacitance 

Classification Of Circuit Breakers 

a) Oil circuit breakers which employ some insulating oil for arc extinction. 

b) Air-blast circuit breakers in which high pressure air-blast is used for extinguishing the arc. 

c) Sulphur Hexa fluoride circuit breakers in which Sulphur Hexa Fluoride (SF 6 ) gas is used for 
arc extinction as well as insulator. 
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10.6: Generating Stations 


Steam Power Plants (Synopsis) 

Steam power plant: A generating station which converts heat energy of coal combustion into 
electrical energy is known as a steam power station. 

Schematic Arrangement of Steam Power Stations 

The main and auxiliary equipment in a thermal power plant are. 

1) Coal and ash handling plant 2) Steam generator or Boiler 3) Steam Turbine 

4) Condenser 5) Cooling towers 6) Feed water heater 

7) Super heater 8) Economiser 9) Airpreheater 

10) A. C. Generator (or) Alternator 11) Exciter 

Advantages of Steam Power Plants 

1. Power stations can be located near the load centers. 

2. It requires less space as compared to the hydro - electric power station. 

3. Requires less transmission and distribution. 

4. Long summer will not affect the power generation like hydel power. 

5. Long gestation period. 

Disadvantages of Steam Power Plants 

1. It pollutes the atmosphere due to the production of large amount of smoke and fumes 

2. It is costlier in running cost as compared to hydro-electric plant. 

Efficiency of Steam Power Station 

The overall efficiency of a steam power is quite low (about 29%) due to mainly two reasons. 


a. Huge amount of heat is lost in the condenser. 

b. Heat losses occur at various stages of the plant. 


Thermal efficiency: The ratio of heat equivalent of mechanical energy transmitted to the turbine 
shaft to the heat of combustion of coal is known as thermal efficiency of steam power station. 


Thermal efficency f| thermal = 


heat equivalent of mech. energy transmitted toturbine shaft 
Heat of coal combustion 


Overall efficiency: The ratio of heat equivalent of electrical output to the heat of combustion of 
coal is known as overall efficiency of steam power station. 

^ . heat equivalent of electrical output 

Overall efficiency =--------—-- 

heat of combustion of coal 


Overall efficiency = thermal efficiency x electrical efficiency 
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Hydroelectric Power Station 

A generating station which utilizes the potential energy of water at a high level for the 
generation of electrical energy is known as a Hydroelectric power station. 

Schematic Arrangement of Hydroelectric Power Station 

The Hydroelectric Power Station mainly consists of the following: 

1) Hydraulic Structure 2) Water turbine 3) Alternator 



Classification based on plant capacity 


1. Micro-hydel plants: - Capacity less than 

2. Mini -hydel plants: Capacity between 

3. Small - hydel plants: Capacity between 

4. Medium hydel plants: - Capacity between 

5. High hydel plants: - Capacity between 

6. Super hydro plants: - Capacity more than 


< 100 kw 
101-1000 kw 
1001-5000 kw 
5 -100 MW 
101 -1000 MW 
1000 MW 


Calculation of Hydro Electric Potential 

Water head: The difference of water level is called the water head. 


Gross head: The total head difference between the water levels in head race (upstream side) and 
tailrace (downstream side) is called as gross head or total head. 

Net head or effective head: Gross head - Head loss in the Conveyor system from Head race to the 
entrance of turbine due to friction 


* It is equal to the difference of total head at the point of entry and at the point of exit of the 
turbine. 


Rated head: Head utilized in doing work on the turbine is called the rated head. 

Rated head = Net head - Loss in guide passage and entrance of the turbine 
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Water Power equation (or) output equation 
Output Power, P = w .Q. H. q kw 

Where, w = specific weight of water = 9.81 KN/m 3 , 

H = net head of water in meter on the turbine 
Q = quantity of water in m 3 /sec 
r| = over all efficiency of the system. 

Output Power, P = w ^ ,T| h.p 

where, w = specific weight of water =1000 kg/m 3 

Advantages of Hydroelectric Power Stations 

1. No cost of fuel 

2. Low maintenance cost 

3. High plant efficiency 

4. Plant is free from pollution 

5. Used as multi-purpose projects (irrigation, flood control etc) 

6. Cost per unit is less. 

7. Suitable for variable heads and to act as a peak load plant. 

Disadvantages of Hydroelectric Power Station 

1. The area required is more 

2. High initial cost. 

3. Located in remote area and require more cost on Transmission lines. 

Nuclear Power Plants 

Nuclear Power Plants: A generating station in which nuclear energy is converted into electrical 
energy is known as a nuclear power station. 

Schematic Arrangement of Nuclear Power Station 

The Nuclear Power Station mainly consists of the following: 

1) Nuclear Reactor 2) Heat Exchanger 3) Steam Turbine 

4) Condenser 5) Alternator 

Advantages of Nuclear Power Plants 

1) The amount of fuel required is quite small. Therefore, there is a considerable saving in the 
cost of fuel transportation. 

2) A nuclear power plant requires less space as compared to any other type of the same size. 
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3) It has low running charges as a small amount of fuel is used for producing bulk electrical 
energy. 

4) Running costs are less. 

5) Reliable and economical for bulk generation. 

Disadvantages of Nuclear Power Plants 

1) Nuclear power plants are not suitable for varying loads, as reactors cannot be easily 
controlled. 

2) It is difficult to make the casing of the reactor, such as high temperature, neutron 
bombardment. 

3) The disposal of the products which are radioactive is a major problems. 
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Machines 


Part-11: Machines 


11.1: Transformer 


Single Phase Transformer 

• Transformer is a static device and has no moving parts. 

• Electrically isolated, magnetically coupled. 

• Transformer has 2 or more windings. 

• A transformer is not an energy conversion device and there is no change in frequency. 

• Voltage and current change simultaneously. 

• Two types of losses occur viz. Core and Copper losses during operation. 

• Transformers require very little care and maintenance because of their simple, rugged 
and durable. 

• The efficiency of a transformer is high because there are no rotating parts, it is a static 
device. 

• The efficiency of a 5 KVA transformer is of the order of 94-96%. 

• The efficiency of a 100 MVA transformer is of the order of 97-99% 

• Transformer is responsible for the extensive use of a.c. over d.c. 

Constructional Details 

• Core: Silicon steel or sheet steel with typically 4% silicon is used. 

• The sheets are laminated and coated with an oxide to reduce iron losses including eddy 
current losses. 

• The thickness of lamination is about 0.35 mm for 60 Hz operation and about 5 mm for 25 
Hz operation. 

• The core provides a path of low reluctance with permeability of the order of 1000. 


Windings 


• Conventional transformer has two windings. 

• The winding which receives electrical energy is called primary winding. 

• The winding which delivers electrical energy is called secondary winding. 

• Windings are made of High grade copper if the current is low. 

• Stranded conductors are used for windings carrying higher currents to reduce eddy 
current loss. 

Methods of Cooling 

a) Natural Radiation. low voltage and output ratings. (500V, 5 KVA). 

b) Oil filled and self cooled. large sized transformers. (132 KV, 100 MVA). 

c) Forced cooling with air blast. Transformers with ratings higher than 33 KV and 


100 MVA. 


Conservator Tank: Due to variations in load and climatic conditions, the oil in oil-filled, self- 
cooled transformers expands or contracts and high pressures are developed which may burst 
the tank and hence a conservator tank needs to be used. 
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Machines 


Bushings: To provide proper insulation to the output leads to be taken from the transformer 
tank. 

Breather: To prevent moisture and dust from entering the-conservator tank oil, breather is 
provided. 

Types of Transformer 

• Core type: Copper windings surround core (Ex. distribution transformers). 

• Shell type: Iron core surrounds the copper windings. 

Core-Type Transformers: Two types 


i) Core-type 


ii) Distributed core type. 


• In a simple core-type transformer, there is a single magnetic circuit, 

• The vertical members of the core are called limbs, and the horizontal members are called 
yokes 

• Each limb of a core-type transformer carries a half of primary windings and a half of 
secondary windings. 

• In a distributed-core type transformer, the windings are on the central limb. 

Shell-Type Transformers 

• A shell type transformer has two magnetic circuits parallel to each other. 

Humming noise is due to MAGNETOSTRICTION in the core due to varying flux, and to reduce this 
noise, transformers are provided with good bracing. 

Principle of Operation 

• Transformer works on the principle of mutual induction. 

• The voltage per turn of the primary and secondary windings is the same since the same 
mutual flux cuts both the windings, if both the windings are identical in cross-section. 

• The ratio of the induced emf s = Ratio of the turns. 

• Since Ei = Vi and E 2 = V 2 V 1 /V 2 = T 1 /T 2 

• In a loaded transformer, the primary draws a current so that mutual flux is maintained 
constant. 

• Since no-load primary AT are very small compared to full-load AT, I 1 T 1 = I 2 T 2 . 

• I 1 /I 2 = T 2 /T 1 = V 2 /V 1 i.e, V 1 I 1 = V 2 I 2 . Primary VA = Secondary VA. 

E.m.f Equation 

Voltage applied to the primary and the magnetic flux set up in the core are assumed to be 
sinusoidal. 

El =(lV2) Ei max =V2 2TifTi cj) m =4.44 f Ti cj) m 
Similarly E 2 = 4.44fT2 4> m 

Ei and E 2 are in phase and lag behind 4> m by an angle of 90° 
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Losses and Efficiency 

• Since a transformer is a static device, there are no mechanical losses. 

• There will be only magnetic (hysteresis and eddy current losses) and copper losses due to 
the flow of current through the windings. 

• Hysteresis loss is proportional to the maximum value of flux density raised to the power 
of 1.6 and the supply frequency i.e., B m L6 f. 

• The eddy current losses are proportional to the square of the maximum flux density and 
the square of the frequency and the square of thickness of laminations. i.e., B m 2 Rt 2 

• The flow of current through the windings gives rise to the copper losses, viz., h 2 ri and Iz 2 
T2. 

• The magnetic losses are present as long as the primary is energized. 

• Since the no - load current is only of the order of 5% of the rated or full load current, the 
no load copper loss in the primary winding is neglected. So, the no load input to a 
transformer is taken as the magnetic loss or the iron or the core loss. It is assumed to be 
same under all operating conditions, right from no load to full load (or even slight over 
load). It is denoted as Pi. 

• The copper losses vary with the value of the secondary (and hence the Primary) current. 
The copper loss corresponding to the rated value of the current is called the Full load 
copper loss. We shall designate it as P c . 

• The efficiency (sometimes called the commercial efficiency) of a transformer is the ratio 
of the power output and power input, both expressed in the same units (Watts, Kilowatts 
or Megawatts). 

• Let be the KVA of the transformer, x be the fraction of the full load at which the 
transformer is working (0 < x < 1.0 usually), and cos c() be the power factor of the load. 
Then the efficiency is given by 

x x KVA x cos 0 
^ xx KVA x cos 0 + x 2 P c + Pj 

• At maximum efficiency operation, the total losses = 2 Pi = 2x 2 P c , since x =V~ (Pi/P c ) 

Equivalent Circuit 

* By making use of the equivalent circuit, the performance indices such as efficiency, voltage 
regulation etc., can be determined. 

The Exact Equivalent Circuit of a Transformer 
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Approximate Equivalent Circuit 


* In the approximate equivalent circuit, the voltage drop due to the flow of I 0 through ri and xi 
is neglected. This is justified since I 0 is very small compared to the rated full load current. 

* The approximate equivalent circuit can further be simplified as (ri & T 2 1 ) are in series and 
(xi & X 2 1 ) are in series, as shown in the figure below. 


Rt 


X, 


U->- 


-JVW——— '' uuu - 3 

I 

w 1 

In_I u 

^ rq 

: sj x ° v 2 '=\ 



1 


Here, Ri = (ri + T 2 1 ), is called the equivalent resistance of the transformer referred to the 

primary side. 

Similarly, Xi = (xi + X 2 1 ), is called the equivalent reactance of the transformer referred to the 

primary side. 

Note 

a) In referring the equivalent circuit from one side to the other side, the resistance, reactance 
and impedance get multiplied by the SQUARE of the turns ratio; the voltage by the turns 
ratio. 

b) The h.v winding will have higher impedance and the l.v winding the lower impedance. 

c) Current gets multiplied by inverse of turns ratio while referring from one side to the other 
side. 


Copper Losses in the Transformer 

Cu. loss = Ii 2 ri + Q 2 r 2 = I1 2 [r 1 + (I 2 /Ii) 2 r 2 ] = I1 2 [r 1 + (Ti/T 2 ) 2 r 2 ] = I1 2 [r 1 + C 2 1 ] = I1 2 Ri. 

Phasor Diagram 

The phasor diagram of a single phase transformer may be drawn as follows: 

Consider secondary voltage V 2 as the reference phasor, i.e., V 2 = V2^0. Let the p.f. of the load be 
cos 02 . (lagging) Then, secondary current, I 2 =h L- 02 . 

Now, the secondary e.m.f E 2 = V 2 +I 2 ^-02 (r 2 +j X 2 ) Now, let us assume that the transformer is a 
step - down transformer, so that the transformer is a step - down transformer, so that Ei>E 2 . 
Also, since Ei and E 2 are in phase, E 2 is extended to give Ei =E 2 (T 1 /T 2 ). Now, 1^ leads Ei and E 2 
by 90°. Now, R is drawn in phase with 0 m and I w leading 0 m by 90°. 


Io — I|j "T Iw 
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The secondary current referred to the primary side, I2 1 = I2 (T2/T1). Now; h = (-I2 1 ) + Io and Vi 
= (-Ei) + h (ri + jxi). The angle between Vi and h is the p.f. angle of the primary side, i.e., the 
primary p.f. = cospi. 

Voltage Regulation of a Transformer 

The per - unit voltage regulation (No - load secondary voltage - Rated secondary voltage)/ 
Rated secondary voltage 

[% regulation = (p.u. regulation) xlOO] 

* From the approximate equivalent circuit and the corresponding phasor diagram, an expression 
for 

the p.u. voltage regulation can be obtained. £ = £ r cos 0 ± £ x sin 0 
Where, £ = p.u voltage regulation, £ r p.u. resistance = (IiRi)/Vi = (I2R2VV2 

£r = p.u. reactance = (hxi)/Vi = (I 2 x 2 )/V2 
+ for lagging p.u. and - for leading p.f. [Ii, Vi etc. are the rated values]. 

Condition for Maximum Voltage Regulation 

(f> = tan - 1 [X1/R1] = tan - 1 [X2/R2]- Maximum regulation occurs at a lagging p.f. 

Condition for Zero Voltage Regulation 

4 > = tan - 1 [R1/X1] = tan - 1 [R2/X2], Zero voltage regulation occurs at a leading p.f. 

* The exact voltage regulation is given by £ = £ r cosej) + £ x sincf) + (£ x cos 4 > 7 £ r sine ])) 2 / 2 . 
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Testing of Transformers 

The usual tests conducted on a transformer are: 

(i) Open circuit test (ii) Short circuit test and (iii) Sumpner's Test (or) Back-to-Back 

test. 

OC Test 

• The open circuit test is conducted to determine the core losses and the parameters of the 
magnetizing admittance of the equivalent circuit. 

• It is preferable to apply the rated voltage to the l.v. winding, keeping the h.v. winding open. 

• If 'Po' is the no-load power input, 'Vo' (rated voltage), To' and 'cos cj)’ are the no-load current 
and p.f., we have Po = Vo Io cos c(5o 

SC Test 

• For conducting the short circuit test, one of the windings is to be short circuited and a 
reduced voltage of such a magnitude as to cause the rated current (preferably) to flow 
through the windings. 

• Since the h.v. rated current is less, the h.v. winding is energized and the l.v. winding is short 
circuited. 

• Let 'he' be the current, 'V sc ' be the voltage and 'P sc ' be the power input, respectively, on short- 
circuit. Then Ri=P S c/I 2 sc and Z=V sc /I S c and Xi= 1 ( 2 ^ — R x 2 ) and P c =P S c (Lated/Lc) 2 . 


Sumpner’s Test 

• To overcome the drawbacks of the o.c. and s.c. tests, Sumpner's test is conducted. It is a back- 
to-back test. 

• Two identical transformers are required. The primaries are connected in parallel across the 
supply voltage and rated voltage of the winding is impressed. 

• The secondaries are connected in series opposition, so that the resultant voltage acting 
around the closed circuit formed by the secondaries is zero. 

• To circulate the current through the secondaries (and hence in the primaries), a voltage is 
injected into the circuit. By suitably adjusting the value of the injected voltage, both the 
secondaries can be made to carry the rated (or any desired value) of the current. 

• The wattmeter connected on the primary side gives twice the iron loss of each transformer. 
Similarly, the ammeter reads twice the no load current of each transformer. 

• The wattmeter connected in the secondary circuit reads twice the copper loss corresponding 
to the short circuit current, l sc and V sc equals twice the impedance drop of each transformer. 

All-Day Efficiency of a Transformer 

• A distribution transformer is always energized on the primary and the secondary supplies 
varying loads. 

• Since the secondary supplies varying loads (depending upon the requirements of load by the 
consumers), the copper losses vary from time to time. 
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• The all day efficiency is normally less than the commercial efficiency. 

• For calculating the all day efficiency, we should know the daily load cycle. 

• Steps for calculating the all day efficiency: 

i) Calculate the output energy in Kwh or Mwh. 

ii) Calculate the loss of energy due the iron losses as 24 x Pi Kwh or Mwh 

iii) Calculate the copper losses as x z P c t Kwh or Mwh for the various time intervals. 

iv) Calculate the input as the sum of the above three, and hence calculate the all day 
efficiency. 


Parallel Operation of Transformers 

• As the load requirement increases, more and more number of transformers are to be 
connected in parallel since the terminal voltage is to be the same. 

• The conditions to be satisfied for the successful parallel operation of transformers may be 
classified as NECESSARY conditions and PREFERABLE conditions. 

• Necessary Conditions 

a. In the case of Single phase transformers, the polarities must be same. 

b. In the case of 3-phase transformers, in addition to condition (a), the phase sequence 
must be the same and there must be 0° phase displacement. 

c. The turns ratio also must be approximately equal. 

• The Preferable Conditions 

a. The no-load secondary e.m.f.'s must be the same. 

b. The per-unit impedances must be equal in order that the transformers share the load 
proportional to their capacities. 

c. The ohmic values of the impedances must be in the inverse proportion to the capacities. 

d. The 'X/R' ratios of the transformers must be the same in order that the p.f.'s be equal. 

If 'Ea' and 'Eb' are the no-load induced e.m.f s of two transformers, Ta’ and 'Ib' are the currents 
delivered and 'Za' and 'Zb' are the Ohmic impedances referred to the L.V. sides of the two 
transformers, and ‘Zl’ is the load impedance, then 


Ia=[EaZb+(Ea-Eb)Zl]/[(Za+Zb)Zl+Z a Zb] 


Ib=[E b Za - (Ea-Eb)Z l ]/[(Za+Zb)Z l +ZaZb] 


Let ‘S', 'Sa' and 'Sb' be the total complex power, the complex power delivered by the 
transformer 'A' and that delivered by the transformer 'B', respectively. 

Then, Sa=S[Zb/(Za+Zb)] (Ohmic values are to be used) 

Sb=S[Za/(Za+Z b )] 

Three Phase Transformation 

• Three phase transformation can be obtained by having a single 3-phase transformer. But, if a 
fault were to be developed, all the loads connected to the transformer will be interrupted. 

• Three phase transformation can also be obtained by connecting 3 Nos. single phase 
transformers in various configurations to form a 3-phase Bank. A modification of delta/delta 
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connection known as Open-delta or Vee connection makes it possible to supple three phase 
loads, even if one of the transformers develops a fault. 


Four basic configurations are possible: (Primary/Secondary): Star/Star, Star/Delta, Delta/Star 
and Delta/Delta. 


Transformer Polarity 

> Standard markings 


H.V: H; 

Hi H 2 


L.V: X: 


tertiary: 



- 



Hi H 2 



i 

k 

t 

k 

- + V 

i 

k 

k 1 

\0MmJ 

X 

+ 

1 X 


« 

kOOOQO^ 1 

X 

+ 

1 X 2 


Subtractive polarity 

(Windings are wound in the same direction) 

Polarity Test 

> A.C. Polarity Test: 

A.C. voltage is impressed on the h.v. 
winding, say ‘Vi’. 

If V 2 >Vi, polarity is additive. 

If V 2 <Vi, polarity is subtractive. 


Additive polarity 

(Windings are wound in the opposite direction) 


^- Vi -► 

^ 00000->00000 t ^QQQOQtcSMM/— 


X 



> D.C. Polarity Test 

The cell in series with the switch is placed across any of the windings. The voltmeter is so 
connected as to get an Up-scale deflection. The voltmeter is now transferred to the other 
side. 

The switch is suddenly opened and the deflection of the voltmeter is observed, if the 
deflection is up-scale, the polarity is additive; If the deflection is downscale, the polarity is 
subtractive. 


r. *(l). 

■ Switch 



- nmp p asmvmsm - 

H H 

_ f oAosipdnnnnppnnnnp- 

X X 
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Three-Phase Transformation 
(i) Delta-Delta 




Please note that the directions of the currents ‘Iab’ and ‘W are opposite 

t t 

Primary Secondary 

The symbol is Ddo. Where, D ->H.V. side A; d->L.V. side A; 0->zero phase difference 

By reversing the connections of the phase windings on either side, the phase difference becomes 
180°. So, the connection is Dd6. 

If three individual transformers are used, even if one transformer fails, the other two can be 
operated in open - delta. 

i) Star-star 



(Primary: Same connections) 

0° Phase Shift(YyO) 180° Shift (Yy6) 

(Yy°) 
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ii) Delta -Star 



iii) Star - Delta: 



Primary 


Secondar Phase shift 30° lag 
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iv) Delta -Zigzag 


a 3 





Phase shift: 0°. (Dzo) 
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A 



primary 



vii) Open - delta (v-v or v- connection): 




Transformer of the B- Phase is removed (on both the primary and secondary sides). 

a) the currents in the secondary windings are 

Iba= la, lac = h On the primary side, I B = -Iab; Ic = Ica 

b) One of the windings (transformers) operates at a p.f. of cos(30 + 0) and the other at 
cos(30—0). 

c) If no transformer is to be overloaded, only 0.866 of the combined capacity is available in 
open delta connection. (This is also equal to 0.577 of the total 3- phase capacity) 

d) The factor 0.866 is called the utility factor or utilization factor. [Let the capacity of each 
single phase transformer be 100KVA.] 


viii) T- connection 

It is used for 3-phase to 3- phase transformation using two transformers only. 
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Three-phase to 2-phase transformation (or vice-versa): 


c 




Scott-connection 

a) Scott-connection is used 

i) to supply two-phase furnaces 

ii) to interconnect 2-phase systems with 3-phase systems. 

iii) to supply 3-phase system may be 3-wire or 4-wire. 


Auto-Transformers 

a) An autotransformer uses a single winding only. A part of the winding is common to both the 
primary and the secondary sides. 

b) The input and output sides are electrically connected (unlike in a 2-winding transformer). 

c) There is a superimposition of the input and output currents in the part of the winding 
common to primary and secondary. 

d) Power is transferred from the primary to the secondary both inductively and conductively. 
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Power transferred inductively 
=V 2 I 2 (1-K) 

=output (1-K). 

Where K=V 2 /Vi=transformation ratio. 

•••Power transferred conductively=(K) (output). 

> Saving in conductor material: 

Conductor material =(In auto-transformer) / (2-winding transformer) 

= 1-K 

Disadvantage: Since the h.v. and l.v. windings are electrically connected, a fault on the h.v. side 
may subject the l.v. side of the transformer to a high value (=h.v. voltage). 

Advantages: (i)leakage reactance is reduced, (ii) Higher efficiency. 

Equivalent circuit: 


Ri =ri+[Ti/T 2 )-l] 2 r 2 
=ri+r 2 [(Ti-T 2 )/T 2 ] 2 
Xi =Xi+x 2 [(Ti-T 2 )/T 2 ] 2 


'W V" r 6W x 

Ri X x 



(KVA rating as auto-transformer / KVA rating as 2-winding transformer) 

= 1/(1-K), where K=V 2 /Vi 

(Full-load losses of an auto-transformer / Full-load losses of a 2-winding transformer) 

= (1-K) 

(p.u. impedance drop as an auto-transformer / p.u. impedance drop as 2-winding transformer) 

= (1-K) 

T ertiary Windings 

A transformer may have a third winding in addition to the normal primary and secondary 
windings. It is called a tertiary winding. 

Tertiary windings are normally delta-connected to provide a path for zero- sequence currents in 
the case of single line or double line to ground faults. The unbalanced produced by these 
unbalance ground faults is reduced. 
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Equivalent Circuit 


X 2 



The parameters can be determined by conducting short-circuit tests, using any two windings 
and leaving the third winding open. 

Let r 12 and x 12 be the p.u. resistance and reactance determined using primary and secondary 
windings (keeping the tertiary open). 

Regulation 

The regulation of the individual windings can be written approximately as 
61 = kjXrcos^ + x^in^) KVA loading kl at a p.f. of cosc^. 

Similarly, (£ 2 = k 2 cosc () 2 + x 2 sin<|) 2 ) 

(e 3 = k 3 cosc () 3 +x 3 sinct) 3 ) 
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11.2 Induction Motors 


Induction Motors 

• Cheap, robust, efficient and reliable. 

• Good speed regulation, less maintenance. Reasonable overload capacity. 

• Two parts 1. Stator 2. Rotor 

Stator 

i) High grade alloy steel laminations - to reduce eddy current losses. Laminations are 
slotted on the INNER periphery and are insulated from one another. 

ii) Laminations are supported in a stator frame: Cast iron or fabricated steel plate. 

iii) Winding may be Y-or-A-connected. 

Rotor 

i) Thin laminations of the same material as stator. 

ii) Laminations are slotted or, the outer periphery. 

*Two types of Rotors: 

i) squirrel Cage Rotor (or) Supply Cage Rotor. 

ii) Phase Wound (or) Wound Rotor. These are also called "Slip Ring 'LM's”. 

Cage Rotor 

i) Cylindrical laminated core with slots NEARLY parallel to the shaft axis and are SKEWED. 

ii) Each slot contains an UNINSULATED bar conductor of aluminum or copper. 

iii) Short-circuited at the ends by heavy end rings of the same material. 


Skewing of cage rotor offers the following advantages. 

i) More uniform torque is produced. 

ii) LOCKING tendency of the rotor is reduced or crawling phenomenon become less 
prominent. 

Slip -Ring Rotor: 

❖ Slotted armature. 

❖ Insulated conductors are housed in the slots. 

❖ Three-phase double layer distributed winding. 

❖ The rotor winding are connected in star. 

❖ The open ends are connected to slip rings. 

❖ Brushes resting on the slip rings are connected to three variable resistors connected in star. 

❖ External resistors: i) to increase the starting torque and decrease the starting current. 

ii) to control the speed of the motor. 

❖ A cage motor has a higher efficiency and higher p.f. than a slip-ring I.M. 

❖ A wound rotor machine has a high starting torque and a low starting current. 
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• When 3 -phase winding displaced in space by 120° are supplied by 3- phase currents 
displaced in time by 120°, a magnetic flux that rotates in space at synchronous speed 

in rpm) is produced. 

• The resultant flux is Independent of time and is equal to (3/2 times the maximum flux per 
phase). 

• The resultant flux rotates in space with an angular velocity /to', 
co = 2 n f elect rad/sec 

= 2 Tt f x ^ mech rad/sec and f = ) 

where N s = synchronous speed 
P = No. of pole pairs 

• The direction of rotation of flux depends upon the phase sequence. 

• A3- phase i.m. Is self - starting. 

• An induction motor cannot run at synchronous speed. 

• 'n s - n' is called slip speed. 

• The slip speed expresses the speed of the rotor relative to the field. 

• Rotor frequency depends on slip and is equal to slip times the supply frequency. 


Rotor Current 


(a) Stand still conditions 

r - E * . 

2 R 2 +jx 2 ’ 


(b) At a slip 's’ 


I2 


sE 2 

R 2 +jsx 2 


pf= T , 2 =COS 02 

Vr 2 z +x 2 2 


COS02 = 


Vr 2 2 +(s x 2 ) 2 


Rotor C u loss = s(Rotor power input) = sP g 

> The term 'sP g ' is called " SLIP POWER” 

> Mechanical power developed = (1-s) p g . 

P g = Power transmitted from stator to rotor via air gap and called power across air gap. 

. - .p g : P m : Rotor C u losses = 1: (1-s ) :s 

> Td = —. Where Td is the developed torque. 

(a) s 

> Torque available at shaft = (Developed torque ) - (Friction and windage torque). 


Torque of an Induction Motor 


Electrical power generated in rotor 

_ 3S E|q R 2 
~~ R| + (SX 20 ) 2 
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_ k s E|p R 2 

d r2_lq2y2 
K 2 +S a20 

3 3 

where k =-= — = a constant ( where n s = rps (round per second)) 

2tc n s co s 

Starting Torque 

At start, s = 1. Therefore, starting torque may be obtained by putting s = 1 in the expression for 
torque. 

_ 3 Ezo Rz 

dst ~~ 2u n s (R|+X| 0 ) 

The starting torque is also known as standstill torque. 

T st K V x 2 

That is, the starting torque is proportional to the square of the stator applied voltage. 

Torque at Synchronous Speed 

At synchronous speed, s = 0, and therefore T d = 0. That is, at synchronous speed, developed 
torque is zero. 

Condition for Maximum Torque 

The value of torque developed is maximum when, 

R 2 = X 2s . This gives x dmax = ^ 

za 20 

This relation shows that the maximum torque is independent of rotor resistance. 

If s M = value of slip corresponding to maximum torque, then, 

s M = —— The speed of the rotor at maximum torque is N M = N s (1 — s M ) 

x 20 

From the equation for maximum torque the following conclusions can be drawn: 

(a) Maximum torque is independent of rotor circuit resistance. 

(b) Maximum torque varies inversely as standstill reactance of the rotor. 

(c) The slip at which the maximum torque depends upon the rotor resistance (s M = R 2 /X 20 ). 


Maximum Torque at Starting 

The starting torque will be a maximum when 

^ = s = l 

X 20 

or R 2 — X 2 q 
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Torque - Slip And Torque - Speed Characteristics 

Greater the value of R 2 , greater is the value of slip at which maximum torque occurs. It is also 
seen that as the rotor resistance is increased, the pull - out speed of the motor decreases, but the 
maximum torque remains constant. 



Starting torque a (square of the stator applied voltage) 

Cascade Connection 

❖ Slip power of main I.M is fed to Auxiliary I.M. The I.M’s are mechanically coupled. 

❖ M.I.M. should be a slip ring I.M. It is connected to supply. 

❖ The A.I.M may be a slip ring or a squirrel cage motor. 

The stator of A.I.M can be connected to the rotor of M.I.M (or) The rotor of A.I.M. can be 
connected to the rotor of M.I.M. 



(For slipring induction motor only) 
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Let Pi and P 2 be the no. of poles , fi and f 2 be the frequencies of input voltages and Si and S 2 be 
the per unit slips of M.I.M and A.I.M. respectively. Then, 

Synchronous speed of M IM =N s i = (120 fi /pi).(1) 

Synchronous speed of A IM =N S 2 = (120 fz /P 2 ).(2) 

Rotor speed of M IM = N= [(120fi /pi) (1-Si)].(3) 

Rotor speed of A IM = N= [(120f2 /P 2 ) (I-S 2 )].(4) 

(A I M is connected mechanically to MIM ) 

When the torques of the two motors are in the same direction. 

(or) N= (120f 2 /p 2 ) [1 - (2-s 2 )] 

= (120f 2 /p<) [(S 2 -I)].(5) 

If the torques of the two motors are in opposite directions. 

Now, input frequency of AIM, fz =sfi .(6) 

Torques in the same direction: 

N= [(120fi /pi) (1-si)] = [(120(si fi) (l-s 2 )]/p 2 

i.e, [(l-si)]/Pi= [si(l-s 2 )]/p 2 


i.e, p 2 - sip 2 =sipi- S 1 P 1 S 2 

i.e, p 2 = [si (pi + p 2 ) - pis 2 ] or si (p 2 ) / (pi+p 2 -pis 2 ) . (7) 

N ow the slip ‘S 2 ' of AI M operating with s/c secondary will be very small. 

••• P 1 S 2 can be neglected 
••• S2= p 2 / (pi + P 2 ) 

••• N = Nsi (1 -Si) = (120fi /pi) [l-(pi)] / [P 1 +P 2 ] 

= (120fi /pi) [(P 1 +P 2 -P 2 ) / ( pi+ p 2 )] 

= (120fi) /(P 1 +P 2 ).(8) 

If the MI M operated alone, Nsm = (120fi /pi) Torques in opposite directions 

N = (l-sO/Pi= [(120(sl fl) / P 2 ] [ —1 + s 2 ] 
ie si =_ 22 _=_ 22 _ 

' -(Pl-Pz-Pl S Z ) (P2-Pl_PlS 2 ) 


Neglecting pis 2 ; 
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••• N = (1-si) N s i = 1 - [p 2 / (pz-pi)] (120 fi/pi) = 120fi/(pi+p 2 ). 


If the AI M is operated alone Nsa = (120 fi /p 2 ) 

Thus, four different speeds are possible by cascade connection of 2 I.M’s. 

> Since the net torque is greatly reduced, differential cascade connection is rarely used. 

> In the cumulative cascade connection, when the set is stated, supply voltage at frequency 


Ratio of Mechanical power outputs 

❖ The mechanical power outputs of the motors are approximately in the ratio (1-si) :si 



Pz 1 . _Pz 


Pl+Pz-I ' Pl+Pz 



(Pl + Pz) ' (Pl + Pz) 


Starting of Induction Motors 

> An IM at rest is like a transformer with a short- circuited secondary. 

> If started at full-voltage, the starting current is of the order of 5 to 8 times the full -load 
current. 

> The wound -rotor IM’s are started by introducing external resistance across the slip-rings. 

> The wound-rotor IM is especially suitable for staring loads having large initial friction. 

> Squirrel cage motors are started by applying a reduced voltage at starting and then 
increasing to the full line voltage as the motor picks up the speed. 

Direct starting (or DOL, Direct On - line Starting) 

(i) No device is used to reduce the starting current. 

(ii) Small motors upto about 2 h.p can be started directly. 

(iii) T s t ~ 2 Tfi. So, starting period lasts for a few seconds. 

Star- Delta Starting 

(i) Normal operation with A - connection. 

(ii) All the six terminals of 30 stator winding are brought out. 

(iii) At the time of starting, the stator winding is y- connected. 

I s = line starting current with direct starting (i.e., A - connection). 

h = full- load current (A - connection). 

Stating current/ phase with y — connection I s / 3 1 I s 

Stating current/ phase with A — connection If/V3 V3 If 

Starting torque = 1/3 (starting torque with direct starting) 

* Starting line current is reduced to 1/3. 

* Starting torque is reduced to 1/3. 
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Auto - Transformer Starting 

Let 'I s ' be the starting current with direct starting ‘If be the full - load current. Let K = V 1 /V 2 . 
Since the voltage applied to each phase is reduce (l/k) th of the line voltage, current in each phase 
of motor = ( I s /k) 

••• Line current = ( I s /k) /K = ( I s /k 2 ) 

••• Starting torque = (1/k 2 ) (Starting torque with direct starting) 

Ratio of Starting to Full Load Torques 

(A) DOL Starting 

(T s t/Tfl) = [(l2st)/0fi)] 2 Sfi * [(Isc)/(Ifl)] 2 sn = [(Isc)/0fi)] 2 Sfi 

where 'I sc ' is the short-circuit current at rated voltage. 

(B) Reduced Voltage Starting 

A reduction in the stator applied voltage can be accomplished in three ways. 

(a) Stator resistance (or) reactor staring, (b) Auto- transformer stating (c) star-delta starting. 

(a) Stator resistance (or) Reactor Starting 

( Tst/Tf) = (1st/ hi) 2 Sfi = x 2 (1st/ In) 2 Sfi, where, ‘x’ is the fraction reduction of stator voltage. 

(b) Auto — Transformer Starting 

(Tst / Tf) = x 2 (he / Io) 2 Sfi, where Y is the transformer tapping. 

(c) Star-Delta Starting 
(Tst/Tf) = (1/3)(he/ Io) 2 Sfi 

Starting of Wound Rotor Induction Motors 

Rotor resistance starting is a special starting method which can be applied only to slip-ring 
induction motors. 

Rotor resistance starting offers the following advantages: 

(i) It is the simplest and cheapest method. 

(ii) It limits the starting current to a safe value. 

(iii) It can increase the starting torque even to a value equal to the pull-out torque. 

(iv) The rotor p.f. (and hence the starting p.f.) is improved. 

Disadvantage: Additional loss in rotor 
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11.3: D.C. Machine 


D.C. Machines: 

• D. C. Generator and D. C. motor are electromechanical energy conversion devices. 

• A D.C. Generator converts mechanical energy input into electrical energy output. 

• A D.C. Motor converts electrical energy input into mechanical energy output. 

• A. D.C. generator works on the basis of Faraday's laws of electromagnetic induction. 

• For a voltage to be induced in a conductor, there must be 

I) a magnetic field and II) Relative motion between the conductor and the magnetic field. 

• The field winding, the purpose of which is to produce the flux (magnetic field) is on the 
stator. 

• The relative motion is produced in a D. C Generator by the rotation of the armature. 

• The armature winding is on the rotor. 

• The stator of a D. C. Machine consists of 

a) Yoke (or frame) - It is made of unlaminated ferromagnetic material, i.e. cast iron of 
fabricated steel. 

b) Salient (or projecting) field poles 

c) Bearings 

d) Brush Rings 

• The field poles are made of a stacks of steel plates or laminations 1 to 1.5 mm thick riveted 
together. 

• Both armature core and yoke carry half of the flux per pole. 

• The armature core is made of laminations which are insulated from each other to reduce the 
eddy current losses. 

• Inherently, the voltage induced in the armature winding is alternating. 

• A commutator acts as a mechanical rectifier to convert the A. C voltages to D.C. voltage at the 
brush terminals. 

• In a D. C motor, the commutator acts as a mechanical inverter to convert the D.C. applied 
voltage to A.C voltage in the armature winding. 

• A commutator is a group of wedge - shaped copper segments. 

• Mica sheet separates the adjacent commutator segments. 

• D.C. Generators are broadly classified as 

i) Separately excited generators - Field current is obtained from a source other than the 
generator. 

ii) Self - excited generators - field current is provided by the generator itself. 

• For the process of self - excitation to sustain, 

i) There must be residual magnetism in the field poles 

ii) The field winding flux must aid residual magnetic flux. 

• Self - excited generators are classified as 

i) Shunt generators: Field winding is connected directly across the armature terminals. 

ii) Series generators: Field winding is connected in series with the armature winding. 

iii) Compound generators: Both shunt and series field windings are present. 

• There are two variations of the compound generator connections. 

i) Short-shunt connection:- Shunt field winding is connected directly across the armature 
terminals, and series field winding is connected in series with the load circuit 

ii) Long shunt connection: - Series field winding is connected in series with the armature 
winding and across this combination, the shunt field winding is connected. 
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• Each of these may further be classified as 

i) Cumulatively compounded connection: - Series field flux aids the shunt field flux. 

ii) Differentially compounded connection: - Series field flux opposes the shunt field flux. 

• By interchanging the connections of the series field winding, cumulative connection can be 
converted to differential connection and vice - versa. 

• E.m.f. equation of a D.C. generator: 

„ 0 ZNP 

E a =-. where 

0 = Flux per pole, in Wb 
Z = Total number of armature conductors 
P = Number of poles. 

A = Number of armature parallel paths. 

N = Speed in rpm 

parallel paths, A, depends upon the type of the armature winding, i.e., 
whether wave or lap - wound. 

• For a wave - wound armature. 

A = 2m, where m is the multiplicity of the winding 
m = 1, for simplex, m = 2 for duplex, 
m = 3 for triplex and so on 

For a lap - wound armature, 

A = Pm, where m is the multiplicity of the winding 


60 A 


• The number of 












For a given D.C generator P, Z and A are constant. 

„ ZP0 n „„ zp 
E a =-, = K N 0 , where K =- 

60 A 60 A 

E a can be increased by 

i) increasing the flux/pole 0 - by increasing the field current (there is a limit for this) 

ii) increasing the speed of the prime mover (a N) 

E a oc 1/A therefore, with a wave - wound armature, higher values of induced e. m. f can be 
obtained. 


Total current delivered by the armature a A. So, with a wave - wound armature, relatively 
low currents can only be obtained. 

For high voltage, low current applications, wave - wound armatures are best suited. 
(Conversely) For low voltage, high current applications, lap-wound armatures are best 
suited. 


Performance Equations of D. C. Generators 

i) Shunt - Generators 

E a = V + I a Ra + B.C.d 

where I a = armature current, 

R a = Armature resistance, ohms, 
V = Terminal voltage, volt 


B. c. d = Brush contact drop. 



load 

R 


ii) Series Generators 

la = Isc ~ 11 
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Ea = v + I a Ra + Isc Rsc + B. c. d 

= V + la (Ra + Rse) + B. C. d = I a Rl + la (Ra + Rse) + B. C. d 
= I a (Ra + Rse + Rl) + B. C. d. 


iii) Short Shunt Compound Generators 

r _ V+ I se Rse 

Ish — 

Rsh+R 

_ V+ II Rse 
Rsh+R 

la = R + Ish- 

E a = V + II Rse + la Ra + Bed 

iv) Long - Shunt Compound Generators 

\sh = —— 

Rsh+R 
la = II + Ish 

Ea = V + I a Rse + Bcd+ Ra la 
= V + I a (Ra + Rse) + Bed 


Rse 




Armature Reaction in D. C. Generators 

• The effect of the flux produced by the current passing through the armature conductors on 
the main field flux is called armature reaction. 

• Because of armature reaction, there is a shift in the magnetic neutral plane. The magnetic 
neutral plane is shifted in the direction of rotation of the armature. 

• Sparking at the brushes occurs because of armature reaction. 

• Armature reaction gives rise to Cross - magnetization and de - magnetization. Because of 
the de - magnetization, the value of the induced e. m. f. is reduced, while due to cross - 
magnetization, there is a distortion of the flux wave form. 

• To reduce the effects of armature reaction the following methods are normally used 

i. For commutation improvement mainly 

ii. Provision of compensating windings 

iii. Chamfering of the poles 

Characteristics of DC Generators 

• A. D. C. generator may be on - load or on no load (except a series generator) with voltage 
build - up. 

• Accordingly the characteristics are classified as 

• No - load characteristics, and On - load or Load - characteristics. 

• The no - load characteristic of a D. C. shunt generator is also called the 'open - circuit 
characteristic’ 

(o. c. c.) or the 'No- load saturation' curve. 
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• There are several characteristics when the generator is on load 

• External characteristics: Terminal voltage, V(on Y-axis) versus load current, II (on X-axis) for 
a constant speed and field current. 

• Internal characteristic: (Armature generated e. m. f drop due to armature reaction) versus I a 
or II, at a constant speed and field current. 

• Armature characteristic: Field current, If (on Y - axis ) versus load current, II (on x - axis) at 
a constant terminal voltage and speed. 

Parallel Operation of D. C. Generators 

• Correct polarities are to be ascertained. 

• The no - load induced e. m. f. s are to be the same in order to avoid circulating currents on no 
- load. 


Shunt Generators 

Shunt generators can operate successfully in parallel because of the drooping nature of their 
external characteristics. 

Series Generators 

Because of the rising nature of the external characteristics, series generators can not operate in 
parallel successfully. 

DC Motors 

A motor is an electro - mechanical energy conversion device. It converts electrical energy input 
into mechanical - energy output. 

• Constructionally, there is no difference between a d. C. Machine operating as a motor or as 
a generator. 

• The electrical energy input is given to the motor by making a current flow through the 
armature under the influence of an applied voltage. 

• The current carrying armature of a d. C motor may be thought of as current carrying 
conductor lying in the magnetic field produced by the field poles. So a mechanical force 
(torque) is developed, which causes the rotation of the armature. 

• The direction or rotation of the armature can be determined by fleming’s left-hand rule: 

• Since the induced e. M.f produced in the armature opposes the applied voltage, it is called the 
back or counter e. M. F. 

• The applied voltage has to overcome the back e. M. F. In addition to the i a r a drop. So, the 
applied voltage V should be greater than the back e. M. F. Eb. 

• Eb, being an induced e. M. F. Is given by the equation 

• The torque developed by a. D. C armature = (1 / 2 tt) (p 0 ) (i a z / a) N-m. 

I) Torque - Current Characteristics 

For a given d.c. motor the torque can be expressed as 
T = K 0 I a , where, 'K' is a constant. 

By analyzing the above equation, the torque - current characteristics can be obtained 
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a) Shunt motors: In the case of the shunt motors, the flux may be assumed to be more or less 
equal from no load to full load. So, the torque may be expressed as T = Ki I a 

• The torque varies linearly with armature current. 

b) Series Motors 

• In the case of an unsatured D. C. series motor, the torque varies in proportion to the 
SQUARE of the armature current. => T oc 0 I a =^> T = K 2 I a 2 

c) Compound motors 

• Compound motors possess both the series and the shunt field windings. So, the 
characteristics approach those of a shunt or a series motor, depending upon the relative 
field strengths of the shunt and the series field windings. 

II) Speed - Current Characteristics 

By analyzing the equation N = C (V - I a R a ) / 0 , the speed current characteristics can be obtained, 
where 

'C' is a constant. 


(a) Shunt Motors 

Since the flux may be treated to be more or less constant, the speed DECREASES linearly 
with the armature current. 


(b) Series Motors 

• In an unsaturated d. C. Series motor, the variation of speed with the armature current is a 
rectangular hyperbola. 

• On no- load and at light loads, a. D. C. Series motor has a tendency to run at dangerously 
high values of speed. This is referred to as the racing of the series motors. 

(c) Compound Motors: 

• The characteristics will lie in between those of the shunt and series motors. 


p. u. speed regulation 


(No load speed — Full load speed ) 
(Full load speed) 


III) Mechanical Characteristics of D.C. Motors: 

* These can be deduced from the electrical characteristics of the motors, or., they may be 
directly obtained by conducting the load test (in the case of small D.C. motors). 


Testing of DC Motors 


* There are basically three types of testing DC. machines. They are 

• Direct Testing. 

• Indirect Testing. 

• Regenerative or back-to-back testing. 
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Swinburne's Test 

• This is a no-load test and during this condition, the whole of the input consumed is losses. 

• Thus, if the copper losses in the armature and the field winding are subtracted from the no- 
load input, the balance gives the sum of the friction, windage, hysteresis and eddy current 
losses. 

• Since it is a no-load test, the current passing through the armature is rather small, so that the 
effects of temperature rise and commutation are not reflected. 

Hopkinson's Test 

• This is a regenerative or back-to-back test. It is performed on a pair of identical shunt 
machines. 

• One of the shunt machines acts as a motor, driving the other as a generator. The output of 
the generator is fed back to the supply mains. 

• The two shunt machines are connected back- to -back, i.e., the armatures are connected in 
series opposition in the local circuit formed by the armatures. 

• Since the machines are mechanically coupled, their speed is the same. So, by suitably 
adjusting the excitation,, one of the machines can be made to act as a generator and carry a 
current almost equal to its rated current. 

• The machine whose armature current is higher acts as a motor. 

Starters for DC Motors 

• Since the back e.m.f. is proportional to the speed, it is zero at the time of starting a d.c. motor. 
So, the armature current is limited only by the armature resistance, which is rather small. 
Hence, the starting current will be abnormally high. To limit the starting current to a safe 
predetermined value, every d.c. motor is to be provided with a starter or starting resistance. 

• There are two types of starters for d.c. shunt motors. They are the three point starter and the 
four point starter. 

SPEED CONTROL OF D.C. MOTORS 

Sometimes, it may become necessary to vary the speed of a d.c. motor. There are various 
methods of controlling the speed of a d.c. motor. These are : 

i) By varying the supply voltage 

ii) By varying the resistance in the main (armature) circuit 

iii) By varying the resistance in the field circuit. 

Varying the supply voltage is not possible since the performance of other equipment connected 
to the same supply mains may be adversely affected. 

Armature Voltage Control 

• In this method, the speed is controlled by inserting an additional resistance in series with the 
armature circuit. 

• The main disadvantage of this method lies in the fact that a considerable amount of energy is 
wasted in the resistance. 
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Field Resistance Control 

• In the case of shunt motors, a variable resistance is connected in series with the shunt filed 
winding. By including the external resistance, the field current and hence the flux are 
reduced thereby, resulting in an increase in the speed. 

Ward-Leonard Method 

• Sometimes, it may become necessary not only to change the speed but also to change the 
sense, of rotation, i.e., the speed may have to be controlled in both the senses, ie., clockwise 
and anti-clockwise. In such situations, Ward-Leonard method is used. 

• The motor, the speed of which is to be controlled is separately excited. It is fed from a 
variable voltage generator, which is driven by an auxiliary motor, which may be another d.c. 
motor or a.c. motor. 

• By controlling the speed of the auxiliary motor the magnitude of the e.m.f. induced in the 
variable voltage generator is controlled. The polarity of the induced e.m.f. is changed by 
changing the direction of the field current. This can easily be accomplished with the help of a 
centre-tapped potential divider. 

Armature Windings 

• Armature windings comprise of a set of coils embedded in the slots uniformly spaced around 
the armature periphery. 

• An armature coil may be a single-turn coil having two conductors or a multi-turn coil having 
two coil sides (No. of coil sides = 2 x No. of coils). Each coil side will have a several 
conductors (Total no. of inductors = No. of conductors / coil sides x No. of coil sides). 

• The pitch of a coil is the electrical angle spanned by the two sides forming a coil. It can also 
be expressed in terms of the slots (an integral number). 

• If the pitch of a coil is 180° elec, i.e., one pole-pitch, the resulting winding is called a 'full- 
pitched' winding; else, it is called a 'short-pitched' or 'chorded' winding. 

• For a full-pitched coil, the number of slots, S = KP, where 'K' is a positive integer and 'P' is 
the number of poles. 

• Practically, there are two types of windings: Single-layer and Double-layer. 

• In a single-layer winding, each slot houses a single coil-side only (figl). 

• In a double-layer winding, each slot houses two coil-slides, one placed on the top of the 
other. 

• In a single-layer winding, there will be a variety if coils of differing sizes and shapes. So, 
there is inconvenience and also the cost of production increases. So, they are rarely used in 
modern machines. 

• In double-layer windings, identical diamond-shaped coils can be used. The two coil sides lie 
in two different planes. Each slot has one coil-side entering its bottom half from one side and 
the other coil-side leaving its top half from the opposite side.. . 

• D.C. machines INVARIABLY use double layer windings 


AC Windings 

• A.C. windings are of the 3-phase type, generally(since 3-phase machines have several 
inherent advantages.) 

• The armature coils must be so connected as to yield balanced 3-phase e.m.f.'s. 

• To start with, the armature slots are to be divided into phase-bands. 
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Single-layer Windings 

• They are used in machines of a few KW capacity. 

• They may be concentric, lap or wave-type. 

• Wave winding poses a problem in end-connections, so it is not used in A.C. machines.' 

• Chording and the use of fractional SPP are not possible in a single-layer winding. 

Double - Layer Windings 

• These are the most widely used type of windings. 

• theoretically, both lap and wave windings are possible. However, with a wave winding, after 
traversing the armature once, the winding closes on to the start of the first coil. So, only 
double- layer lap-windings are normally used. 

• double layer windings are of two types : 

(i) Integral slot windings: spp is an integer. 

(ii) Fractional slot windings: spp is not an integer. This inherently reduces harmonics 

DC Armature Windings 

• Double-layer windings are universally adopted. 

• The coils are continuously connected, i.e., the finish of one coil is connected to the start of 
the other coil to form a closed (re-entrant) winding. 
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11.4: Synchronous Machine 


Alternators 


• A poly phase synchronous machine (may be an alternator or a motor) is a doubly excited 
machine. Its armature is connected to a 3-phase a.c. Source and its field winding is connected 
to a d.c. Source. 

• It operates at a particular speed, called synchronous speed, n s = (120f)/p in rpm. 

• E.m.f. Is generated because of the relative motion between the field flux and armature 
winding. 

• Theoretically, an alternator may have rotating field poles and stationary armature (or) 
rotating armature and stationary field poles. 

• Since armature winding is a high-power circuit and the field winding is a low-power circuit, 
normally a stationary armature and rotating field system are employed. 

External Load Characteristics (or) VA Characteristics 


Vivs I a for constant field current and constant speed for generator. 

IaX s 



0.8 p.f.lead 
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1. Vi falls on lagging p.f. loads 

2. V t may rise on leading p.f. loads 

If is held at its no-load If held constant at its V t and rated I a 



Ef=l. 



If 

terminal voltage at rated current is 1.0 p.u., then at no-load the terminal voltage must be greater 
than 1.0 p.u for lagging p.f and u.p.f. loads 

Compounding Characteristics 

h required to maintain rated terminal voltage, as its load at a specified p.f. is increased. 

Rating of Alternators 

• The rating is determined by the heating and hence thelosse I Z R+ core losses-!- friction and 
windage loss I Z R losses depend upon T and the core losses on the voltage .The losses are 
almost unaffected by the load p.f. 

• The rating of a.c. machinery to supply a given load is determined by the V.A. of the load and 
not by the p.f. alone. 

• The p.f. mentioned on the name -plate is to betaken as LAGGING unless otherwise stated. 

Generator Circle Diagrams 

Excitation Circles: The locus of T a ' with the variation of excitation voltage 'E r ' and load angle '5'. 

• Id(Xd-X q ) accounts for the saliency. 

• Xd = 1.6x q . 


Power - Angle Characteristics of Salient Pole Generator 

Synchronous machine is acting as a generator 
Per phase power delivered to a-bus, P =V t I a cos0 
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••• P =(EfVt/Xd)sin5+(Vt 2 /2)[(I/x q )- (I/x d )]sin25 


I 


I 


Electromagnetic It exists even if E r =0 


Power 


Reluctance power 


Reluctance torque = (l/o) s ){(Vt 2 /2)[(l/x q ) - (1/Xd)]sin25) 




At constant V t and E r ; maximum power occurs if (dp/d5) = 0 i.e. 5 = 90° 

In a salient pole m/c, maximum power occurs at 5<90° 

For a salient pole synchronous generator, the per phase reactive power is 

Q = (EfVt/X d )cos 5 - (V t 2/ x q ) - (V t 2 / 2)[(l/x q ) - (l/x d )] sin 2 5 

a cylindrical rotor alternator, 

Q = (Vt/X s )(E r Cos5 - Vi] 

If ErCosS = V t; Q=0 Normal excitation - u.p.f. operation 

If ErCosS > V t; Q is positive - over excited - Alternator delivers reactive power to bus bars. 

If E r Cos5 < V t; Q is negative - under excited - Alternator absorbs reactive power. 

An over excited generator or motor produces , delivers or exports reactive power to the 
system network. 

An under excited synchronous motor connection absorbs , consumes or imports reactive 
power from the system network. 

A properly synchronized generator is made to deliver real power to the bus without 
changing the field current. It consumes reactive power. 

For proper synchronizing, E r =V t 

••• Reactive power 

Q = [(Vt/Xs) cos 5] - (Vt 2 / X s ) = (Vt 2 / X s )cos5 -1 
Since real power is delivered 5^0 ••• Cos 5 < 1 ; so 'Q' is -ve. 
i.e, the machine consumes reactive power. 




Synchronizing Power and Synchronizing Torque 


Synchronizing power coefficient ,P sy = (dp/d5) ,P sy is also called stiffness of coupling , rigidity 
factor or stability factor. 


Cylindrical rotor m/c: (dp/d5) =(EfV t /X s )cos 5 


Salient pole m/c: (dp/d5)=(EfVt/X s )cos5+(Vt 2 )[(l/x q )-(l/Xd)]cos25 
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MW-Frequency and MVAR -Voltage Characteristics 


Unit 



Hz/Mw 

Hz/p.u.Mw 


Alternator is driven by a prime mover. 

As the power output increases, the speed decreases. The change is non-linear, but the 
governor mechanism tends to make it linear. 

The governor mechanism is adjusted to 
give a slightly DROOPING characteristic. 

Speed drop ={(No-Nf)/(N r )}xlOO 


No=No-load speed :Nf-full-load speed 
Range: 2%-4% 

AP=-(1/R) Af 

R= speed regulation of governor 



'1/R' is the slope of the load-frequency curve. The terminal voltage varies with reactive 
power. 

A lagging reactive power-* Drop in terminal voltage. A leading reactive power-* Rise in 
terminal voltage. 


Brushless Excitation System 


• Brushes and slip rings create problems of maintenance and brush voltage drop. 

• The field current of modern turbo- alternator may be about 5,000 A. So, brushless excitation 
system is used. 

• The excitation system consists of an alternator - rectifier main exciter and a Permanent 
Magnet Generator (PMG) pilot exciter. 

• The main shaft drives both the main pilot exciters. 

• The main exciter has a stationary field and a rotating armature, which is connected through 
silicon rectifiers to the main alternator field. 

• The main exciter's field is fed from a shaft driven PMG having rotating permanent magnets 
attached to the shaft and a stationary 3- phase armature. 

• The a.c. output of the PMG is rectified by a 3-phase, full -wave phase controlled thyristor 
bridge. 

• This excitation system has a short time constant and response time is less than 0.1 sec. 

Short-Circuit Ratio (SCR) 

SCR = (Field current required to produce rated voltage on open circuit)/(field current required 

to produce rated current on 3-tp short circuit) 


• If there were no saturation the SCR is the reciprocal of the p.u. value of synchronous 
reactance. 

• S.C.R. is the reciprocal of the p.u. value of saturated synchronous reactance. 

• A lower value of SCR means a greater change in field current to maintain constant terminal 
voltage and lower value of steady state stability limit. 
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• Lesser the SCR lesser is the size, weight and cost of machine. 

• Modern alternators have SCR between 0.5and 1.5. 

Armature windings 

The armature windings can be classified as 

(a) Full-pitched windings and short -pitched windings. 

(b) Integral slot windings and fractional slot windings. 

(c) 120° phase spread and 60° phase spread windings. 


Depending upon the winding pitch, i.e., the distance between the two conductors forming a coil, 
measured in terms of slots or in degrees electrical, the winding is full - pitched if the angle is 
180° elec and short pitched, if the angle is less than 180° elec. 

Normally, fractional pitch winding are employed because of the following advantages: 

i. Saving in the conductor material. 

ii. Suppression of certain harmonics. 

• However, the induced e.m.f. will be reduced .This is accounted for by the inclusion of the 
pitch-factor (or coil span factor), K p , in the e.m.f. equation. 

• The pitch factor corresponding to the fundamental is cos (a/2) and that corresponding to the 
h th harmonic is cos(ha/2), where 'a' is the angle (in electrical degrees) by which the pitch 
falls short of 180° elec. deg. 

Thus, by making (ha/2) = 90°, the h th harmonic can be suppressed from the voltage wave-form. 
(For example, if the 5 th harmonic is to be suppressed(5a/2)=90° or a=36°, so that the coil span 
= 180 0 -36°=144°elec). 


(a) Depending upon the number of slots per pole, the winding is an integral slot winding if S/P is 
an integer, else, it is a fractional slot winding. 

Regulation of An Alternator 

Voltage Regulation of an Alternator 

• The variation in the voltage between no-load and full -load is called the voltage regulation. 

• In the case of an alternator, the voltage regulation also depends upon the power factor (i.e., 
lagging u.p.f. Or leading) and armature leakage reactance and armature resistance. 

• At u.p.f. Armature reaction causes a weakening of the flux at the leading pole tips and a 
strengthening of the flux at the trailing pole tips. However, these two effects neutralize each 
other and the average field strength remains the same. But, there is a distortion of the main 
field, i.e., only cross-magnetization. 

• At zero p.f. Lagging (i.e., with a pure inductance load), the armature reaction causes only de¬ 
magnetization. 

• At zero p.f. Leading (i.e., with a pure capacitance load), the armature reaction causes only 
magnetization. 

• The effect of armature reaction in causing a change in the terminal voltage is accounted for 

by assuming a fictitious reactance, x a , in the armature winding. 
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• For any armature current I a , the value of X a is such that I a X a represents the voltage drop due 
to armature reaction. 

• If Xi is the armature leakage reactance (X a +Xi) is called the Synchronous Reaction, X s 

• If R a is the effective armature resistance, then 

Zs = R a + j X s , is called the "Synchronous Impedance”. 

• Voltage Regulation: Definition: 

The voltage regulation of an alternator is defined as the change in the terminal voltage when 
full load is thrown off, with the speed and the field current held constant. 

• If Eo and V are the no-load and full -load terminal voltages/phase, respectively, then (Eo- 

V)/v is called the per -unit voltage regulation, and 100 is called the percentage 

voltage regulation 

Note 

1. V<eo i.e., the voltage regulation is positive for lagging p.f. And u.p.f. Loads. 

2. V>eo i.e., the voltage regulation is negative for leading power factors less than a 
particular value. 

3. The voltage regulation is zero at such a leading p.f., cosip, which satisfies the relation 0-ip 
= cos [-i a z s /2v], where 0=tan- 1 (x s /r a ) 


Methods of Determining Voltage Regulation 
1. Synchronous Impedance Method 

It requires the o.c.c. and s.c.c. for the determination of Z s . 

The armature resistance is determined by the volt-meter, armature method by applying a low 
d.c. voltage. The effective resistance is taken as (1.2 to 1.6) times Rd. c , depending upon the 
frequency, allow for skin affect. Most authors recommend a factor of 1.6. 

Thus, effective resistance, R a =1.6 x Rd. c 

• The regulation obtained by this method gives much higher values than the actual values. 
Hence, it is called the pessimistic method. 

• In the method the effect of armature reaction is treated as an additional reactance , 

x a and (x a +Xi)=x s , the synchronous reactance. 

• Synchronous impedance method is called the 'e.m.f. Method'. 


Determination of Z s 

a) o.c.c- It is a plot of the induced e.m.f/ phase versus field current, If, when the machine is run 
at no-load at rated speed (i.e., synchronous speed) 

b) s.c.c It is plot of the armature current /phase (= short circuit current, I sc ) versus the field 
current, when the alternator is run at synchronous speed with the armature terminals short- 
circuited. 
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Note: During short circuit test, a current higher than the rated current can also be circulated. 


• The s.c.c. is a straight line through the origin. 

• The o.c.c. is initially linear and then becomes non-linear because of the saturation of the 
magnetic circuit. 


Z s 


open circuit e.m.f/phase 
short ciruitphase 


If=constant 


• Having determined Z s the synchronous reactance, X s can be calculated as 
X s =Vz s 2 - R 2 a 


Calculation of Voltage Regulation 


E=V[V cos (0) + IR a ] 2 + [Vsin(0) + Ix s ] 2 
+IXs for lagging p.f. and u.p.f 
-IXs for leading p.f s 


2. The Ampere-turn or M.M.F. method 

• o.c.c. & s.c.c. are obtained as usual. 

• The voltage drops is attributed entirely to armature reaction only (we may think that the 
armature leakage reactance drop, which is rather small, is clubbed with armature 
reaction).Normally, R a is neglected. 

• Since R a is neglected and since X t is small of or the low voltage applied on short -circuit the 
p/f. may be assumed to be zero lagging. 

• Therefore the field m.m.f. is used to overcome the demagnetizing effect of armature reaction. 

• The m.m.f. method os known as the OPTIMISTIC method since the regulation calculated by 
this method is less than the actual value. 

• The excitation required to overcome the armature reaction is determined on the unsaturated 
portion of the saturation curve (o.c.c) 

Determining of Voltage Regulation 

• The field current, If, to give rated voltage V(or V+I a R a cos<t>, more exactly ) is obtained from 
the o.c.c. 

• The field current If Z , to circulate rated armature current, I a is obtained from the s.c.c. 

• If cos<t> is the p.f., IfZ is added vector ally at an angle of (90° TO) with If Z to get the resultant 
field current. If as shown in the following figures. 

(90°+<t>)for lagging p.f f and 

(90°-<t>) for leading p.f s 

• The e.m.f. corresponding to I r is read from the o.c.c. and it is equal to E. 

• p.u. voltage regulation (E-V)/V 
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3. Zero Power Factor (Z.P.F) Or Potler (Triangle) Method 

• In the e.m.f. and m.m.f. methods, the effects of armature leakage reactance and armature 
reaction are clubbed. 

• In the z.p.f. method the reactance due to leakage flux and that due to armature reaction flux 
are separated. 

• The regulation obtained by this method is more accurate. 

• In addition to the o.c.c., the zero power factor characteristic (z.p.f.c) is also required. 

• z.p.f.c. it is a plot of the terminal voltage/phase against the field current when the alternator 
is delivering rated current at zero power factor lagging, the speed being held constant at 
synchronous speed. 

• The z.p.f.c. can be obtained by connecting a pure inductance load across the armature 
terminals and varying the same. 

• Alternatively an under-excited synchronous motor may be connected as a load. In this case, 
the p.f. may not be zero lagging, but may be the order of 0.2 lagging. The curve thus obtained 
may be treated as z.p.f.c. 

• Still another alternative is just to determine two points on the z.p.f.c. and thre from deduce 
the z.p.f.c. 

• This is possible since the o.c.c. and the z.p.f.c are similar and displaced horizontally by an 
m.m.f (or equivalent field current) corresponding to armature reaction. 



• Point A is obtained from the s.c test 

••• OA = field current required to overcome the demagnetizing effect of armature reaction 
and to balance the leakage reactance drop at full-load. 

• Point B is obtained when full load Current flows through the armature and the wattmeter 
reading is zero(i.e., p.f. =0 lagging) 

• BC is drawn equal and parallel to OA. 

• From C a line is drawn parallel to the air-gap line (OG) to cut the o.c.c. at D. 

• B and D are joined and a perpendicular DF is drawn onto BC. 

• Now, DF = I a X t and FB = excitation corresponding to armature reaction. 

• The ABFD is imposed at various points of o.c.c. to obtain the z.p.f.c. 
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Determination of Voltage Regulation 


Eo 



• ABFD is called the potier triangle 

• OV is drawn to represent the full-load terminal voltage. 

• OJ is drawn to represent the full-load current at the desired p.f.., R a is neglected 

• VE is drawn perpendicular to 01 to represent IXd 

• Join OE and read the field current If from the o.c.c. corresponding to OE and draw it 
perpendicular to OE 

• his drawn parallel and opposite to the load current phasor 01 

• Now Oh represents are equivalent field current and the corresponding e.m.f., Eo is read from 
the o.c.c. 

% Regulation = (E 0 -V)/V x 100 


fb.com/cgaspirant 


Downloaded from : www.cgaspirants.com 


THE GATE ACADEMY PVT.LTD. H.0.:#74, KeshavaKrupa (third Floor), 30 th Cross, 10 th Main, Jayanagar 4 th Block, Bangalore-11 

®: 080-65700750, E3 info@thegateacademy.com © Copyright reserved. Web: www.thegateacademy.com Page 354 










Downloaded from : www.cgaspirants.com 

Quick Refresher Guide 


Machines 


11.5: Principles of Electro Mechanical Energy Conversion 












Law of conservation of energy: energy can neither be created nor be destroyed, but it can be 
changed from one form to another form. 

The device used for energy conversion is called an energy conversion device (ECD). 
Examples: 

1. Motor s generators (high energy conversion devices.) 

2. microphones and telephones receivers (low energy conversion devices) 

3. relays, moving coil and moving iron instruments, and actuators, (in these devices the 
translator motion produces a small force or torque). 

Electromechanical energy conversion devices (EMECD): They change the form of energy 
from mechanical to electrical (for Ex: Generators ) or from electrical to mechanical (for Eg: 
Motors) 

Motors and generators are continuous energy conversion devices 

An EMECD mainly consists of three essential parts as shown in fig (i). They are 

1. Electrical system 2. Coupling field systems 3. mechanical system 


Field losses 



Mechanical losses 


Fig(l) 


In all the three systems, there are losses. 

The coupling field may be a magnetic field or an electric field. 

The energy storage capacity of a magnetic field is nearly 30,000 times that of an electric 
field. Most of the emecd's use magnetic field as the coupling field. 

The magnetic field is the coupling medium between the electrical and mechanical systems 
Assuming the motoring operation, the energy transfer equation is 

, . . . . . . . . / increase in the \ / Total \ 

/ Electrical \ / mechanical \ , \ , \ 

' 1=1 1+1 stored + energy losses in 

v energy in the coupling field/ V all three system / 


\ energy input) \ energy output) 


Losses 

i) In electrical system: PRlosses. 

ii) In the magnetic field: core loss due to changing magnetic flux in the core. 

iii) In the mechanical system: Friction and wind age losses. 


All the losses are finally converted into heat and causes an increase in temperature. 


Note: Some energy is stored in the rotating masses (mechanical system) 
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* Associated the losses with the appropriate system ,eq (I) can be re-written as 

/electrical energy input \ / Mechanical energy output + \ 

+ ohmic energy = energy stored in mechanical system + 

V losses / \+ mechanical energy losses (friction and windage) J 

Energy stored in the 
coupling field + 
coupling field energy 
losses 

Or Welec = W m ech+ Wfld . (2b) 

In eq (2b) W e iec = net electrical energy input to the coupling field 

W m ech = total energy converted to mechanical form (mechanical energy output-1- energy stored 
in mechanical system + friction and windage losses 

And Wfid = total energy absorbed by the coupling field(energy stored in the field + coupling field 
energy losses) 

The above equations lead to the general electromechanical energy conversion model shown in 
fig2 



Heat due to i z r 


Heat due to 


Fig (2) 


Heat due to 



F,u 


• e and i, on the electrical side and T(F) and co r (u) on the mechanical side and associated with 
the coupling field 

Note: If the torque, speed and the coupling field energy remains constant, the machine operates 

under steady-state conditions. 

• Under steady state conditions, there is no change in the energies stored in the magnetic field 
and the mechanical system. 

• Under steady state conditions, Total output power + Loss of power due to various losses. 

• For small energy changes, equ(2b) can be written in the differential form as 

d Welec =dW mech +d Wfld .(3) 

• Now, the differential electrical energy input in time dt is V t i.dt. Ohmic losses = i 2 rdt 
••• Differential electrical energy input (Net) = d W e iec 
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= V t i.dt — i 2 rdt 
= (V t - ir) i.dt 


= eidt 


(4) 


••• Equation (3) becomes 


Eidt = dW m ech +d Wfid .(5) 

• Equation (5) is the energy balance equation, obtained by the use of the law of conservation 
of energy. 

The analysis of energy conversion devices is based on the energy balance equation, in 
conjunction with faraday's laws of electromagnetic induction. 

• For electromechanical energy conversion process, the reaction of the coupling magnetic field 
on the electrical or mechanical system is necessary, since it is the link between the two 
systems 

• It may be thought of as link between the stationary and movable members. 

• If the output is mechanical, then the coupling field reacts with the electrical system to absorb 
energy from it. This reaction is the "back” e.m.f, e. 

• The coupling field absorbs energy proportional to e.i. From the electrical system and delivers 
energy proportional to t.o) r (or f.u) to the mechanical system. 

• If the output is electrical, the coupling field must react with mechanical system to absorb 
mechanical energy. 

• The output electrical energy is proportional to e.i. The conductor current i interacts with 
coupling magnetic field to produce a reaction torque opposite to the applied mechanical 
torque of the prime mover. 

Summarizing 

Motor: Coupling field absorbs energy proportional to e.i from the electrical system and delivers 

mechanical energy proportional to T. co r to mechanical system. 

Generator: Coupling field mechanical absorbs proportional [(reactive torque) x (speed)] from 

the mechanical system and delivers it as electrical energy output proportional to e.i to electrical 

system. 

• The induced e.m.f, e and the torque, T are called the 'Electromechanical coupling terms. 

• Electromechanical Energy conversion devices are slow-moving devices because of the 
inertia of the mechanical components. 

• Therefore, the coupling field must be slowly varying. 

• Electromagnetic radiation from the coupling field is negligible. 

Singly excited magnetic system 
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Electrical Energy Input: The fig shows a toroidal core excited form a single source. 



N- turns 


Applying KVL, we have V t = i.r + e.(1) 

Where the reaction e.m.f., e is taken as a voltage drop in the direction of the current, i 
d v F 

••• e = —, where 'T is the instantaneous flux linkages with the circuit. 


••• V t = i.r + 


d*y 

dt 


( 2 ) 


Multiply both sides by idt. We have, 
••• V t idt = i 2 .rdt +id l T 


i.e., (V t - ir) idt = id’T 
or e.i.dt = idT 


i.e., dWeiec = e i dt = idT .(3) 

• If the toroidal core is made of a ferro-magnetic material, most of the flux would be confined 
to the core. 

• Let us assume that the flux <]) links all the N-turns of the coil. Then l T=N.(|), so that 

dWeiec = id'T =(iN) d<|) = F d<f» .(4) 


Where 4> is the instantaneous flux and F is the instantaneous m.m.f., 

• From the eq(4), it is obvious that the flux linkages must change in order that the toroid may 
extract energy from the supply. 

• As the flux linkages change, the reaction e.m.f., e is generated. 

• The flow of the current against e causes the extraction of energy from the source (i.e., the 
electrical system) 


Magnetic Field Energy Stored 


Iron yoke open position 
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• A simple magnetic relay is shown in the fig 

• Initially, when S is in open position, the armature (movable member) is in the open position. 

• On closing the switch S, a current I flows through the coil, setting up a flux. 

• The magnetic field set up creates a North pole (on yoke) and a south pole (on the armature) 
as shown. 

• Therefore a magnetic force of attraction acts on the armature. 

• The armature has a tendency to move towards the yoke, which shortens the air gap. 

• If, however, the armature is NOT allowed to move, the mechanical work done, sW mec h =0 

• ••• From the energy - balance equation we have dW e iec = O+dWgd 

• Thus, when the movable part of any physical system is kept fixed, the entire electrical energy 
is stored in the magnetic field. 

••• dwfid = dWeiec = idv|/= f d<f» —(5) 

• If the initial flux is zero , the magnetic field energy stored , Wfw in establishing a flux <])i ,is 
given by 

Wfid = Jq 1 f- dtp - J^ 1 f. dv);.(6) 

Note: i must be expressed in terms of'T and F in terms of c|>. 

• When the armature is held in the open position, most of the m.m.f. is consumed in the air 
saturation may not occur. 

• Then l F varies linearly with i and t|> varies linearly with F. 




Fig. (a) 

Referring to Fig(a), 

Wfi d = /7 1 d W fld - J^ 1 i. d’T = Area OABO 
Referring to Fig(b), 

Wfid = J * 1 d W fld - J * 1 d. d<|> = Area OABO 
Again OACO =JdWfl 1 d /j 1 ^Pdi =/ Q Fl cJ^dF 
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• Area OACO is called the co-energy. 

Note: Co-energy has NO physical significance. It is useful in calculating the mechanical forces. 

• With no magnetic saturation 

Area OABO = area OACO i.e., W fld =W dd 
Also, Wfi d +Wfl d = area OABO + area OACO 
= Area OCABO = <J)iFi=¥iii 

• In general, for a linear magnetic circuit. 

W fld =W fl 1 d = (l/2)¥i (1/2)F<|> 

• Other forms: 

m.m.f., F= <f»s, wehre s is reluctance. 

=4>/ A . where A is permeance. 

W fld =W fl 1 d = (l/2)(4»s) <|>= (l/2)cj) 2 s = (1/2 )<(> 2 / a 

Wfl d =W fl 1 d = (1/2) F 2A = (1/2)F 2 /s 


Also, The self inductance, L = 'V/\ 
Wfl d =W fl 1 d = (1/2) (iL) i = (l/2)Li 2 


Magnetic stored energy density, Wfl d 

w = Wfld _ (1/2£0) 

length /area (0(A) 


= ©(t)(^) 


= (1/2)H.B. Joules /m 3 
••• W fld = (%) H.B=(%) (B/n).B=(%) (B 2 /p). 

= (%)(H/nH) =(V 2 )(H 2 p) 

For a linear magnetic circuit, Wf m =Wf ld 

Note: Field energy approach serves as the physical basis for the generalizes theory of electrical 
machines (since the field can be expressed in terms of the circuit parameter, L) 

Mechanical Work Done 

Let us once again consider the magnetic relay. 

When the Movable End of the Armature Is Held in the Open Position 

• Before the switch S is closed, i=0 and hence l F=0 
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• On closing the switch, the current increases from zero to ii = ^ where r is the resistance of 
the coil. 

• The flux linkages increases from 0 to TT 

• Since the magnetic circuit is linear (most of the e.m.f., is used in the air gap), the ¥-1 relation 
is linear as shown in the fig (a) bellow. Energy stored in the magnetic field, Wfid = Area 
OABO 






When the Movable End of the Armature Is In The Closed Position (I.E. It IS IN Constant With the 
Yoke) 

• The air gap is zero 

• The reluctance of the magnetic path is very much reduced. 

• Since the final value of the exciting current is ii =(Vt/r) , the mmf is the same .So , the flux 
linkages are ’P 2 >'Pi 

• Magnetic saturation may also set in ••• the 4M relation is as shown in fig(b) Energy stored in 
the magnetic field. 

Wf ld =krea OCDO 

During the Movement of the Armature 

When the armature is in the open position, the exciting current sets up a magnetic field. Flux 
linkages are 'Pi. 

• Due to force of attraction, the movable end of the armature begins to move towards the 
yoke, shortening the air-gap 

Because of the shortening of the air gap, the reluctance decreases and hence the flux linkages 
increases from 'Pi. 

• When the armature is finally in the closed position, the flux linkages ¥ 2 . 

• Thus, during the movement of the armature, the flux linkages are changing from initial value 

ip L 

• The change in the flux linkages induces a counter e.m.f., in the coil, which opposes the flow of 
current. 
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Therefore 

Vi - (Counter e. m. f induced in the coil during armature movement) 

Coil impedence 

Here, we have to use the coil impedance (not the resistance, as the flux linkages are changing) 

The magnitude of the counter e.m.f depends on how FAST the armature is moving from open 
position to closed position. 

Before considering the actual movement of the armature which can neither to be considered to 
be too slow or too fast (instantaneous), let us consider two extreme cases; viz, 

i. Very slow movement 

ii. Very fast movement 

Slow Movement 

When the armature is in the open position, exciting current= ii, flux linkages =¥ / i operating 
point is A. 


i|j closed position 



■ Since the armature movement is assumed to be slow, the counter e.m.f. induced in the coil = 

(T'i - ¥ 2 ), time may be neglected. 

■ Therefore the current remains substantially constant, during the movement of armature 
also. 

■ When armature in closed position, 
exciting current= ii, 

flux linkages = W 2 (> 'Fi) 
operating point is C. 

■ Since the current ii is throughout, the operating point moves along the vertical line AC and 
finally reaches new operating point C. 

■ Since there is movement of armature, some mechanical work is done. It can be calculated as 
follows. 

■ Change in the stored energy of the magnetic field , Wfid , as the operating point (open 
position ) to C(closed position) is 

Wfid = [Magnetic energy stored in closed position] - [Magnetic energy stored in open 
position] 
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= Area OAVDFO - Area OAA 1 FO 

■ Since there is change in flux linkages. 

Electric energy input during the change, 

Welec = J^ Z ii dV = h (V 2 - 'Ai) 

= Area A C DFA 1 A 

■ From the energy - balance equation 

Welec = Wfld “FWmech- 

i.e, Area ACDFA 1 A = Area OAVDFO - Area OAAiFO + W meC h. 

••• W m ech = Area [A C DFA 1 A + OAA 1 FO] -Area [OAVDFO] 

= Area OACDFO — Area OAVDFO 

= Area 0ACA 1 0(i.e the hatched area in the figure) 

= Area enclosed by the magnetization curve at the closed position and the magnetization 
curve at the open position and 'EM locus during the slow movement of the armature. Thus, 

The mechanical work done is equal to the area enclosed between the two magnetization 
curves at open and closed positions and l F-l locus during movement of the armature. 

■ During the slow movement of the armature, a part of electrical energy input is stored in the 
magnetic field and remaining is output as mechanical energy. 

■ If saturation is neglected, half of the electrical energy input is stored in the magnetic field 
and other half is output as mechanical. 

II. Instantaneous Movement of the Armature 

When the armature in open position, the operating point is A corresponding to an exciting 
current of ii and flux linkages TV 


closed position 




0 


ii 


■ The final operating point is to be C corresponding to the same an exciting current of ii and 
flux linkages TV when the armature is in closed position. 
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■ We know that according to Constant flux linkage theorem, the flux linkage with an inductive 
circuit can't change suddenly. 

■ Here as the armature is assumed to be moved from open position to closed position 
instantaneously, the flux changes 4 J i cannot change instantaneously but should remain 
constant at during the movement of armature. 

■ Therefore the operating point moves from A to A 1 along the horizontal line. 

■ However, the movement it reaches the closed position, the operating point A 1 is to be on the 
closed position magnetization curve. 

■ The current I corresponding to A 1 is less than ii the final value. Therefore the operating 
point moves from A 1 to C along the closed position magnetization curve and flux linkages are 
^ 2 - 

■ During the instantaneous movement of armature, 

(i) change in the stored magnetic energy Area (TMFO - Area OAA 1 FA and 

IJjl 

(ii) W e iec= J^i ii dT* = 0 since flux linkage remain constant. 

But Welec = Wfld T Wmech- 

i.e , 0 =>Area OA 1 FO Area OAA 1 FO +W meC h. 

W m ech = Area OAA 1 FO - Area OA 1 FO 
= Area OAA 1 0 

= Area enclosed between the 2 magnetization curves and l F-l locus during 
instantaneous 

armature movement. 


Thus 

During fast armature movement, electrical energy input = 0 Mechanical energy 
output = reduction in stored magnetic energy. 

Transient Energy of Armature 

■ The actual movement is neither too slow nor too fast (instantaneous). 

■ So, neither the current remain constant nor flux linkages remain constant. 

■ Current decreases (due to back e.m.f.) and flux linkages will increase (due to reduced air 

gap)- 

■ Initially, the armature movement is slow, but it becomes faster as it nearing the closed 
position. 

■ The transient TM locus is AC 1 C as shown in figure. 

■ The operating point moves from A to C 1 during the armature movement. 

■ C 1 corresponds to closed postion. 

■ Since final current is to be ii, the operating point moves from C 1 to C along the closed 
position magnatization curve. 
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o 


ii current 


■ During the time, the armature moves from open (Point A) to closed (Point C 1 ) position, 
[beyong C 1 ther e is no movement of the armature and hence no mechanicle work is done 
i) Change in the magnetic stored energy, 

Wfid = area OA 1 C 1 D 1 FO - area OA A 1 FO 


ii) w e iec= idV = Area AC 1 D 1 FA 1 A 


But Welec —Wfld + Wmech- 

i.e Area AC 1 D 1 FA 1 A = area OA 1 C 1 D 1 FO — area OA A 1 FO + W mec h 
W m ech = Areas [AC 1 D 1 FA 1 A +OAA 1 FO] - areafOA 1 C 1 D 1 FO] 

= Area OAC 1 D 1 FO - area OA 1 C 1 D 1 FO 
= Area OA C 1 AMD 

= Area enclosed between 2 magnatization curves and ¥-1 locus during the 
transient movement of armature. 

Calculation of Mechanical Force 

The magnetic force is not constant but increases as the gap length decreases so the avarage 
magnetic force is calculated as 


fe(AV) = 


Mechanical work done during armature movement 


Distance travelled 


Area OAC 1 AO 


gap lengh ,g 


Principle of Virtual Work 


■ It is method of determining magnetic force 

■ A differential movement of armature dx is imagined in the direction of f e 

■ dx need not to be real and hence it is called virtual displacement. 
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■ f e .dx is called virtual work. 

■ The effect of virtual displacement on the energy balance is investigated to obtain the 
magnitude and direction of f e . 

NOTE: in case of ratatable members, the virtual displacement is d0. 

■ The armature is at an intermediate position and gap lengh is gi from the open position. A 
virtual displacement dx is assumed in the direction of magnetic force (this corresponds to 
reduction in the gap lengh) 

■ The magnetization curve curves corresponds to gi and (gi+dx) are shown 

■ The transient locus is abc 

Position gi :operating point is a current ii ;flux linkages 'Pi 1 
Position gi+dx:operating point is current ii ;flux linkages'Pi 1 + d^ 1 

* Mechanical work done during virtual displacement dx is 
= Area 0 a b h 0 

= fe.dx 
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Now area of Area 0 a b h 0 = Area 0 a b h 0 + area of Aabh 
area of A abh > 0 as dx > 0 


Thus, the movement of the armature is assumed to 
be instantaneous 


i.e the armature movement over the virtual displacement dx may be taken as instantaneous 
(constants) 

In both the cases, the final operating is at (gi+dx) must be only c only. 

Now dWelec= J^'j 1 idT = 0 dWmech = f e .dx 
••• from the energy balance equation 
0= fe.dx + dWfid at constant 4 J 
••• fe.dx = — d Wfid at constant ¥ 


Thus the mechanical is work done at the expense of the field energy stored if at constant ’LL 
Hence, the negative sign before d Wfid 


/. fe — 

/-dW fl d \ 


V dx Jvy 

Also 

f _ -aw fl d 


e dx 

Thus 

c _ - dWfld 

- a 

dx 


v P=constant 


-dW fl d 

dx 


( 'T remains constant) 


(remains constant) 


(^x)^(,,x) 


In the above expression for mechanical force of field origin, 4 J , cp are independent variables. 

Since voltage a d’T/dt, this expression for f e is applicable for voltage control system 

• Again area OabhO = area OacbhO - area of Aabc 
« area OcbhO as dx —> 0 

i.e the armature movement over the virtual displacement may be taken as slow (constant 
current). The operating point moves VERTICALLY from a to c. 

_i_ wit/ . 

„ ;1 . ^dW = idV Area acdea 
1 

Now Area acdea = area Ojcdo - area OjaeO 

= [(magnetic stored energy + co -energy) at position gi+dx] — [(magnetic stored energy + co - 
energy) at position gi] 

i.e area acdea = differential increase in field energy + differential increase in cp-energy 


— d Wfid + d Wfid 1 
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But area acdea also represents d W e iec = iidM-' 
d W fld + d Wfid 1 = id¥ 

But d Wad = iidT 1 — d Wfld 1 ; dW meC h = fcdx 
From the energy balance equation 
iidV = f e dx + (iid^+dWfu 1 ) 
f e dx = + dWfld 1 (at constant current) 

Thus during the virtual displacement, the co - energy increases and hence the positive sign 
before dWnd 1 . 

Note: Wfld 1 must be expressed in terms of (I, x) or (F, x) 

aw fl d (i,x) _ , awj[ d (F,x) 

fe = + —a-“ + —*- 

ox ox 

*for angular movements of armature, the electromagnetic torque, T e is given by 

= 3w„ d 0F : e) _ aw fld ((j),e) 

e 90 90 

_ aw^ d (i,0) _ _ awjj d (F,0) 

e ^ 90 90 


The above expression for force is applicable to a system in which the current is an independent 
variable. 

It is applicable to a current controlled system. 

Conclusion: Any physical device will develop a force or torque, if its magnetization curve is 
affected by a differential displacement of its movable (or rotatable) part, the other part 
remaining fixed. 

Note 

i) The above equations are all applicable whether or not the magnetic circuit is saturated. 

ii) If saturation is neglected, the TM and the F-c|> relations are linear. Then 

a) Wfl d = (l/2) 2 s f c = (-1/2) 4> 2 ds/dx 

b) Wfl d = (1/2)F 2 A — (l/2)i 2 L 
f e = (l/2)F 2 d A /dx = (l/2)i 2 dL/dx 

c) Wfld = (l/2) l F. If i is expresses in terms of l F and x, 

f e =(-l/2) ¥'£(¥',*) 

• if T 1 is expressed in terms of i and x 
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fe=(-l/2)^(U) 

• similarly, for the electromagnetic torque, T e , we have 
T e = (-1/2) <\> 2 p- = (-1/2) F 2 dL/dx = + (1/2)P dL/d0 

oQ 

= (-i/2)¥^(¥,e) = (i/2) i^ 0,0) 


Important 

The electromagnetic force or torque acts in such a direction so as to tend to 

i) Decrease the magnetic stored energy at constant 4 J or 4> 

ii) Increase both field energy stored and co-energy at constant current or m.m.f. 

iii) Decrease the reluctance. 

iv) Increase the permeance and inductance. 

v) Decrease the current i at constant flux linkages l F or increase l F at constant I, 

Note: All the equations derived are applicable to fields produced by permanent magnets since f e 
and T e do not depend upon the source of the field (but only on magnetic field) 

Alternative Approach 

■ Wfld is a function of the flux linkages l F or flux <|> 

■ The field energy is mainly stored in the air - gap. 

■ If the air-gap varies, then the distance x measured from the OPEN position also varies. 

■ As x varies, field energy stored varies 

Wfid is a function of two independent variables l F and x (or 4> And x) 

■ Mechanical work done in deferential movement dx in the direction of the force f e is 

d Wmech = fe- dx 

■ Furthur, d W e iec = I d l F 

From the energy balance equation. 

id ¥ = d Wfld ( l F, x) + f e dx 


d Wfl d OF, x) = id V- f e dx 


(A) 


■ The above equation is more general. 

■ For ex, if the armature is assumed stationary, 

dx = 0 and hence 

d Wfld = id ¥ 

• since Wfld is a function of ’F and x, 


d Wfld (T,x) = 


dWfldPttx) 


d 4J- 


dWfldCP.x) 

ax 


(B) 
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Comparing the coefficients of like terms in equation (A) and (B) 
aW fld (W,x) , , _ -3W nd (V,x) 


I = 


and f e = ■ 


av a*i* 

Again, the co-energy W^ d depends on i and x 

(i, x) = i l H — W nd ( l P, x) 


i.e dW fld (i, x) = idT' + ¥di - dW^OR x) 

i.e dW fld 1 (i, x) = idM-' + 'kdi — (id’k + fe dx) .from (A) 


'Edi + fe dx 


(C) 


since Wf^ 1 is a depends on i and x, 


(D) 


On comparing (C) and (D) 

_ dWfi^ji.x) 




• Examples of singly excited magnetic systems 

i) Electromagnetic. 

ii) Relays 

iii) Moving iron instruments 

iv) Reluctance motors ,etc 


Doubly Excited Magnetic Systems 


■ Most of the electromagnetic energy conversation devices are multiply excited systems. 

■ A doubly excited magnetic system is excited by two independent sources of excitation. 
Ex: Synchronous machine, loud speakers, Tachometers, D.C shunt machine etc 
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■ The figure shows the simple model of a doubly excited system. 

■ It consists of 

1) Stator iron 

2) Rotor iron 

Both of the SALIENT pole type. 

■ Sourcel energies the stator with N s turns. 

■ Source2 energies the stator with N, turns. 

■ The m.m.f.s produced by the stator and rotor windings are in the same direction. 

■ So, the magnetic torque T c is in the counter clockwise direction 

■ The magnetic saturation and hysteresis are neglected in the following treatment. 

■ The differential electrical energy input from both the sources, 

dWelec = is dTL+ i r dTT 

where the 'P's are the instantaneous flux linkages 

■ Since magnetic saturation is neglected . 

'Ps = Ls is + Msr ir ^ — (2) 

'Pr— Lr ir T Mrs is 


Where L s and L r are the self inductances of the stator and rotor windings, respectively; 
and Msr — M rs = mutual inductance between the windings. 


■ Initially, the space angle between rotor and stator axes is 0 r . i s and fare assumed to be zero. 

■ On energizing the windings, both the winding currents increases to i s and i r , respectively. 

■ If the rotor is not allowed to move, 

■ dW m ech=0 

dWelec = O + dWfld 

Thus, with the rotor held fixed, all the electric energy input is stored in the magnetic field 
From eq (1); 

.95. 

dWfld = dWelec~ is d'PsP ir d'Pr 

— is d(L s is + Msr ir)+ ir d(L r ir P Mrs is) (3) 

Also , we known that L s = cc/S s and L r = /V s 2 /S r 
And Msr —- Mrs —- Ns Ns/ Ssr 

Where S s = reluctance seen by the stator flux 
S r = reluctance seen by the rotor flux 

S sr — reluctance seen by the resultant of stator and rotor fluxes 
Now equation (3), we have 

dWfld — is [dLs is T Lsdis P d Msr ir + Msr d ir] T ir [dLrir + Lrdir "1“ d Mrs is + Mrs dis] (4) 

■ Since the rotor is not allowed to move, the reluctances and the inductances are constant. 

••• dL s = 0 , dL r =0 ; d M sr = d M rs = 0 


••• Equation (4) because, 


dWfld — is Ls dis P is Msr dir P ir Lr dir P ir Mrs dis 
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— is Ls dis "1“ Lr lr dir "F Msrd (is.ir) (5) 

Therefore, the magnetic field energy stored in establishing the currents from 0 to i s and i r , is 
given by 

Wfld= Ls J 0 is i s di s + Lr J 0 ir i r di r + Msr/ 0 isir d(i s , i r ) 

(1/2) L s ig + (1/2) L r ig + Msr i s i r .(6) 

■ For obtaining the torque, principle of virtual work is used 

■ A virtual displacement d0 r is assumed in the direction of T e . 

■ Now, all the reluctances and the inductances vary. 

••• During virtual displacement d0 r 

dWelec— is d(L s is + Msr ir)“1“ ir d(Lr ir H~ Mrs is) (1) 

■ The diffenrential magnetic energy stored, 

dWfld — (1/2) ig Ls Ls is disT (1/2) ig dLr 4- Lr ir dir T Msris d ir T Msrir d is + is ir dMsr (2) 


and the mechanical work done, dW meC h = T e . d0 r .(3) 

From the energy balance equation (1) (2) + (3) 

■ On simplification 

T e = (1/2) igdLs/dOr + (1/2) igdLr/dOr + i s i r dMsr/dOr .(4) 


NOTE 

1) T e is independent of the changes in the currents (since di s and di r are absent) 

T e is depends on (i) the instantaneous value of currents 
And (ii) angular rate of change of inductances. 

If dWfid is differentiated with respect to the space angle Or (with i s and i r treated constant), 
then also equation (4) is obtained 

dWfld 


2 ) 


••Te =- 


ae r 


(is, ir, 0 r ) 


i.e, Torque can be obtained from the space derivation of field energy expression, where it is 
expressed in terms i s , i r ,and 0 r 
3) with constant currents 

W e iec=J dW e iec = i|Ls + ir Lr + 2 i s i r Msr 
For a linear magnetic circuit, Wnd=W fj d 
awl 


•"• T e — 


fid 


ae r 


(is,ir,0 r ) 


4) Magnetic energy stored at constant currents = mechanical work done. 
For a linear magnetic system 
dWelec =iidT'i+i 2 d'I'2 
where TL = Liii + Mi 2 h 
^2 = L2h + M2iii 
Also Ml 2 = M 21 

i2 dL 2 


f,=( 1/2)1?^ + 




dx 


, : : dM 12 

+ U 12—- 

dx 


f = awfid(i i ^ x ) = aw^ (ii ^ x ) 


dx 
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11.6: Special Machines 


Servomotors 

• These motors are used in feed - back control systems as output actuators. 

• They have low rotor inertia and, therefore, they have a high speed of response. 

• Servomotors are widely used in radars, computers, robots, machine tools, tracking and 
guidance systems, process controllers etc. 

DC Servomotors 

• DC servomotors are separately excited dc motors or permanent magnet dc motors. 

• The speed of dc servomotors is normally controlled by varying the armature voltage. 

• The armature of a dc servomotor has a large resistance, therefore, the torque - speed 
characteristics are linear and have a large negative slope. It has a fast torque response 
because torque and flux become decoupled. 

AC Servomotors 

Two - Phase AC Servomotor 

• The stator has two distributed windings which are displaced from each other by 90 electrical 
degrees. One winding, called the reference or fixed phase, is supplied from a constant voltage 
source V m z0°. The other winding, called the control phase, is supplied with a variable 
voltage of the same frequency as the reference phase, but is phase displaced by 90 electrical 
degrees (may not be exactly 90°). 

• The speed and torque of the rotor are controlled by the phase difference between the control 
voltage and the reference phase voltage. The direction of rotation of the rotor can be 
reversed by reversing the phase difference, from leading to lagging (or vice versa), between 
the control phase voltage and the reference phase voltage. 

Three - Phase AC Servomotors 

• A 3 - phase squirrel - cage induction motor is normally a highly nonlinear coupled circuit 
device. 

• Recently, it has been used as a linear decoupled machine by using a control method called 
vector control or field - oriented control. This result in high - speed response and high - 
torque response. 

Comparsion of Servomotors with Conventional Motors 

1. Servomotors produces high torque at all speeds including zero speeds. 

2. They have low rotor inertia; therefore their direction of rotation can be reversed very 
quickly. 

3. A servomotor can withstand higher temperature at lower speeds or zero speed. 

4. The rotor resistance is very high to make characteristic curve linear. 

Stepper (or Stepping) Motors 

• The stepper or stepping motor has a rotor movement in discrete steps. 
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• The angular rotation is determined by the number of pulses fed into the control circuit. 
There are three most popular types of rotor arrangements: 

1. Variable reluctance (VR) type 

2. Permanent magnet (PM) type 

3. Hybrid type, a combination of VR and PM 


Step Angle 


The angle by which the rotor of a stepper motor moves when one pulse is applied to the (input) 
stator is called step angle. This is expressed in degrees. The resolution of positioning of a stepper 
motor is decided by the step angle. 


number of steps 


Resolution = 


number of revolutions of the rotor 


Higher the resolution, greater is the accuracy of positioning of objects by the motor. 

Variable Reluctance (VR) Stepper Motor 

The principle of operation of a variable reluctance (VR) stepper motor is based on the property 

of flux lines to occupy low reluctance path. 

Single - Stack Variable Reluctance Motor 

• A variable reluctance stepper motor has salient - pole (or teeth) stator. 

• The stator has concentrated windings placed over the stator poles (teeth). The number of 
phases of the stator depends upon the connection of stator coils. 

• When the stator phases are excited in a proper sequence from dc source with the help of 
semiconductor switches, a magnetic field is produced. 

• The ferromagnetic rotor occupies the position which presents minimum reluctance to the 
stator field. 

The magnitude of step angle for any PM of VR stepper motor is given by 


360° 


a = 


m s N r 


where 


a = step anlge 


m s = number of stator phases or stacks 


N r = number of rotor teeth (or rotor poles) 


The step angle is also expressed as 


a = 



x 360° 
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where N s = stator poles (or stator teeth) 

Multi - Stack Variable Reluctance Stepper Motor 

• A multi - stack (or m - stack) variable reluctance stepper motor can be considered to be 
made up of m identical single - stack variable reluctance motors with their rotors mounted 
on a single shaft. The stators and rotors have the same number of poles (or teeth) and, 
therefore, same pole (tooth) pitch. 

• For a m - stack motor, the stator poles (or teeth) in all m stacks are aligned, but the rotor 
poles (teeth) are displaced by 1/m of the pole pitch angle from one another. 

• All the stator pole windings in a given stack are excited simultaneously and, therefore, the 
stator winding of each stack forms one phase. 

Let N r be the number of rotor teeth and m the number of stacks or phases. 

Then 

c . , 360° 

Step angle = — 

Permanent Magnet (PM) Stepper Motor 

The permanent - magnet (PM) stepper motor has a stator construction similar to that of the 
single - stack variable reluctance motor. The rotor is cylindrical and consists of permanent - 
magnet poles made of high retentivity steel. 

Hybrid Stepper Motor 

The main advantage of the hybrid stepper motor is that if the motor excitation is removed, the 
rotor continues to remain locked into the same position as before removal of excitation. This is 
due to the fact that the rotor is prevented to move in either direction by the detent torque 
produced by the permanent magnet. 

Advantages of Hybrid Stepper Motors 

1. Small step length and greater torque per unit volume. 

2. Provides detent torque with windings de - energized. 

3. High efficiency at lower speeds and lower stepping rates. 

Disadvantages of Hybrid Stepper Motors 

1. Higher inertia and weight due to presence of rotor magnet. 

2. Performance affected by change in magnetic strength. 

3. More costly than variable reluctance stepper motor. 

Applications of Stepping Motors 

Stepper motors are widely used in numerical control of machine tools, tape drives, floppy disc 
drives, printers, X - Y plotters, robotics, textile industry, integrated circuit fabrication, electric 
watches etc. the other applications of stepper motors are in spacecrafts launched for scientific 
explorations of planets. Stepper motors are also used in the production of science fiction movies. 

These motors also find variety of commercial, medical and military applications and will be 
increasingly used in future. 
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